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Solutions to Review Problems for Final Exam
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So, by “two-parameter exponential family”

S = (di(X),do(X)) = O I X;, > Xi)

is complete and sufficient for this model.

2. Since o2 is fixed and known, we can use the one-parameter exponential family factorization
to show that S = > X; is complete and sufficient for u.

Since X is an unbiased estimator of y, the Rao-Blackwell Theorem gives us that E[X| > X;]
is still unbiased for u. Also, because it is a function of the complete and sufficient statistic
S =73 Xj, it is the UMVUE.

We know that the UMVUE here is X. Since UMVUESs are unique, we have that

EXy> Xi|=X

3. Informally, a minimal sufficient statistics is a sufficient statistic of lowest dimension. So,
we will try to use the Factorization Criterion to find a low dimensional sufficient statistic.
However, we will then have to prove that this really is minimal sufficient.

The joint pdf is
f@6) = e 2im OO L o)1)

= 2" Ty o) (21)
h(@) 9(s(@0))

By the Factorization Criterion for sufficiency, we see that S = X(y) is a sufficient statistic for
this model.



To show that X (1) is minimal sufficient, you might try using our result that says, if we have

f(Z;0)
f(y;0)

is O-free & s(Z) = s(9) (1)

then S = s()? ) is minimal sufficient.

However, if you try this you will see that we do not have (1) holding for this model!

Instead, we will use the fact that a complete and sufficient statistic is minimal sufficient.
That is, we will show completeness of S = X ).

We will need the pdf of S = X(qy. The cdf is

Fs(s) = P(SSS):P(X(USS)
= 1—P(X(1)>S)

W P(X > 8]
— [ O

= 11— e Ms—0)
So, the pdf for S = Xy is

d d

fs(s) = - Fs(s) = —

y [1 _ efn(st)] _ nefn(st).
S

Since the minimum lives on (6, c0), we can complete this with an indicator:
Js(s) = ne™ 70 Iig ) ().

So, the minimum of n shifted rate 1 exponentials is a shifted exponential with rate n. (This
is not surprising and you could have just said that from the begining without showing it.)

We are ready to show completeness. Take any function g such that
E[g(S)] =0 V6.

Then
0 = E[g(9)] = [ 9(s)fs(s)ds

[ g(s)ne 0 ds

= ne"? [0 g(s)e " ds
This implies that

/ g(s)e ™ ds=0 Vb
G
and therefore that )
/ g(s)e ™ ds = —/ g(s)e ™ ds =0 VO
[
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Taking the derivative of both sides with respect to 6 gives us

g(@)e ™ =0 Vo
Since e to a power is never 0, this implies that
g(0) =0 V6.
0 is just acting as a variable, to be clear, we have that
g(x) =0 V.

Thus, g(5) = g(X(1)) = 0 with probability 1 and we have shown that S = X(;) is complete
for this model.

. Since the indicator is 1 everywhere, we don’t need it. I just wanted to be clear about the
domain of the problem.
The joint pdf is

F(#:6) = e Dt

There are many ways to rewrite this sum, for example, putting in indicators indicating

whether each z; is below of above #. However, to show sufficiency of the order statistics
S = (X, X();- -+ X(n)), it is enough to note that

Thus, we may write
" LS ey -0

and use the Factorization Criterion for sufficiency. You can take h(Z) to be 1/2" or even
identically 1. Either way, the data does not appear in “a single clump” (or 2 or 3). In
order to evaluate e~ 2= |””(i>_9‘, we need all of X (1), X(g), ..., X(y). Thus, by the Factorization
Criterion, S = (X1, X(2), - .-, X(y)) is sufficient for this model.

Because of the high-dimensional nature of S, showing minimal sufficiency by showing com-
pleteness is hard. Instead, we will appeal to our result that if

f(@;0) . N o
F7:0) is f-free & s(Z) = s(v) (2)

then S = s(X) is minimal sufficient.

For this part, it will help to rewrite the exponent as

—Ylzw =0 = — > lzg-0— > |z -9
{i:z ;) <0} {i:z(;y>0}
= - > [eag-09- > (zxm-90
{i:m(;)<6} {izw >0}

= Z Ty — Z T (4) + 9[(#.% > 9) — (#J}z < 9)]



Note that 5 0
f(@0) e Xl
T30) oS~ P 2 lme =01+ 2 v — 0

and that the exponent is

Soompn— Y. xm— D Yt Y. yaytOlFHz = 0)—(Fxi < 0)—(F#yi = 0)+(#yi < 0)]

{i:w(;)<0} {i:2(;) >0} {iy () <0} {i:y() >0}

For notational simplicity, let a/(0) := (#x; > 0) and B(0) := (#y; > 0). Note that (#z; <
0) =n — «a(f) and (#y; < 0) =n — [(0).

