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1 Introduction

Let (X1,Y7), -, (X,,Y,) be a random sample from a population having a density fx y(x,y). Let f(x) be

the marginal density of X. Consider the following nonparametric regression model

Y=m(X)+u (1)

2

where m is a real valued function with E[u|X = z] = 0 and Var[u |X = z] = 0°. We call a kernel any

function K on R such that [0 K(t)dt = 1. |Nadaraya| 41964[) and |Watson| 41964[) introduced an estimator

for a regression m evaluated at € R based on the Rosenblatt-Parzen estimator f for the density f which

is denoted by 7 (x) and is given by

e Y K (%) v
S K (52)

hy is a bandwidth sequence tending to zero as n goes to infinity. It is well known that if m has its s'*

m(z) =

where f(z) = i K (%), (2)

derivative bounded and continuous at z an interior point in the support of m and the kernel is of order s,

that is, K satisfies fj;o K(t)t/dt = 0for j = 1,2,--- ,5—1 then the bias of 7 depends on the order s. In order

to attain bias reduction, higher-order kernels (s > 2) have been suggested (Gasser et al. (1985)), [Schucany|

(1989)). However, this approach is inconvenient since the condition that the kernel density estimate f should
be a true density must be relaxed. That is, higher order kernels assign negative weights which can result
in negative density estimates. There exist other approaches for bias reduction such as the design-adaptive

regression (1992)), data sharpening methods (Choi et al.| (2000))), iterative method (2001)) and

parametrically guided nonparametric estimation (Glad| (1998]), [Martins-Filho et al.| (2008)) but for all these

methods m(z) € C*(R) where C*(R) indicates the space of s-times differentiable, continuous and bounded

functions in R for s € Z, . In this paper, this assumption is substantially weakened.

Mynbaev and Martins-Filho| (2010)) propose a new density estimator that achieves bias reduction relative

to the Rosenblatt-Parzen estimator by introducing a family of kernels { My (x)}x=12,.... For a seed kernel K,

natural number k and for any = € R,

—_



where the binomial coefficients C2y = %, N=0,---,2k,ke{l,2,---} and ¢} s = (71)”’“052']“,

s = —k,---,k. Mynbaev and Martins-Filho| (2014) obtain new results on nonparametric prediction by

relaxing the conditions in [Carroll et al. (2009)T] and allowing fractional smoothness of the density. In this

paper, by extending the approaches of [Mynbaev and Martins-Filho| (2010) and Mynbaev and Martins-Filho|

(2014) we propose a new family of local constant estimators. Based on the kernels M} in we define a
class of local constant estimators indexed by k such that
) Doy My (%) Y

mg(x) = <
Zt:l Mk( ;7,;%)

The estimators my(x) form a general class of local constant estimators. When k = 1 and a seed kernel K is

(4)

symmetric, our estimator 1721 () coincides with rii(z) which is given by (2). That is, the Nadaraya-Watson
estimator m can be considered as a special case of our estimators my.

Throughout this paper, we assume that the true regression m belongs to a Besov space Bf, , where
1 < ¢ < ooandr > 0. This assumption is desirable for the following reasons: (i) I-times continuous
differentiability and uniform boundedness of m is stronger than m € BZ, , where | < r, that is, C(R) C BZ, 4
where C!(R) denotes the space of [ times differentiable, continuous and bounded functions in R; (ii) the space
of higher order differentiable, continuous and bounded functions in R is a subset of the space of lower order
differentiable, continuous and bounded functions, that is, C*(R) C C!(R) where [ < s.

The first contribution of this paper is to show that the estimators 7 (z) attain a reduction in the order
of the bias relative to the Nadaraya-Watson estimator while maintaining the same variance. We obtain
bias reduction without using higher-order kernels and potentially bypassing the disadvantage of negativity
of the estimated density. The second contribution of this paper is to show that the estimators m; are

uniformly consistent. We improve the rate of uniform consistency relative to the existing literatures (Devroye,

(1978), |Collomb) (1981)), Mack and Silverman/| (1982))) by imposing less restrictive assumptions. The third

contribution of this paper is to establish the asymptotic normality of my (z). The expression for the variance

of the asymptotic distribution is similar to that of the Nadaraya-Watson estimator. Lastly, we conduct a

1 Mynbaev and Martins-Filho| (2014) replaced conditions (4.2) and (4.3) from |[Carroll et al.| (2009) with their lighter assump-
tions 2.1 and 2.2.




Monte Carlo study to investigate the finite sample performance of the local constant estimators we propose
and compare it to that of the Nadaraya-Watson estimator using a Gaussian kernel. The simulation results
indicate improved performance, measured by the absolute average bias and the the absolute average root
mean squared error when the kernels proposed in |Mynbaev and Martins-Filho| (2010]) are used.

The remainder of the paper is organized as follows. Section 2 provides a brief discussion of Besov spaces
and discusses properties of the density estimator. In section 3, we provide the main asymptotic properties
of local constant estimators. Section 4 contains a small Monte Carlo study that gives some evidence on the
finite sample performance of our estimators. Section 5 summarizes the findings. The appendices contain all

proofs, tables and figures that summarize the Monte Carlo simulation.

2 A Nonparametric density estimator

2.1 Finite differences and Besov Spaces

In this section, we define the class of density estimators {fk}kzl,g,m using the family of kernels { My }r=12,...

introduced by Mynbaev and Martins-Filho| (2010). We need a series of definitions that support the con-

struction of the class. The properties of nonparametric density estimators are traditionally obtained by

assumption on the smoothness of the underlying density. Smoothness can be regulated by finite differences,
s!

which can be defined as forward, backward, or centered. Let C! = (=i forl=1,2,---,sand s € Z; be

the binomial coefficients. A s-th order forward difference is defined by

Aj f(z) = Z(fl)S*jC’gf(x + jh) where s =1,2,---. and for h € R. (5)
=0

Lemma 1 relates forward differences to differentiability by means of a recursion.
Lemma 1 Let A)f(z) = f(x), (AL f)(x) = A} (A3 f)(x) where x € R, h € Ry, s € N be the iterated

differences in R. For x € R and s € Zy, we have

h h l l
Aj flz) = // A2_1D1f<x+2ui>ndui where | = 1,2, ,s. (6)
0 0 i1 i=1

When we consider forward even-order difference, ([5) can be written as

k
AiFf@) =" crof(@+kh+ sh) (7)

s|=1



where ¢ s = (—1)5‘”“C§}€ch for s = —k,--- ,k and k € {1,2,---}. Tt is easy to verify that for s = 2k,
B2 (@) = YK (— 129G, fla + jh) = Sy (~1) O3 fla + kb + sh).

Next, we introduce Besov spaces B, ,(R) where 1 < p < o0, 1 < g < oo, 7 > 0, and the norm in B,  (R) is

defined by ||f|[p5 , = [|fle; , + |[f|lp where the first part ||f||,; =~ characterizes smoothness of f and is given
by
- P \1/p7? 1/a
Wl =1 [ ffrele) |
br = o
i A" I

for k € Z satisfying 2k > r (Triebel (1985), Mynbaev and Martins-Filho| (2014)). When p = oo and/or
q = 0o, the integral(s) is (are) replaced by supremum. C°(R) is defined as the collection of all real-valued,
bounded and uniformly continuous functions in R, equipped with the norm ||f|C°(R)|| = sup,¢g |f()]- E|
The following lemma shows that the class C'(R) is a subset of BZ, , whenever | <r.

Lemma 2 If | =1,2,3, -, we define C'(R) = {f|D'f € C'""1(R)}. Let 0 < q < oo. Forr > I, we have
l T
C'(R) € BL, 4(R). (8)

A full description of the relationships between C!(R) and a Besov space B, , can be found in [Besov et al.

(1978). Since,

Myfe) = - .Z e (2) o)

"~
we can express the bias of our proposed estimators 7y in terms of higher order finite differences. Let

(—1)S+l(k!)2 . Ck,s Ck.—s .
Aes = s o9 where s = 1,2,--- ,k and since s = = Ay 8 = 1,---,k, we can write

My (z) = Z];:l Ak.s (K (%) + K (—%)). Consequently, My(z) = My (—z) for z € R, that is My, is symmetric.

S

Since the coefficients ¢y, 5 satisfy Zﬁ\:o crs = (1— 1)2k = 0, the following equation is true.
k

1 b 1
- Z Cps=1 or Z)\;&S =3 (10)
s=1

c
kO 521

Equation and [ K(¢)dy =1 imply that

riom=$35 [ (2o f1(5)e] -

2See [Triebel| (2010).




which establishes that every Mj. The kernel M}, defines a new family of density estimators indexed by k as

follows,

n

- 1 Xt — X
- E M
fk(x) nhy t=1 ' ( han

) (11)

where h,, is a bandwidth sequence tending to zero as n — ooE| When £ = 1 and K is symmetric, the
density estimator in coincides with the Rosenblatt-Parzen density estimator. Since the kernel My (x) is

symmetric, by using forward even-order differences , for a function f we have

k
Ak f(r) = Z cksf(x + sh) for h € R.

s=—k
It is easy to verify that A f(x) = A?*[f(z + kh)] (Mynbaev and Martins-Filho| (2014)). Hence, we use

centered even-order difference for a smoothness characteristic, and we have

1/q

Az s a1 an
£l = / = -

2.2 Density Estimation

We now list assumptions that will be used throughout the paper.