The exponent is now

Soxm— D xTm— D>, ¥at Y. yw| +20(a(®) — B(9)) (3)

{i:@ (i) <0} {3y >0} {iy (<0} {i:y() >0}

We want to show that this is “0-free”, or constant in ¢, if and only if (z(y), z2,...,2¢)) =
(Y1), Y(2)s - - »Y(n))- This is clearly true if (z(1), Z2,. .., T(m)) = (Y1) Y@2)s- - Ym))- S0, let’s
assume that (3) is constant in 6 and try to show that this forces equality of the order statistics.
Consider evaluating (3) over an interval of #’s that does not contain any of the x; or y;. The
first term (in the square brackets) will remain constant over this interval. The second term
will be constant on this interval if and only if () = 3(0) for all # in the interval.

Now, this will be true for all such intervals if and only if the order statistics for the x’s are
the same as the order statistics for the y’s.

Thus, we have (2) holding when s(¥) = (z(1),%(2), - - -, T(n)). By our result, this gives us that
S =s(X) = (Xay, X2y, X(m)

is minimal sufficient.

5. Note that, for the N(6,1) distribution, # is a location parameter. Also note that ¥ =
X(2) — X(1) is a location invariant statistic since adding a constant ¢ to all data points would
produce order statistics X1y +¢, X(g9)+¢, ..., X5 +cand (Xz)+c) = (Xq)—c) = X2 — X1
Thus, Y is an ancillary statistic.

On the other hand, it is easy to show, by one-parameter exponential family, that > X; is
complete and sufficient for this model which implies that the one-to-one transformation to X
is complete and sufficient.

Thus, by Basu’s Theorem, we have that X is independent of X2) — X(1)-

6. (a) For the exponential distribution, A is a scale parameter. The statistic S is scale-invariant

since
cXp cXp, Xn

doim1eX; B iy Xi B 1 X

So, S in ancillary for this model.

=5



By the exponential family factorization, it is easy to see that "= >"1' ; X; is complete
and sufficient for the model.
By Basu’s Theorem, we then have that S and T are independent.
(b) Note that S times T is X,,. So, E[ST]| = E[X,,] = 1/\.
On the other hand, E[T] = nE[X1] = n/A.
By part (a), we know that S and T are independent, so we have E[ST] = E[S]|E[T] and
therefore
E[ST] 1/x 1

= m T T

7.

We already know that S = X, is complete and sufficient for this model. We want to find a
function of X, that is unbiased for 6”.

We can show that the pdf for X, is
n

[x o (@) = 9733”71 Ii,0)(x).

Let’s try
E[Xm)] = foe T gra"lds
= ng
From that integral, we can see that we will get 7 if we compute

0
EMWZ/x”%ﬂ*W: " g,
0

Therefore, the UMVUE for 7(0) = 6P is

— n+p
7(0) = " an).

8.

(a) First note that, when the parameter is in the indicator like this, the exponential family
factorization for find a complete and sufficient statistic will never work. That factoriza-
tion is about complete separation of the z’s and 6 (a(0), b(Z), ¢(0), d(Z)) but they are
stuck together in the indicator.

First, we need to find a sufficient statistic. We’ll use the Factorization Criterion:

n

f(&;0) = H f(zi;0) =--- = 6721”"91(9,00)(56(1)) = \672”,6"91(9,00)(55(1))
= h@E T g(s()0)

Thus, we see that S = X(y) is sufficient for 6.

To show that .S is complete, we need to find the pdf for the minimum. I am running out
of time and need to get these solutions posted, so I am omitting the details, but the pdf
for the minimum is

fX(l) (z) = ne—n(w—&)l(&m)(‘r)



To show completeness, assume that g is any function such that E[g(X(q))] = 0 for all 6.
Then
0 = Elg(X )] = [5° glw) n e dx = ne® [5° g(z) e da
for all 6. This implies that
/ glx)e"dxr =0
0

or, equivalently,

0
— [ glx)e™dx=0

o

and thus ;
/ glx)e ™ dx =0
o0

for all 6.
Taking the derivative of both sides with respect to 6 gives

g(0)e™™ =0

for all . Since e™™ #£ 0, we get that ¢(#) must be zero for all §. Thus, 9(X1)) = 0 and
we have that S = Xy is complete for 6.

We need to find a function of X ;) that is unbiased for §. We consider Xy itself.
E[X(l)] = ffooo fo@) (z) dz

= [P ane =0 dy
= ne" [{°ze " dx
— nd[g,—no 1_—nb
= e 4 S "]

= 0+

1
n

We first consider the simple versus simple hypotheses

Hy: 0% =0} Hy:0% =0
for some fixed o7 > o3.
The joint pdf is

The likelihood ratio is

22
M o2.02) = 1@o%)
(& 00, 07) f(@07)
1 2
-3 s
o (27’1'0'(2))7'”/26 2002 @
= B
(271'0'%)777‘/26 20‘%2 7



Setting this less than or equal to k and starting to move things, we get

1 1 1

_ifi_ 1 22
e 2(03 05)2 "< (020K

1/1 1
3 (ag - %) > o} <In[(of/0})"/ k]

g

since o} > of.