AssuMPTION 1 : {V;, X;}}, is an IID sequence.

ASSUMPTION 2 : (1) f € B, , with r > 0 and 1 < ¢ < o0; (2) f € C°(R); (3) f is bounded away from 0.
ASSUMPTION 3 : h,, > 0 for all n, h, — 0 and nh,, — oo as n — oo.

AssSUMPTION 4 : For all x € R,

(1) K(x) : R — Ris a measurable function. (2) [ K(z)dx = 1; (3) [ |K(x)|dz < 00; (4) supger |K ()] < M < o0;
(5) |[K(z) — K(2')] < c|Jz — 2’| for some ¢ < 0o and = # 2/, x,2' € R.

The following theorem shows the bias for density estimator fk and gives its order.

Theorem 1 Suppose ASSUMPTION 1, ASSUMPTION 2(1) and ASSUMPTION 4(1)-(2) hold. In addition,

’ ’ 1/‘1,
suppose that [f|K(w)|q |op|(rH L/ DD < oo where 1/q+1/¢ =1 for 1 < g < oo. Forallz € R and

3 Mynbaev and Martins-Filho| (2010)) defined this alternative family of density estimator.



k=1,2,---, we have

(a) Bias(fu(z)) = / — LK) A )y

Ck,0

(1) |Bias(fu(@))| < ch” [ i@l )" Wl where 2k

We note that the order of the bias for our estimator is similar to that attained by the Rosenblatt density
estimator constructed with a kernel of order r. Given ASSUMPTION 3 we have Bias(fi(z)) — 0 as n — co
which implies that fk is asymptotically unbiased. The following theorem deals with the consistency of fk.

Theorem 2 Suppose ASSUMPTIONS 1, ASSUMPTION 2(1)-(2), ASSUMPTION 3 and ASSUMPTION 4(1)-(4)

hold. In addition, suppose that [f|K )9 o) (r+2/ D) dz/)} /o < oo where 1/q+1/¢ =1 for 1 < q < oo.

Then, for allz € R and k =1,2,---,

fi(@) = f(z) = 0p(1).

It is of interest to establish the uniform consistency of fk The following theorem provides conditions under
which fk(x) converges to f(z) uniformly in probability.

Theorem 3 Suppose ASSUMPTION 1, ASSUMPTION 2(1)-(2), ASSUMPTION 3 and ASSUMPTION 4(1)-(5)
hold. In addition, suppose that [f |K ()[4 |ap| 1/ 0 dw} [ < oo where 1/q+1/¢' =1 for 1 < q < oo. Let

G be a compact subset of R. For allx € R and k =1,2,---, we have

suplict) — 1) = 0, (252 sz (12)

z€G

Uniform consistency of the density estimator requires (f%:) — 0 as n — oco. From 7 the order of fk is
similar to that attained by Rosenblatt density estimator with a kernel of order r. We achieve much faster
uniform convergence rate by imposing the less restrictive assumption f € BS, ,. The next theorem gives the
asymptotic normality of the density estimator fk (z) for all x € R under suitable normalization.

Theorem 4 Suppose ASSUMPTION 1, ASSUMPTION 2(1)-(2), ASSUMPTION 3 and ASSUMPTION 4(1)-(4).

Then for allz e R and k =1,2,---, we have

W () = 1)+ 0(1)) a7 (0.4(0) [ M0 )



Suppose, additionally, that nh:+t?" — 0 as n — co. Then

s (o) = 1)) o7 (0.1(0) [ M0 ) (13)

This result is similar to that attained for a Rosenblatt density estimator with the exception that K is
replaced by the M}, kernel in the expression for the variance of the asymptotic distribution. In order to attain
the asymptotic normality of fi, we write v/nh, (fi(z) — f(2)) = vVihn (fe(z) — E[fe(2)]) + Vb (B[ fr(z) —
f(2)]). From Theorem 1, we know the second term in the decomposition is of order v/nh, O(h!). The
quantity v/nhy (fx(z) — f(z)) will only be asymptotically normally distributed with mean zero if the second

term in the decomposition tends to zero as n — oo. Thus, we need nh1t?" — 0 as n — oo. In this case we

obtain equation .

3 Local Constant Estimator

In this section, we establish the asymptotic normality of the estimators my for k =1,2,---. We assume that
the conditional density of Y; given X; = x exists and is denoted by fy|x(y) = fy;((iiy)m) where fy,x denotes

the density of Z = (Y, X) and f(x) denotes the marginal density of X with f(z) # 0. If the conditional

expectation E[Y;|X; = z] exists, we write

ASSUMPTION 5 : (1) m € BS, , with p > r where r is as in ASSUMPTION 2 (1); (2) m € C°(R).

B, »(R) is a Zygmund space Z”(R)ﬂ By Corollary 2.8.2 (i) in [Triebel (1985), the multiplication by a

function m € Z°(R) is bounded in B}, , if p > r, that is

lmfllsy,, < cllmllze|lf]lsy - (14)

In the existing literature, for the Nadaraya-Watson estimator it is assumed that the regression function m(-)
is continuous, uniformly bounded and differentiable. From Lemma 2, ASSUMPTION 5 seems desirable since

B, , is wider than C'(R) where | < r. That is, we impose less restrictive assumptions than the existing

4For a more detailed explanation, see Theorem on page 90 in [Triebel (1985).



literature for . We make the following additional assumption.

ASSUMPTION 6: E[|Y — m(X)|**°|X] < oo for § > 0 and Var(Y|X = z) = 02 < oc.

The estimators 7y, are similar to the Nadarya-Watson estimator with the exception that K is replaced by
M, kernel. When k£ = 1 and a seed kernel K denoted by @ is symmetric, the estimator 7 () concides
with the Nadaraya-Watson estimator (henceforth NW). Thus, the NW estimator is an element of the class

defined in . To obtain an approximation to the finite sample properties of My, we rewrite

Xi—x Xi—x
) M (B2) Y T M (B2 Y g
my(z) = = ==

S (%) s Do (%)

where gu(z) = 1 () fu(e) = = iy Mi (%

o

8
~—

;"E) Y, for z € R. We put g(z) = m(z)f(z). From (14),
ASSUMPTION 2(1) and ASSUMPTION 5(1), we know g € Bl , since ||g|[s; < cllml|z.[|f|[5;, for r < p
(Triebel| (1985))). The class of local constant estimators in equation (4)) derives from a nonparametric density
estimator. In the previous section, we already considered density estimation, so the only step needed to
investigate the properties of 7y is to consider the properties of g (x).

Theorem 5 Suppose ASSUMPTION 1-3, ASSUMPTION 4(1)-(4), ASSUMPTION 5, and ASSUMPTION 6 hold.
In addition, suppose that {f |K(’L/J)|q/|’(/J|(T+1/q)qd¢i| e < oo where 1/q+1/¢ =1 for1 < q < oco. Forxz € R.

Then forx €e R and k=1,2,---, we have

(@) Bias(in(e) = (== ) [ KON mta -+ sh) fa-+ show)as,

1/q'

(b) |Bias(g(x))| < Chy, U K ()] o] "D gy

(©) gr(x) = g(x) = 0p(1)  for g(z) = m(z)f(z).

Avoiding higher-order restrictions and using fractional smoothness on m and f, we obtain the order
of the bias of 1 (z)fi(z) to be O(hL) where 2k > r. Since f € C/(R), m € C/(R), [|K(¥)|d¥ < oo
and sup,ex [K(0)] < oo, [ MEW) (@ + hu)di = O(1), [ MEW)m2(e + hat)) f(z + hath)d = O(1) and

| My (p)m(x + b)) f(xz + hptp)dyp = O(1). Given that nh, — oo as n — oo and from Var[gy(z)] =

o [ MEW) f(@ + hn)dyp — £ { [ My()m(z + hnt) f (2 + hatp)di}” + i S ME(@)m? (@ + hat)) f(x +

hn)dy, we have Var(gr(z)] — 0 as n — co. Hence gi(x) — g(z) = 0p(1).



Theorem 6 Suppose ASSUMPTION 1, ASSUMPTION 2(2), ASSUMPTION 3, ASSUMPTION 4(1),(4),(5),

ASSUMPTION 5(2) and ASSUMPTION 6 hold. In addition, suppose that l’égz — 00 as n — oco. For k =

1,2

y 2,0,

ogn /2
supmk(x)—E[gk(x)]:op((lg ) ) (15)

z€G nhy,
where G is a compact set in R.
We establish the asymptotic normality of §x(x) under a suitable normalization below.
Theorem 7 Suppose ASSUMPTION 1-3, ASSUMPTION 4(1)-(4), ASSUMPTION 6 hold. For x € R and

k=1,2,---, we have
VAT [3u(a) — B(gu(e)|X0)] ~SA° (o, 75 | M3<w>dw) .

Given fy(z) such that fi(z) = f(z) + 0p(1) in Theorem 2, we have

1

Eling(x) — m(z)] = o)

- L) [ K@)z mi@) f()de.
(o))

Given the results on g and fk, we obtain following properties for 7y (z). First, Theorem 8 gives the order
of the bias for .

Theorem 8 Suppose ASSUMPTION 1-2, ASSUMPTION 4(1)-(4) and ASSUMPTION 5 hold. In addition,
suppose that [f|K(¢)|q/|¢|(H1/Q)q/d¢ v < oo where 1/qg+1/¢ =1 for 1 < q < oo. For x € R and
k=1,2,---, we have |Bias(my(z))| = O(hl).

Note that the order of bias for our estimator is similar to that attained by the NW estimator constructed
with a kernel of order r. It is interesting to compare the order of the bias for the estimator my to that of
the NW estimator. It is worth noting that in Theorem 8 symmetry of K is not required, nor is compactness
of its support. The advantage of our estimator my for k = 1,2,--- is that we achieve bias reduction by
avoiding the nonnegative density estimator and by imposing less restrictive conditions such that f € BZ, ,

and m € Bf, . where p > r.



Next theorem states that m(x) converges to m(z) uniformly in probability.
’ ’ l/q/
Theorem 9 Suppose ASSUMPTION 1-6 hold. In addition, suppose that [f | K ()|9 |3 (rH1/@)a dw} < oo

where 1/q+1/¢' =1 for 1 <g<oo. Forz e R, k=1,2,---,

R ” logn /2
sup | (z) — m(z)| = O, | b, + — .

zeg

logn
nhy

Uniform consistency of my requires ( ) — 0 as n — oo. We improve the rate of uniform consistency
relative to the existing literatures (Devroye| (1978)), |Collomb| (1981)), Mack and Silverman|(1982)) by avoiding
higher-order conditions on the kernel and imposing less restrictive conditions.

We now give sufficient condition for asymptotic normality of 7y (x) under suitable centering and normal-
ization.

/ 1/q
Theorem 10 Suppose ASSUMPTION 1-6 hold. In addition, suppose that [f |K (y)|4 \¢|(T+1/Q)qdd)} < o0

where 1/q+1/¢ =1 for 1 <qg< 0. Forz € R and k =1,2,---, we have

(1) = i) 4 0y(05) ) <o (0.0%f0) ™ [ M0 )

Suppose, additionally, that nh:*?" — 0 asn — oo.

(1) = mia) ) <7 (0.0%f0) ™ [ )0 )

1/2 and we will work with the de-

For the local constant estimator the normalizing factor will be (nh,,)
composition (nh, )2y (z) — m(z)] = (nhp)? [ig(z) — B (@) Xe)] + (nh,)Y? [E (g (2)| X:) — m(2)).
The first term in the decomposition is asymptotically normal and the second term is the conditional bias
[E (1 (x)]| X¢) — m(x)] = O(hL). To eliminate the asymptotic bias in the limiting distribution of the estima-
tor, we need an additional assumption such as nh*2" — 0 as n — oo. Consistency follows from the fact that

(nhn)Y? (1 (z) — m(x)) has a limiting distribution. The expression for the variance term of the asymptotic

distribution is similar to that the NW estimator with exception that K is replaced by M} kernel.

4 Monte Carlo Study

In this section we perform a small Monte Carlo study to investigate the finite sample performance of our

proposed local constant estimator. For comparison purpose, we also implement the Nadaraya-Watson kernel

10



)™t k(5=
estimator, which is given by myw (z) = i (z) = (? h)) 1ZJ - ((?{;2)] with K(-) is Gaussian kernel. We
n =1

hn

consider following data generating processes (DGPs),

DGP1: y=m(x)+€ mi(x) =3z +

20
exp {—100(z — 0.5)°
NeT p {—100( )"}
where X ~ N(ux,0%),e ~ N(0,02), ux =0.5, o% = 1/3.92% 62 = 0.673
DGP2 : y =may(x) + ¢, ma(x) = exp{x}sin(5z?),
where X ~ N (g, 0%),€ ~ N(0,02), ux =0, 0% =1,02 =2

DGP3 : y = binornd(1,mz(x)), ms(x) = 0.5sin(107z) + 0.5, X ~ U[0,n]

DGP4 : y = binornd(1,my(x)), ma(z) = 0.5sin(27z) + 0.5, X ~ U[0, n]

where y = binornd(1, m) generates random numbers from the binomial distribution with parameters specified
by the number of trials 1, and probability of success for each trial m. In each DGP, evaluate the regression
of 101 points from 0 to 1 with increments 0.01. At each point, we compute absolute bias, variance and root
mean square error. Then, we average the absolute bias, variance and root mean squared error across all 101
evaluation points. A Gaussian seed kernel is used to construct the estimators.

In our simulations, for each of these DGPs, 1000 samples of size n = 400 and 1000 were considered and
four estimators myw, Mo, m3 and M4 were obtained by using a Gaussian seed kernel. For values of x where
the denominator of the local constant estimator fk(:zz) closes to zero, the local constant estimator at x might
not be defined. To avoid this situation, we introduce a trimming parameter § > 0. That is, we only consider
the observations where the density estimate fk is above §. We select both bandwidth h and the trimming
parameter § by minimizing a cross validation criterion. CV (h,8) = 23" | (V; — m_i(Xi))Q where
ﬁ Z?;ﬁi YiMi <Xih1Xl>

[ Xt M (552 )| 1 ([ e (357 ] 2 ) o1 ([ S M (455 <)

and I(-) is an indicator function. For each estimator at point & where the denominator was smaller than

m_i(X;) =

J, it was replaced by ¢. Table 1 provides average absolute bias (B), average variance (V) and average root
MSE (R) for each estimator considered for n = 400, 1000, respectively.

Table 1, Figure 1 and 2 reveal the following general regularities. First, for all four DGPs the average

11



absolute bias (B), average variance (V) and average root MSE (R) of our estimators 7 decrease as the
sample size increases from 400 to 1000. Box plots also show that the root mean squared error falls as the
sample size increases. Second, as expected from the theoretical results, an increase in the value of k reduces
average absolute bias (B). Third, for k = 2 the case where the smallest bias reductions are attained, (B) can
be reduced by as much as 58% relative to . Fourth, reduction in root mean square error (R) due to the
increase in k is much less pronounced. When we observe the true regression function my, root mean squared
error (R) tends to increase as k rises but the largest difference of the root mean squared errors between m nw
and My is negligible value. Finally, we observe that for DGP1, DGP2 and DGP3, our proposed estimators
s, ma and My outperform the Nadaraya-Watson estimator mpyyw in terms of both the average absolute
bias (B) and root mean squared error (R) and among all estimators, 7hg achieves the smallest root mean

square error (R).
5 Summary

The use of higher order kernels is a well-known method for bias reduction of density and regression estimators.
This method of bias reduction has the disadvantage of potential negativity of the underlying estimated
density. To avoid this, Mynbaev and Martins-Filho| (2010) pioneered a new set of nonparametric kernel
based estimators for a density that achieves bias reduction by using a new family of kernels. In addition,
Mynbaev and Martins-Filho|(2014)) obtained much faster convergence of nonparametric prediction by allowing
fractional smoothness for the relevant densities. By extending both approaches, in this paper, we propose
local constant estimators for regression which are more general than the Nadaraya-Watson (NW) estimator.
The main contribution in this paper is that bias reduction may be achieved relative to the NW estimator, and
our proposed estimators attain faster uniform convergence without using higher-order kernels and allowing for
fractional smoothness for the relevant densities and regressions. We also provide consistency and asymptotic
normality of the estimators in the class we propose. A small Monte Carlo study reveals that our estimator
performs well relative to the NW estimator and the promised bias reduction is obtained, experimentally in

finite samples.
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Appendix 1 - Proofs

Lemma 1

Proof. Let A) f(z) = f(z), (AjT f)(z) = AL(A;f)(z) where z € R, h € Ry, s € N be the iterated

differences in R. From the definition of Aj f(z) (§), we have

S

A flx) = Y (1) 7CIf(z+ jh)
j=0

= > (FV)TMIOL [f (4 (G + DR) = fx + jh)].

j=0

Let D? are classical derivatives. First, we need to verify the case : (i) s=1.
R h
Bbf(@) = £+ 1)~ @) = [ i+ w)du
0
Consider (ii) s=2.
~ o ok h
A2 f(x) = AL[ALf(2)] = A,ll/ Df(z+ur)duy = / Df(x+wus +h) —Df(z+ uy)duy
0 0
h o rh
= / / D2 f(x + uy + ug)duydus
o Jo
Assume that s = k is true such that
_ h h l l
Abf(x) = / / AF-iply (az—l—ZuZ) Hdu,— where [ =1,2,--- k.
0 0 i=1 i=1
Now, we must prove the case (iii) s = k + 1.

h h
AMf(2) = ALAL f(2)] = AL / AFUD f (e + uy)duy — / AFUDf (a4 uy + h) — ADF (o + uy)du
0 0
h h h h
= / / A’,fleQf(:v + uy + ug)durdug = / / A}l[AfLJDQf(x + uy + ug)]|duydus
0 0 0 0

h rh
= / / [AF2D2 (2 4 up 4 ug + h) — AF 2D f (2 + uy + ua + h)]dusdus
o Jo

h h h B h h k+1 k+1
= / / / [AF2D3 (2 4 up 4 ug + uz)|durdugduz = - - - = / e / DFHLf (m + Z ul> H du;
o Jo Jo 0 0 pat pale}
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Lemma 2

Proof. Let s and [ € Z, such that | < r < s.

o) 0 - dh

BT\ A f ()l D = / A f q7+/ ) As f | -2

/I TIARS (@)% S |AGf (@)l OO( )AL ()] —h
/ h™ “1||AS x)||4, —+/ fy””qHAif(x)Hgo—(? by change of variable by letting —h = ~