So, the best test of

Hy: 0% = o} Hyi:0% =0

for some fixed o} > o2 will be to reject Hy if

ZXz? > k1

where k1 is chosen to give a size « test.
Now let’s find k;.

a = P(XX?>ki; H)

Since, under Hy, X; ~ N(0,02) so X;/o% ~ N(0,1). Squaring a N(0,1) gives a x?
random variable. Adding independent x2-random variables gives another x? with all
the degrees of freedom added up.

So,
YT XP X ¢ (Xz>2 2
So,

where W ~ x%(n).
So, we have that ki /o3 is the x?(n) critical value that cuts off area « to the right. Our
notation for this is x2(2n). So

k1 = a5 Xx25(n).

So, the best test of size o of
Hy: 0% =0} Hy:0% =0
for some fixed o} > o2 will be to reject Hy if

S X2 > o3 xi(n).



This test does not depend on the specific chosen value of ¢} (with the exception that
the form of the test depends on the fact that 02 > o2). So, this is a UMP test of size a
for

Hy: 0% = 0(2) versus Hj : 0 > 0'(2).

The power function is

v(6?) = P(Reject Hy;o?)

= P(XX}? > 05x35(n);0?)

10.

The ratio for the Neyman-Pearson test is

AE: 0, 01) = a5 10,00 @) Lo.00,) (@) _ <91)” Lo o) (@) st
o ar 1060 (@) L) (@) \bo/ Lo (@m) ~

The k should be something non-negative since A is a ratio of pdfs and therefore is always
non-negative. Note that if the indicator in the numerator is zero if x(,) > 6p. In this
case, we absolutely know that Hj is not true since it states that all values in the sample
will be between 0 and 6. This is reflected in the fact that z(,) > 6y = A = 0 which is
less than or equal to any valid k, so we will always reject.

On the other hand, if the indicator in the denominator is zero, this means that x(,) > 6.
The N-P ratio A becomes infinite (in a sense) which makes it NOT less than or equal to
any cut-off k, so we would never reject Hp. This makes sense because x(,) > 0; implies
that H; could not possibly be true since it says that all values in the sample are between
0 and 6.

All of these comments aside, this test is garbage if x(n) is greater than both 6y and
01 since, in hypothesis testing, the assumption is that one of the two hypotheses is
true. Since 6; < 6y, and the sample came from either the unif(0,6y) or unif(0,6;)
distribution, we must have that x(,) < 6, and so the indicator in the numerator is one.

Thus, we have
() e =
0o/ Toe)(Tm) ~

I (90) K
Lo,y (7)) 01

= L0,6,)(T(n)) = k1
Now the indictor will be “large” (ie: 1) if x(,) is small, so this is equivalent to
Xny < ko

for some ko such that
P(X(n) < k‘g;ao) =

@) -
0)

ie:



= ko = 900[1/”

So, the best test of
Hy:0 =20 versus Hi:0=60

is to reject Ho if X(,) < Opat/™.
(b) Since the test from part (a) does not involve #; (only that 6; < 6y), it is UMP for

Hy: 0 =6 versus Hy: 60 <0
(¢) The composite null hypothesis will only change the way the level of significance is defined

Q= INnaxg>g, P(X(n) < kg; 9)

- e (8 = ()
= ky=6pat/"
So, a UMP test of size a of
Hy:0 <0 Versus Hy:0 <6

is to reject Ho if X, < Opat/™.

11. The pdf is
f(@10) = 0" I ().
This is also the “joint” pdf for our sample of size 1.

A likelihood is
L(0) = ge= .

The log-likelihood is
(0) =InL(f) =1n6 — bz.

Maximizing this with respect to 6 gives the MLE
0=1/X,.
As for the restricted MLE (a rough sketch would be helpful here),

o If 00 < 1/X1, then é\g = 1/X1
o If 6y > 1/)(17 then g() = by.

So, the GLR is

L(Bc
AX) = SR
1 , if 6y < 1/X1
- e—00X .
7)%102_(1/0)(11))(1 , if 90 > 1/X1

R L if X7 < 1/6,
- 90X1€790X1+1 , if X5 > 1/90



As for the actual GLRT, it turned out waaaay harder than intended if you do it “directly”
(Even for this sample of size 1!) For the record, here’s how you might proceed if you want to
do it “directly”. (Alternatively, skip down to “***7 )

Set

= max P(A\(X1) < k; 0).
o = max (MX1) < k;0)

In order to compute this, we would first need to compute the probability. (i.e. Ignore the
max for now.) Because writing that end “semicolon 6” will be cumbersome, I’ll leave it out.