% s dh
= [ A @IS [ A )
0 h
! . dy > . d
+ [ quAiyf(a:)ng " / A Sl D
! < dh e N X dh
= [ B 1A @I + 1AL @)1 5+ / R (135 f @)1 + 1A%, F@)] 5] 5

0
‘ --/OhDsf(x—i—ZS:ui)f[dui q /_h / D°f $+Zuz Hduz

Lo
Ir

+

]h

+‘/ooh rq Ae lDl I+Zuz Hduz :|
1
+/ooh rq|: As lDl x"‘zuz Hduz :l
1
/ T dsup DSf(HZu» Hdui dh
0 zeR | Jo 0 i1 i h
1 h dh
+/ h~ 7q{3upl/ / DS f x—|—Zul Hdul‘| }h
0 zeR

As Ipty x—f—Zul

)2
o]}

s q
dh

/ dus| b
0 0 i h

1=

A A
e[| [ /
<Py [ 1 {[/ [ Hdw
+eusp DG [ l/oh/()hﬁd“1?
+empi @ [ [ [ /hl_Td“Hf

AsS lDf£E+ZU1
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— sup [D* f ()" / 1 {h“ﬁsql + hrql(h)sq} dh
zeR 0
+sup|le(x)\q/ [clhrqﬂqw@hml(—h)lq} dh
zeR 1
S 1 S 1
= sup D [ ] (e 1) s D) [ a1

where s > r > [ and some c1,cy < 0o. Therefore, for some c3, ¢4 and ¢ < co, we have

_ ~ dh 1/¢1
[ [ W||A2f<x>||go] < cysup [D*f(2)] + e sup [DLf ()] < esup D' ()]
|h‘ xR zER xR

The last inequality follows from the fact that C*(R) C C!(R) for s > [. Hence, we have [ fllss., < Cllfller-
That is, C'(R) C BL, ,(R) where | < 7. O

Theorem 1

Proof. (a)

E(fe(z)) = /i [—Ckl,o zk: C|I;|SK<yS;nx>] fly)dy :/ [— Z s K ] (z + shytp)dy

s|=1 O Jsl=1

Therefore, Bias(fi(z)) can be denoted as follows,

Bias(fu(x) = E(fu(x)) — f(x) = / ~ L R@)AZ, f(a)dy

Ck,0

by —ﬁ Eﬁ\ﬂ ¢k,s = 1 and ASSUMPTION 3(2).

(b) We can proceed the order of Bias(fi(z)) using the result of (a).

Given that [f |K () |4 || r 1/ 0’ dw] e < 00, we have

(Bias(fu(@)| = |E(fu(x)) — ()] = \ [-—kw %’imw)ddf\
1
< oo ‘/K \hnw|T+1/qm %L]fpf(x)dw‘
/ /d’ 2k g 1/a
<|-o=|| [ {im@inprsy’ dw} [ / {Supﬁ%ﬁ‘ﬁ@} dw] by Holder's inequality
/ /
_ _i |:/{|K(¢)||h w|r+1/q}q/d¢:|1/q / Supm€R|A%ﬁ,wf(1')‘ ! 1 i) e by letting hy,o = t
Ck,0 " |hnt|” |hat)| Y B o=

15



1/q' 1/q
- |:/|K(,¢)|q'|hnw|(r+1/q)q’dw:| e [/{SuprRlﬂAT?kf(x)'} mh 1dt:|

ck,O
1 , , v
- —\ [ [ i@ e du}} 1flls. . = O

<

where 1/g+1/¢' =1 and 1 < ¢ < 0. O
Theorem 2

Proof.

Var(fu(@) = EBlfu(@)?] = (Elfi(@)))”
n 2 n 2
/{nin ;Mk (yhnx>} fy)dy — {/:}L;Mk (yhnx) f(y)dy}

2
/LM,C (W) f(z + hp¥p)dyp — — {/Mk (z + hnw)dw} given ASSUMPTION 1

IN

x + hytp)dap

nh

Now provided that ASSUMPTION 2(2), ASSUMPTION 3 and AsSUMPTION 4(1),(3),(4) , we have

/ ME() f(x + hp)dip = / M) [f(x+ b)) — f()] dip + / ME() f ()i

< / ME()| (& + hap) — f(a)|des + / MEW)|f(x + hb) — F(@)|dib + F(z) / ME()dy
[hap| <6 |hap|>6

< sw |faty) - fe) [ Mp@as -+ 2swlf@)] [ MEde sl [ w2
ly| <3, afG]R z€R |hap|>6
since f € C°(R) < co (16)

The inequality follows from [ M7 (y)dy < C [ |K(¢)|dy < co by ASSUMPTION 4(3)-(4) for some C < oo
and sup,cp | f(z)| < oo by AsSUMPTION 2(2). If h, — 0 and nh, — oo as n — oo (ASSUMPTION 3), from

Theorem 1 and equation (6], fru(@) — f(x) = 0,(1) for all z € R. O
Theorem 3

Proof. Let {X;}t=12,..n be a sequence of IID random variables in R (ASSUMPTION 1). For z € R,

fk(x) = mlln Z?:l M, (X,fb—;‘”) where h, > 0. Let G be a compact subset of R that is, G C R. The

16



collection F' = {B(z,r) : € G,r > 0} is an open covering of G. By the Heine-Borel theorem, the open
covering has a finite subcovering. That is, there exists a collection F' = {B(x,,r) : . € G,r > 0,7 =

1,2,--+,m, where m is finite} such that G C F’. Given that K satisfies a Lipschitz condition of order 1

;w)‘

AssuMPTION 4(5), for « € G, we have
. i X, —x 1 & X,
A== ./
\fr(z) = frlar) ‘ e Z ( ™ ) nh; k(
zk: ck&| =T\ X —
— sh sh,,

A
:‘H
M:

(O Ck,o Is]
n k
< c Z z Chys | |27 — 2 < %\x — x| for some contant ¢ < oco.
nhn s ls]=1 sl |shu| h3,

Then, |E[fe(x)] — fe(z,)| < ¢iz|z — x| If z € B(z-,r), then [z — x| < r. Then, by the triangle inequality

[fu(@) = Elfu(@)]] < |fu(@) = fulwo)l + filar) = Elfs(e)]l + [Elfu(er)] = Elfs(@))]

< felzy) — [fk(xr)]|+2‘3h2'

Since for each x € G there exists B(z,,r) that contains x

dy = sup | fi(z) = E[fi(2)]| < 20}72 + max | fr(ar) = E[fu(a:)]l-
z€g

Let d,, be a sequence of stochastic variables. If Ve > 0 there exists M, > 0 and a non stochastic sequence
{an} such that P [‘Z—"l > ME} < € for all n. We write d,, = Op(a,)(Mann and Wald, (1943) and Davidson

(1994)).

Ay _ldal 20 1 ey Bl = 2 4 ]

>~ - — U2n
an an aph? = a, 1<7<m aph?  a, 7

where da , = maxj<;<m \fk(xT) — E[fk(xT)H

dy 2 don do.p P dy
P{>M€]gp[ il +2’>ME}P{2’>M€ CT]P{2’>MM]

an anh? an

where M,, . = M, — aff,; . Then, we have
3

(79} Ay 1<7<m

P[dz" >Mn6} = P[l max |fk(xT)—E[fk(xT)]|>Mn,e}

ZP |:a|fk(x7') [fk(x'r | > M, e:| ZP [‘fk ‘rT [fk(x‘r)” > Mn,ean .
=1 n

IN
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s s =, (552) 2 [ (35 o 0 = 0 (552)

Given that |K(x)| < By, for all z € R (ASSUMPTION 4(4)), note that
1 X: —x, 1 a—x

k k
1 1 Ck.s Xy —x 1 1 Ch.s a—x
Sy Reg LI ) S |
hn{ Ck,0 |s| ( shy, H hn/[ Ck,0 |s] (Shn ”f(a)da

|th - E[th” =

1 _ 1 kE crs
Then, we have |Wy,| < HBkCl where C; = 2 ’fm ZISI=1 L =

o7 |- Next we consider Var(Wy,). Let o2,

Var(Wy,). Given that E[Wy,] = 0, we have

1 —
afn:Var(Wm):E[Wt%L]:h—z/M,f (O‘th> da—— {/Mk(

— i /M,f(w)f(xT + hptp)dip — U My (V) f(xr + hnw)dw}

) flo WT

Given that IID sequence of {X;}i=1,2.... n,

z::cr?n = % / ME() f(zr + hntp)dip —n [/ M) f(zr + hnq/))(w] 2.

Note that h,o?, = [MZW)f(zr + hoth)d) — hy [[ Mix(¥) f(z- + hn@b)dw]? = gn(7,). By Bernstein’s

inequality (Bennett| (1962)), we have

P litan) = Bl (el > andt ] = |1 Zwm

> a, My e:|

<92 naz M2 here O 2’ Sk ok
eXpy — where =
B b 2% Z?:l VaT(th) 2 Bk Clan n,e ! Ck0 [s]=1 |s

18



n*aZM? /nE(WE)

= 2exp S e by AsSUMPTION 1 and Var(Wy,) = E(W2) (17)
2+37 Cl nEnt )
M2 E(W?
_ 2exp B [na : n, e/B ( ;n) (18)
25 + 5T Cr B
_ az M2 nhy, (19)
~ P T 2, EWR] + 2BiCran M,
P| = max [fu(e.) - Elfile)] > M 22 ol
4y 195 8m TRAET k(@r) e P  2h,E[W2] + 2BpChan M,
a?M? .nh,
< 2m max expq — 5
1<7<m thE[an] + gBkC’lanM
<2 M b h = h,E[W?
mlI<I¥_a<XmeXp 2971(-'177) i %BkclanM where gn(xT) — ln [ tn]
< Ul (20)
= Smexp 2y (™) + 2 BrCran My, .

2 8 r2
anMn,e”hn

where x™ corresponds to the point of the given function such that exp {—

function exp{-} attains its maximum value and g, (z™) = [ M7 (

2aundrz(%)/

2cr

1/
Let a,, = (log”) . Note that a, M, = ay, (M6 —

2hn B

W2 142 BrCran s } which the

) =a, M, — 2”". Hence,

nhn 2,
(an M, )? = <anMs - g)z =alM?+ 422: - 4anMe%
B (1:51:) M? + 4264 (i) 4M, chl2 (h3)1/2 (1:5:)1/2
—1hn (a0 My ) = —(logn) ME — 4¢” + AMc(log n)'/? = —logn [Mf - (1045332 + 1§g62n] = ~fnlogn
where A, = M7 ~ (102%5/2 + 10g2n
ottt 3= (322) au e () - (382) v i
T W

Hence, if ( ) — 0 as n — oo, then a, M, . — 0. From equation (20)),

5 a?M? nh,
m ex — -
P 2gn (x™) 4+ %BkclanM

19
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} =2mexp {ogn} = 2mexp {logn*An/vn} — 9mn~Ln/vn
Un

F@™ 4 ho)dy]®.



Hence, P [ maxy<r<m | fr(@r) — E[fi(z,)] > ane} < 2mn~%n/vn. The volume of B(x,,r) for z € R is
1/2

2r =2 (%i) = 2r, . Since F = {B(x,,r) : 2, € G,r > 0,7 =1,2,--- ,m, where m is finite} such that

G C F’ is a covering for G, it must be that » — 0 which implies m — oo and since G is bounded, there exists

1/2
zo € R and rg < oo such that G C B(xg, ). Hence for every z € R, 2mr, = 2m (%) < 2r¢ which

- Rs\ /2
implies that m < ror;;t =g (f) . Hence,

B3 /2 1 n 1/2 1 1/2
—Ap/vn n — S, = e —
2mn / < 27 (n) PV 2ro (h3 200/ vn ) =270 <h3 n28n/vn—1 )

1\ 1/2 1 1/2 1 \Y2 1
2T0 <'n,h%> (nz(An/'Unl)> - 2T0 ('I’lhn> hinnAn/vnfl

DNy Jvn—

Since nh,, — oo it suffices to have n 11, bounded away from 0 as n — oo.

Given that A, = M2 — 4AMcc and v, = 2g,(z™) + 3 2B.Cra, M, ney Dp — M2, go(a™) —

€ (logn)1/2 logn
(™) [ M2 (¢)dp as n — oo and v, — 2f(z™) [ MZ(¢)dep. Then, v:—l—%—l. Since
2
nh, — oo it suffices to choose M, large enough to have MW —1>1or m > 2 to
obtain n%flhn — 00.
Now,
sup | fi(x) = f(x)| < sup |fi(z) — E[fr(2)]| + sup | B[ fi(2)] — f(x)]
zEG z€G z€g
logn 1/2 p logn 1/2 -
= Op(1) +sup [E[fu(z)] — f(2)| = Op(1) + hy,O(1)
nhn z€G nhn
L]

Theorem 4

Proof. We have for x € R, fk(x) — E[]Ek(x)] =Y {ﬁMk (%) - nflln {Mk (Xitzi:z)n

Let Znt = — Mk (Xf “), E[Znt] = pn and S2 = 37| E[Zy: — p1,)%. We have

- 1 X —x X —x 2 1 X —x
2 t t o t
sto= 3om [ (55) -2 (o (550))] = e (e (F57))

= Var(fu(x)).

Hence, 7’6"(%’3;25’(‘3; 2= 1( K ,L“") = YiLy X with E[Xp] = 0, B[X2] = & E [(Zn — pn)?] and

Y EIXR] =1
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In order to use Liapounov’s CLT , we need to verify lim > ;| F|X,|**° =0.
n— oo

nt ,un

n +é n
ZE\Xnt\2+5 = ZE ] = ZVar(fk(x))_l_‘s/zE [1Z0t — pn] ]
t=1 t=1

= Var(fi(z)™" a/an [1Z0e — 11 |*F0]

We need to show that |u,|?? < C.

1 Xy — 1 X —
o= [ (5)] = S (557 s = [t s ooy =0t

Therefore, \,u|2+6 < M2 (%)QM. By the C, inequality and the fact that p, = O(n~!

), we have
E [|Znt _ Un|2+6] < 21+5E [|Znt|2+5] + 21+5E[|Mn|2+5]~

Therefore,

n
2 BlXul?
t=1

IN

Var(fi(2)~ 0+ Dn 2" B(| Z,ul**) + o(1)]

1 Xt — X
— M,
1 Xt — X

X, —
(%)

2490

— Var(fk(x))f(pr‘;/mn {21+6E

+0(1)}

246
+ 0(1)}

—|—0(1)}.

b Var(fu(a)) — [ 200 )dw] - ‘ [ G+ o) — @) dw—hn{ / Mk<w>f<x+hnw>dw}2

< / MZ(6) | (@ + huth) — f()| i+ / MZ(6) 1 (@ + huth) — F(2)| i)
[hnt| <6 [hnp|>d
2
+ {/Mk x+hn¢)d1/)}

< s lf@+)- /@) F@) [ 2w +2 supls )] /wl>5/hM£<w>dw+hn{supmx)] / Mi<w>dw} .

z€R z€R

— VaT(fk( )) 1+5/2)21+5 —-1- 5{E

1 91+46 1
- ; 2 \E
nhVar(fp(x))1+8/2 (nhy)/? hy,

2+48

We have

Consequently, nh, Var(fi(z)) — [ ME()f(x)dy as n — oo by ASSUMPTION 1, ASSUMPTION 2(2) As-

SUMPTION 3 and ASSUMPTION 4(3)-(4). Similarly,

1 X, —
B (F5-7)

249

] = / ‘Mk(¢)‘2+5f(z + hn¥)hdp — f(x) / |Mk(¢)|2+6dw <00 asn — oo
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since [ |K(1)|>T%dy < oo. Therefore, > 1" | E|X|>T® — 0 as n — oo provided that 7575 — 0. Hence,

)
Vnh (fk(x) - E[fk(a:)]) LN (0, f(z) [ MZ(¢)dip). In practice we are interested in the distribution of

Vitha(fu(@) = [(x)) instead of vk (fi(@) = Elfu(@)]).
Vihy (fel@) = @) = Vaha (ful@) = Blfu@)]) + Vb, (Blfe(@)] - f())
= /nhnO(hT) + \/nhy, ( Fulz) — E] fk(x)]) from Theorem 1(a)

Therefore, \/nh, (fk(a:) — flx) + O(h;)) LN (0, f(z) [ ME(¥)dy). If nhl*?" — 0 as n — oo, fi(z) has

an asymptotic normal distribution as v/nh, (fk(x) — f(= )) NV (0 f(z) [ ME(y dw).

Theorem 5

Proof. First, consider the proof of (a). Let g (2) = 73— Y21, My, (%) Y;.
X, —
(T il

o
i (%

Elge(2)[X:] =

:"—‘

E‘H

) (Xt) where E[)/%'Xt] = m(Xt)

Then, given ASSUMPTION 1 we have

‘= ”") m(X)f(X,)dX,

k(x)]z/nllli:Mk (X

( Cr 0) / Z cr,s K(Y)m(x + shpt)) f(x + shntp)dy.

ls|=1

Let g(z) = f(x)m(z). Bias(gr(x)) is denoted by

Bias(gr(z)) = Elgr(x)] —g(z)
1 k
_ (-m) / I}_jlck,gff(w (2 -+ shat)) (2 + shat))dib — g(x)
k
_ (Cklo) / I}_jock,s K(6)m(@ + shat) f(x + shut))di
= (o5 [ Kwatm@ e

22



k
by ASSUMPTION 4(2) and —% > jaj=1 Chys = L.

Next, we prove (b); the order of Bias(gg(x)).

| Bias(gk())]

‘( CkO)/ZCkS m(z + shpt)) f(x + shptp)dy

|s|=0

ARy 9(@) "
|| 10

q vd SUPzeRr |Ah Y 9(2)| ' v
c{/[K(w>||hnw|<’““/q>} W} {/[ ||/ ] dw}
/ 1/q A%k e
_ c[/ K (v)]? |hnwl“*”q“d¢] {/ {W} [k ldw}

, 1/q'
— [/ K ()] |w|<r+1/q>qdw} lglls.. . = O(h2)

IN

c \ [ rwai, g<x>d¢\ _c| [ K@)/

IN

q
by ASSUMPTION 2(1), ASSUMPTION 5(1) and {f | K ()] |z/)|(’”+1/‘1)qdw} < oo where 1/q+1/¢ =1 for

1 < g < oco. From the result of (Triebel (1985)), we know that ||g||s < Cllm||z.||f||s; , where p > 7.