P(\(X1) < k)= P(\X1) <k, X1 <1/6p) + P(A(X1) <k, X1 > 1/6p)

P(1 < k|X; <1/60)P(X1 <1/60) + P(fpX1e X1+ < k| X, > 1/60)P(X1 > 1/6p)

We can easily compute P(X; < 1/6y) and P(X;1 > 1/6)p) for the exponential rate 6 distribu-
tion.

The first term, P(1 < k|X; < 1/6p) is either 0 or 1, depending on the value of k.

The term P(fyX e %X+l < Ek|X; > 1/6y) can be thought of a little more simply as
P(0oY e %Y+l < k) where Y is en exponential rate § random variable with pdf restricted to
y > 1/6p and renormalized so that it integrates to 1.

However, even for a “usual” exponential distribution starting at 0, this probability is hard to
compute. I would suggest moving the extraneous terms to the other side of the inequality,
taking the log of both sides, and looking into the “Lambert W” function. Yuck!

*** A much simpler alternative is to look at the GLR on the bottom of the previous

page and note that it is a non-increasing function of X;. So, having A(X1) < k is equivalent
to having X7 > ky for some k1. (1)
Thus, we have to solve

a = maxp>g, P(AN(X1) < k;6)

= maxg>g, P(Xl > kl; 09)
= maxg>g, e~ 0k1e—0b0k1
which implies that k; = (—=1/6p) In .

Thus, the GRLT of size « is to

Reject Hy if X7 > (—1/6p) Ina.

12. The joint pdf for X and Y is

Fxy(@,y) = (”1>pf<1 —p) <Zf>pz<1 —pa)2 Y

X



(a) The resctricted MLE:
We assume that p; = p2 and denote the common value denoted simply by p. Then

fX,Y(x, y) — (TLl) <n2>pr+y(1 _ p)n1+n27(g;+y)

T )

= Llp) = p"Y(1 - pyram )

InL(p) = (x+y)Inp+ (n1 +n2 — (x+y))In(1 - p)

glnL(p):x—i—y_nl—i—ng—(x—i-y) set
dp p 1—-p
~ x+y
= =
Po ni + n2

where pg denotes the restricted MLE for p.
The unrestricted MLE’s for p; and pa:
Recall that the joint pdf for X and Y is

n s [n o
fxy(z,y) = <x1>]0916(1 —p)" " (;)1’%(1 —p2)" Y
So, a likelihood function is
L(p1,p2) = pi(1 —p1)™ " - py(1 —p2)"* Y
and the log is

InL(p1,p2) =xInp; + (1 —x)In(1l —p1) + y - lnps + (n2 — y) In(1 — p2)

I5) _ x _ ny—x set
gpr mL(p1p2) = - 15T =0
il _ Yy _ ng—y set
M L(P1p2) = 5 T, =

N T . Yy
= P11 = nilv P2 = n72

So, the GLR is

z+y T4y 1 Tty ni+nz—(z+y)
(n1+n2) ( o n1+n2)

(&) 0= (@ () o G

(b) The approximate large sample GLRT of size « is to reject Hy if

A(@) =

—2IA(X) > 2(2)

since the parameter space is {(p1,p2) : 0 < p; < 1,0 < py < 1} is two-dimensional
and the point {(p,p)} is zero-dimensional. (The degrees of freedom for the x? is then
2—-0=2.



13.

(a) The pdf for Y; is

The joint pdf is

F(@m) "= fy, (i m) = (2mo?) " 2e” 57 2im i,

A likelihood is o
L(m)=¢e 22 Zi:l(yi*mxi)2‘

The log-likelihood is

1 & 9
In(m) = ) ;(yi — ma;)
Now,
dd In(m) = _ﬁ > 2(yi — mag) (—x;)

Solving for m, we get the MLE

A — > xiY;
- =2
The restricted MLE is mg = mg, so the GLR is
AF) = L(mo) _ Y (Vi — moi)?
L(m) i1 (Y = (25 25Y5) /(32 27))wi)?

(b) We will use Wilks’ Theorem which says that —2In A(Y) 4 (1). (Althought it was not

explicitly given, the slope m is assumed to be any real number. Since IR is a one-
dimensional space and the singleton point {mg} is considered a zero dimensional space,
the degrees of freedom in Wilks’ chi-squared is 1 — 0 = 1.)

So, we have
a = P(Reject Hy when true)
= P(A(Y) < k;mo)

= P(=2InA\(Y) > ki;mo)

%

P(W > ki;mo)

where W ~ x2(1). Thus, k; = Xi,l and the approximate large sample GLRT is to reject
Hy if

—2InA(Y) > xZ,.