>4

For (c) it is sufficient to show Var[gr(z)] — 0 as n — oo to prove that gp(x) is consistent. Since,

Var(gy()] = EVar, ()] + Var{Ex (34(x)] and Var[¥ilX,] = 0%, we have
Var(gu(a) [W > (F55) }MéMk = m<xt>]
AICS R A C
: {E e o (5 e
- §_jM (Z22) s+ o [ 32 (ot ) to+ ho)as

+n<n712;21) [/thg(wm(thw)f( ) ] {/Mk x+hnw>f<x+hnw>d¢}2

/ f(z+ hpt)

h
% { m(x + hato) f(z + hnw)dw}

+ Var

/Mk m?(z 4 hpt) f (x4 hpt)p)da)

23



Then,

o? 2
Var{g () e JRIEN +hnw>dw—{ [ Myt + ) o+ )i}

[ MR ) S+ ) (1)
Since f and m € C°(R) and ASSUMPTION 4(3)-(4) , we have
/M,?(w (@ )it < suwplf(@)] [ MEwas < swplf@IC [ lrwlas = o)

/ ME@m o + ) f o+ )i < sup () sup ) / M2 ()dy = O(1)

[ Metoymia b+ s < sup (o) sup | £@)IC [ 1K )Iav = 0Q)

[IS
Given that nh,, — co as n — oo, we have Var[gy(z)] — 0. Hence §i(z)—>g(z). O
Theorem 6

Proof. Let {X;}i=12,. be a sequence of IID random variable in R.

n n

S (5 i o (S o (5

)m(Xt) and so(x) = ﬁ" S My, (X;L:x> Us.

Let G be a compact set in R. For every = € G, define B(z,r) = {y : |x — y| < r}. The collection

nhy

Let s1(z) = —— > "1 1Mk(

F' ={B(x,r):xz € G,r > 0} is an open covering of G. By the Heine-Borel Theorem, there exists a collection
F' ={B(z;,7): 2z, € G,r > 0,7 =1,2,--- ;m,m finite} such that G C F'. For ¢ € G and z, € G where

T=12,---,m,
s1(z) = Es1(2)]| < [s1(z) — s1(z7)| + |s1(z7) — Els1(z7)]| + |Es1(z7)] — E[s1(2)]]. (22)
Note that

|s1(2) — s1(z7)]
o (5 - o (2
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\ A

5 - (5 i
lli e () - (B o

by Lipschitz condition on K (ASSUMPTION 4(5)) and m € C°(R)(ASSUMPTION 5(2)).

< Csup |m(z)] |xTh2 i < C'sup |m(z) h% since x € B(z,,r) which implies |z — z,| < r
z€R z€R n

| /\

L
>

and [E[s1(7)] — E[s1(z;)]| < csup,eg |m(m)|,{—%

Thus, from we have

[s1(2) = Els1(2)]] < 2% + [s1(zr) — Elsi(zr)]]-

Since for each = € G, there exists B(x,,r) that contains z,

dy = sup |31 (x) — Bls (2)]] = o

i B (o) = Bl (a7)]

where d,, is a sequence of stochastic variables. If every € > 0 there exists M, > 0 and a non stochastic
sequence {a,} such that P [lz—”l > ME} < ¢ for all n. We write d,, = Op(ay,).

Let dgm = maX1§Tgm |51(~T7') - E[S1(ZE~,—)]|

2 2
I:JCL">]\46 < P cr —|—%>M€ -p d277”>M€_L
an anh? an an, anh?
1
= P [an 1£IlTa<Xm [s1(xr) — Els1(z,)]| > Mn,e:|
< Z:lp {an|31(z7) — Elsi(z;)]| > M, e] ZP{|51 x;) — Els1(z,)]| > anMn,e]

s1(a7) - Elss(z)ll = |23 (e (B0 mos = o (7 ) mowa| |

t=1

1 n
’ntz_;th

where Wi, = 7= M, (th w) m(Xy) — E[Mk (Xt w) m(Xt)].

25



1 X, —ar 1 X, -,
Ml = [ (S5 o) 2 (S o
k k

1 1 Ch,s X —x, 1 1 Ch,s Xy —x,

S SV () () - — - — Vel (20T ) m(x
(o 2 o) (e = oo 22, )l (P ) mo|
1 C

< EcBlsuphn [1+/|f |do¢] <2031722£|m( z)| where ¢ = ‘ - (’kozl =1 |kgs .

since [|f(a)] <1, m € CO(R) and sup, g |K(z)] < By forallz € R .

Var(Wy,) = E(W2)

[ (a ) mia)seda — gy | [ o (45

2
= 7 / Mk CC‘r + hn¢)f($7' + hnw dy — |:/Mk m(z, + hn"/})f(m‘r + hnw)dw:|

) mfa)f(@)dol 2

ho Var(Wy,)

2
/Mk 22y + hnt)) f(xr + hptp)dip — hy, {/ Me()ym(z, + hpt)) f(ar + hnw)dw} (24)
From , we have

Pllsi(zr) — Elsi(z7)]]| > anMn,é] = > an My, e

= Z Win

t=1

1 n
‘n;th

> naane}

< 2 M2 nh
= e 2h, Var(Wy,) + %BlcsupzeR |m ()| an My,

by Bernstein’s inequality.

Let gn(x;) = hVar(Wsy,). Then,

1

m 2012 nh
P|— max |si(a;) = Elsi(z)]| > Mol < Y 2expl - ap My nh,
an 1<7<m T T ne| = — thVar(Wm)+%Blcsupx€R|m( V| an My

IN

a?M? .nh,
2m max exp 5 ’
12720 PP\ T 2g,(27) + 2Bresup, e m(@)|an M.

5 aanmnhn (25)
= 2mexp{ — :
P 2gn (™) + %BlcsupzeR |m(z)|an M,

. . . 2 M2 nhy
where x™ corresponds to the point of the given function such that exp { In " n,eBR }

2hn, E[W2 ]+2 Blcsupﬁek\m(xﬂan

which the function exp{-} attains its maximum value. Thus we have
2
z™) /Mk (@™ + hpth) f(2™ + hpth)dtp — hy, |:/Mk m(z™ + hpt)) f(2™ + hnw)dw:| (26)
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.  logn )2 L e\12
et a, = (35~ and r = (- . We have

2cr 1 1/2

anMn,e =a, M, — E = W [(log n) M. — 2¢

logn 4c? (logn)*/?
nMn € 2= M2 — 4Me —_—

(a’ ) ) <T’Lhn> € + nhn c nhn
Hence, to obtain a, M,  — 0 we want l;z%" —0asn— oo.
42 AM.
—nhy(an M, )* = —M?2logn — 4c? + 4M.c(logn)/? = —logn|M? + c _2eC

logn  (logn)?
— _An(logn)

where A,, = M2 + 4c® e Let vy, = 2g,(2™) 4+ 2Bicsup,ep [m(z)|an M,

logn =~ (logn)Z*
From ,

1 Ayl
P|= max |si(w,) = Elsi(a,)]| > M} < 2mexp{—°g”} = 2mn A0/ (27)
Ap 1<7<m Un

From and (26), g,(z™) = m?(x™)f(x™) [ M?(¢)d as n — oo since f € C°(R), m € C°(R), h, — 0
and nh,, — 0o as n — co. The volume of B(z,,r) for z, € R is 2r. Since F” is a covering for G, it must be
that m — oo since r — 0. Since G is bounded, there exists zop € R and 7y < oo such that G C B(xg, 7).

1/2
Hence, 2mr < 2ry which implies m < rq (h%) . From ,

1/2 1/2
1 1 T 1
—Dp/vn < n - o[ 1
2mn <2 (h%) 7o nAn/vn — 2 7nhn Ahn nOn/vn—1

Since nh, — oo as n — oo it suffices to have n®»/*»~1h, bounded away from 0 as n — oo. Note that

Dy — M2 and v, — 2m?(z™) f(@™) [ M?(¢)di. Since nh, — oo it suffices to choose M, large enough to

have
ﬁ 1 — M€2 > 2
U 2m2(a™) f(a™) [ M (s)dp ~
to obtain n2n/vn=1h, — co.

. 1/2
Hence, we have sup g |s1(z) — Els1(z)]| = Op< ( ﬁif) >



Now consider so(x) = ﬁ Soroy My (%) u;. For x,z, € G 7=1,2,--- ,m, by triangle inequality

|s2(2) — Elsa(@)]] < |s2(x) — s2(27)| + [s2(27) — Elsa(z7)]| + |E(s2(27)) — Elsa()]|

Note that
T 1 -~ Xt — X 1 i Xt — Xr
j52(2) — s2(a")| = mMg;m( . )m—mhg;m( = )m
1 - A& — T }& — Tr
M — M,
= nhn; ’“( B ) ’“( hon )'“t
|z — 2] 1
< TTﬁ tz:; |ut| by Lipschitz condition on K
r
< ¢ <h2> Op(1) by = € B(z,,7)
where ¢ = *ﬁ Z|ks|:1 CIkTI . We have that {|u¢|}¢=12,... is IID. By condition E[|u;|?] < oo for some a > 2

and L 37" | (Jug| — E[|w|]) = 0,(1) by Kolmogorov’s LLN we have |sa(z) — sa(z,)| < ¢ (é) 0,(1) .

Then,

By the Triangle inequality,

|s2(x) = Elsa(2)]| < [s2(2) = sa(ar)| + [s2(z7) — Elsz(ar)]| + [E(s2(27)) — Elsz(2)]]

r

sa(er) =~ Elatan )| + 2 (75 ) O,l1) (28)

IN

Let §2(x) = —— > 1 My, (X;L_””) UtX{|u,|<B,} With By < By < --- such that >;° ) B/ ® < oo for some

a > 1. Note that
|s2(2r) = Els2(z7)]| < |82(z7) — E[S2(2r)]| + [s2(27) — S2(z7)| + [E[s2(2r)] — E[82(2-)]| (29)

From and for each z € G, there exists B(x,,r) that contains

2cr

Yo = SUD |52(2) = Els2(2)]] < 55-0p(1) + Sup |s2(x7) — Elsa(z)]]
< 2}%0;)(1) +sup [$2(x7) — E[S2(x)]| + sup[s2(x7) — 82(x7)| + sup [Elsz(x-)] — E[52(x7)]|
n zEG r€G z€G
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Let Ty = suplsa(z) — $2(x)| and Ty = sup|E[sz(x) — S2(x)]|. We show that (1) 71 = 0,.5(1) and (2) Tp =
z€G z€G

O(BL~*) for a > 1. Note that Ty = sup Sy M (X;L:z) WX (uy >3, |- Assume Efju;|?] < C.

By Chebyshev’s inequality, for a > 0, P [|ui| > B] < %;la] < CB%Q and Y2 Pllug| > By < 32, B%? <
0.

By the Borel-Cantelli Lemma, Y ;o P [|lu;| > B;] < oo , which implies P [|u¢| > By i.0] = 0. Hence, for any
e > 0 and for all m satisfying m’ < m we have P [|uy,| < By, > 1 — u since {B;}4=12,... is an increasing
sequence, for n > m > m’ we have P [|u,,| < B,] > 1—u. Hence, there exists N such that for n > max{m, N}
we have that for all t <n, P[|lus| < B,] > 1 — e which implies x{ju,|>B,} = 0 with probability 1. Therefore
T) = 04.5(1).

For T2 s

n

Pt~ = o[ [ (5w osutudod

o> [ M) o+ ) e fu(ur)du
t=1

|ug|>By,

/ M) (@ + b)) / W FaC)X o

By Holder’s inequality,

1-1/a

IN

{/Utaf(ut)dut} . |:/X{ut>Bn}fu(ut)dut:|

- [Enutﬂr/a [ Xt fuw] o

]1—1/

/ otg (1) X |5,y e

" < OB~ by using Cheby-

n

1-1/a — a [T a
where [ [ X{ju,|> 5,y fu(ue)due] /" = [P(ju| > B < © {%
chev’s inequality. Hence, Tp = O(BL~%) for a > 1. Given the results of T} = 0,.4(1) and Tp = O(B.~%) we

have

2cr « .
Yo =sup[sa(z) — Els2(2)]] < —50p(1) +T1 + T2 + sup [$2(zr) — Els2(z,)]]
zeG hn r€G

2cr —a . .
32 0D+ OB + mas [3a(ar) ~ Bléa(e)]

IN

Let v, be a sequence of stochastic variables and 73, = maxi<,<m |$2(x,) — E[$2(x,)]|. For all € > 0, there
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exists ME > 0 and a nonstochastic sequence {b, } such that P {IZ"‘ > ME] < ¢ for all n.

n "~ 2 — n Y n "~ 2 —
P B > ME} <p {}fjopa) +O(B ) + VbL > Me} <p [762 > M, — %op(l) —0(B} a)]
<P {bl max [5a(z) — Blsa(e,)]| > Mn} where M, . = M, — 2220,(1) — O(BL~9).
< ; P L}n |82(7) — Elsa(a,)]| > Mn] < ; P [[52(a7) = Elsa(wr)]| > buM| (30)
Note that

I ~[1 X — . 1 Xi — 2,
nZ{han< I >Ut><{|ut|an}—mE [Mk( I )WX{MSBH}H‘

where Z;, = {hln M, (X”_x") UEX {|ug|<Bn} — h%L [Mk (Xth_”xf) utX{\u,sISBn}:| } Note that

1 Xt — Tr 1 Xt — Ty
E —M - —F|M
1 {hn k ( I )UtX{ut<Bn} e [ k ( I ) UtX{|ut<Bn}:| }‘
k
1 1 Ch,s X — o,
hon, [ Z |s] K ( Shy >}utx{|ui|§3”}

k
1 1 Ck,s Xt—x_r
— _FE L s g
I |: Z |s] ( shy )]utX{UtSBn} ‘

C
k,0 |s|=1

IN

1
thBl [|utX{|uf,an} +/fX(a)|da/|utX{u,,|§B,,,}||qu(u)|du:|

1 1
h—cBl [Bn + B, // fu|X(u)du} < ZCBanh—

n

IN

since ¢ = [— C:,O Zfs\:l cﬂ'\s

Var(Zi) = BIZ2] = 75 | [ M} (2522 wixqpur <, £ (@) fux (w)dadu
2

- {hl I My (aﬁfr) uX{\u|§Bn}f(a)fu|X(u)dadu}

= o [ MR X (uzi<B,y [ (@7 + hatd) fux (wdpdu — [ [ [ My ($)ux(u<p,y f (2, + hnt)) fux () dipdu)”

},|K(~) < By (AssUMPTION 4(4)) and [utX{ju,|<B,}| < Bn-

Letting l,,(z,) = hVar(Z,), we have

ln(zy) = //le(zb)uQX{‘uz‘SBn}f(xT + hnth) fux (w)dpdu
2

— hp [//Mk(¢)uX{|u§Bn}f(xT + hat)) fulx (w)diodu
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> b, M, .| =P

> Zin
t=1
b2 M,, cnh,,
2expq — 5 =
2thar[Ztn] + gCBanbane

%Zztn

t=1

P [[52(a7) = Elsa(wr))| > badlnc| = P

IN

by Bernstein’s inequality. Then,

> nbn]\;[n&]

1 y - b2 M, ;nh
P|— max |$2(z;) — ElSo(z,)]| > M| < 2exp d — nin,eNin _
b,  max [S2(zr) — Els2(2-)]] } ;1 P{ 2thar[Zm]+chanbnMn,E}
b2 M,, cnh,,
< 2m max expq — 2 _
1<7<m 2h, Var|Z,) + §CBanbnMn7e

b2 M, cnhy,
= 2mexp{ — 5 =
2ln(.’)3m) + gCBanbnMn,e

b2 M,,,cnh.,

(31)

where 2™ corresponds to the point of the given function such that exp {

the function exp{-} attains its maximum value. Thus we have

I (&™) = / / M) x (<5, F (2™ + ) fux () i

2
~ [//M’f(w)uxuu@n}f(xm + hnw)fulX(u)dwdu]

_ [logn 1/2 _ hi 1/2 : Y A 2cr 1—a
Let b, = ( % and r = (=) . Given M, = M. — 55 0,(1) — O(B,~*) we have

b M, — (128" v M, 2 0,(1) — O(B-%)
ntne =\ nhy, €T (nhp)t2 P n
~ logn 1/2 ~ 2c 9 a
Bnb’rLMn,e == nhn BTIME - WBnOp(l) - O(Bn ) Where a > 2

We want (l g") — 0 as n — oo that implies b, M,, . — 0 for a > 2 as n — co. From ,

o
nh,

2

ogn 12 c
(bnMn7e)2 = [(1 g ) M, — (270 (1) - O(B’I’ll_a)

nhy, nh,)/2 7"
logn -,  4c? 91— logn 1z 2c
=—— M2+ ——0,(1) + O(B21=9) -2 7O
nh, ¢ + nhy p(1) +O(B, ) nhy, (nhy)1/2 7"
o (logn 1/21\20(31—‘1)+4 L 0,(1)O(BL~%)
nh, € n ¢ (nhn)1/2 p n :

31

2hy Var[Zyn|+2eB1Bnby My .

} which

(33)

(34)



Note that

- ’thn (biMr%,e)

e nh

~ 4c
—1 M2 1 " O(B2(1—a)y _
o B2 + 20,1 + {2 0(520-)

Togmyz V)

nh 1/2 B nh 1/2
—2 r M.O(BL™) + 4c i OBl | =-A,logn
logn logn

where A,, = M2 +

logn logn (logn)1/2 logn

O nh"O BQ(lfa) _ 4c 0.(1) =2 nhy 1/2MO Bl-a
p(1) + ( ) p(1) O(B,™)

1/2 - lowm\ 172 - 1/2 .
+4c( ) O(B}~%). Choose B, such that (ﬁ) O(BL=%) — 0 and ( ) O(B1=10(1) —

logn logn

1/2 a—1/2
0asn — oo for a > 2. Let B, = O(( nh )) Then, (loﬁ) O(BLl=2) = (l"ﬁ> — 0 and

logn nhy, nhy,

1/2 2/3— 1/2
("h> O(BLl=) = (”h) ’ O(1) — 0 as n — oo for @ > 2. In addition, (f%j) O(BL=%) = o(1)

n

1/2 .
implies that (ﬁ) O(BL=%) = 0(1). Let v,, = 2l,(z™) + %cBanbane. From , we have

1 1\ 1 1
il _ < —An/vn < - -
P [b  max |0(x7) — E[82(z,)]| > M, 6} 2mn 21 (nh > T BT

The last inequality follows from that since F’ is a covering for G, it must be that m — oo and since G is

bounded there exists zo € R and g < oo such that G C B(xg,70). That is, 2mr < 2ry which implies that
1/2

m < rg (%) .

From (32), I, (z™) — f(z™) [ MZ(y))dyE[u?|X] < oo by ASSUMPTION 6. Since nh,, — oo it suffices to have

n®n/n=1h, bounded away from 0 as n — co. We have A, — M2 and v, — 2f(z™) [ MZ(¢)dio?. Choose

M, large enough to have % -1 — > 2 to obtain n®»/""~1h, — 0o as n — co. Then,

N2
2f(@™) [ Mi(y)dypo?

logn 1/2
we have sup,¢g |s2(7) — Elsa2(7)]| = Op( (n% )

R ~ logn 1/2
Hence, sup, ¢ |gx(7) — El5k(2)]| = Op( (n%n ) )

Theorem 7

Proof. Note that gi(x) = ﬁ oy M, (X;L:"L) Y: and E[§i(z)|Xy] = ﬁ oy My, (X;L

Xim ) [V, — m(X,)]. Tet Zin = =My (X22) [V —m(X,)] with

j) m(X,). We

have gx.(z) — E[gr (7)| X¢] = ﬁn 2o Mi (
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E[Z;,) = 0 where m(X;) = E[Y;| Xy].

{

Var(Zy,) = E[Z2)=E

1 X, - ) Al

o (5 - e ()
o2 -z

_ W/M,f <yhn >f(y)dy

Xt—m —m
Let S2 =57 | E[Z}] and Xy, = Zst: = LG (Xt)]l/z. Then
[nh2 sz( )f(Xt)dXt]

n=n2hQZ/M5(yhnx) Yy = = ( )()dy.

n =1
By Liapounov’s CLT Y7 | Xin—55N(0,1) provided that Jim. iy B [|Xin|*T] = 0 for some 6 > 0. Note

X —ac
D [Ye (X))l ,7‘[ x
that |th| = I (Elh )1/2|(c(n);?/2 with C( f ; (y » ) f(y)dy

Therefore,

\ |2+90
M, (X;l:x)‘ D/t_m(Xt)|2+6
(nhn)1+5/2(c(n))l+§/2

(5
e (55)

Now given that E [|Y; — m(X;)[*™|X;] < oo, for some C < oo,

| X ?H0 = ‘ where ¢(n) is non stochastic.

2490

E [|Xtn|*™0] = (nhe(n)) ™' 792E

Y, — m(Xt)|2+5] and

n 246

> E[|Xinl**?] = (nhne(n) ' ‘W‘ZE

t=1

Y; — m(Xt)|2+6] :

X, — 246 X, o 246
i (B2E)| - mepe | = | (5B (v - mx )
X, — 246 _ 246
< CE ‘Mk( / "”) :c/‘Mk<yh I) f(y)dy.
Consequently,
n g 2495
S B[X ] < )0 [ () s

= () 2(e(n) 02O / My ()29 £ (2 + hth) .
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According to assumptions that sup,cg |K(z)| < oo, [|K(z)|dz < co and f € BL, ,, we have

[ 130 1o+ vy = [ ‘ i ( )
<021+5/ Z C’“ <) o

|f(x 4+ hpt)|dy by C,. inequality
| [=1
246 / ‘ < >

— C21+5 Z
since f € C°(R) (ASSUMPTION 2(2)) and ASSUMPTION 4(3)-(4).

00,q?

244

[+ hnt)dyp

Cks

(@ + )l < €2 S Jo *sup £ (x) / K@)t < oo

s|=1 ls|=1

Thus, lim 537 B [|Xn[**] = 0. Then, 37, Xin—5N(0,1) which implies

2i= l"hnM’“(Xt WemmX] 4y zr(01), Thus, v [§(2) — B (6 (2)|X0] —5N (0,02f(2) [ ME()d).
[nhz MR (S ”)f(Xt)dXt}
0

Theorem 8
Proof. For x € R, we have

Bl (2)] — m(z) = Eliv(x) — m()] = E

since B[ fi(z) — f(2)[2] = O(R?" + (nhy,)~") which implies |fy(z) — f(z)| = O, (I + (nhy,)~1/?).

R S P L o tmn-12) Y] 9@
= ey vt (1 00 (12w ) )| - 665 (35)
1 A 1 ~ r —1/2
= mE[gk(x)—g(x)]+WE[9k($)0p(h + (nh)~1/2)]
N ~ 1/2
since Bl fy(x) - 1)) < (Elfu(e) = @) = 007 + (nh) 1/,
< O(5) + oy (Blan()2) 2 (B[ fule) — F@)?]) (36)
=T

= O(h") + O(h" + (nhyp)~Y?) since Bias(gi(z)) = O(h%) and E[gi(z)?] < oc.
= O(hy,)
For the equation(35), we use the fact that sum of the infinite series 17 = 1+ (—a)+ (—a)?+- - such that

1 _
TF 750 O F k)78 — 1

2
Op(h" + (nhy,)~1/2) + (LOP( —1/2) ) -. For the equation

(w) f(@)

(B6), we use the inequality as follows, for 1 < p < ¢ < oo, (E|X|P)Y/? < (E|X|?)!/? where X is a random

variable. O
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Theorem 9

Proof. For x € Rand k=1,2,--- , we have

E[mk(ﬂﬁ)] — mk(l‘) =F

n)] ) _ | () |- 1 (2)
fu@))  dew) L@+ Oplhy, + (k) 7 | F@) + Ol + () )

T @) (1 i 0uthn 4 )| = it (14 75

1

L

i f<1x)< o gk(x)> B @ (E (94(2)0p (B, + () 72)| = i (@) O (B, + (nhn)‘1/2)>
1

= (i

g
7 (40

L
since E [|gr(2)Op(hy, + (nha) V2] < B [|§k($)|\fk(x) - f(ff)|] < (Bllgr(@) )2 (E[| fe(z) = f(2)]]%)/? =
o(1) since (E[|fx(x)] — f(x)]*)/2 = O(h", + (nh,)~'/?). From equation SUP,eg |Elgr(x)] — gr(z)| =

. 1/2
O, (("g”) >, we conclude as follows,

nhy,

0, (1, + <nhn>—1/2>)

E
Elgi(z)] — g}k(x)> +o0(1) since h, — 0 and nh, — co as n — oo.

ogn\'/?
sup | E[m(x)] — u(x)] = Op <<1g> ) where k =1,2,---.

z€G nhy,

Hence, sup, g [k (x) — m(z)| < sup,eg [ (2) — Elig(2)]] + sup,eg [Elmg ()] — m(z)].

nhy

1/2
From Theorem 8, we have sup, ¢ [ (z) — m(z)| = O, (h; + <log") ) O
Theorem 10

Proof. Note that my(x) — E[ing(z)| X = %W. From Theorem 2, we know that fi(x) — f(z) =

op(1) for all x € R. Consequently, we have the following result.

Vi (u(o) = Bl @)l Xi]) /o) (0,020 [ arEwias) (37)

Vhy (g (z) = m(x)) = /nhn (g (2) = Elig (2)| X)) + /nhn [E(g(2)| X)) —m(z)]

From (37), we know /nh,, (i (z) — E[rhg ()| X)) LN (0, JQﬁ Ik M,f(z/;)dqb). Thus, we need to consider
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nhy, [E(mg(x)| X:) — m(z)]. Note that

7 iy S Mi (X;L:x
Bl (z)| X —m(z) = % S My (xt,gﬂ> —m(z)

i [ 2y (52) (0 i)

nop=1 Ck,0 |s|=1
1 k
— [ |- X k)| e+ shut) = m(a)] o+ sho)do
0 =1 |
1 & ]
= —a Ck)SK(ﬂ)) m(l' + Shnlff)f(ff + Shn¢)dw
0 =1 |
1 k
o Y K ()| m@) o+ shav) - fo)dv — [ |- Z cioo K Q) | mie) (@)
0 5=t Pl

[m(z + shntp) f(z + shny)) — m(x) f(x)]dy

m(x)[f (z + shnt)) — f(x)]dy

k k
/K(w) > cksm(@ + shat) f(z + shpth)dp — /K(w) > crsm(@) fz + shw)dw]

ls|=0 |s|=0

. [ / K()[AZ m(z) f(2))dy — m(z) / K()[A2, f(2)dy| = O(hr)

Therefore E {ni Sory My, (%) (m(Xt) — m(a;))} = O(hr) since f(z) = f(x) + Oy(hl + (nhy,)~/?)

and E(E[my(x)|X¢] — m(x)) = E(mk(x)) — m(x), we have Bias(iy(z)) = O(hl). Hence

Note that E[ru,(z)|X:] — m(x) = 4
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Consequently,

o (125(2) — m(2)) = /2o (1) — Bl (@) Xe]) + v/ (Bl (2)]X] — m(z)
— o, (i () — Bl ()| X)) + /i Op(h) = /rah (s () — Elsing ()| X] + Op(hT)
ENY (0,02f(x)1 / M5<w>dw>

If nh1+2" = 0 as n — 0o, we have v/nf, (i (z) — m(z)) SN (0,02 f(z)~" [ ME(¢)dy).

Appendix 2 - Tables and figures

Table 1
Local constant estimators with cross validation bandwidth A¢Y; Trimmed average absolute Bias (B);

Trimmed average Variance (V); Trimmed average Root Mean Squared Error (R).

my(x) ma(x)
n = 400 B v R B % R
MNW 0.0517 0.0470 0.2320 | 0.0384 0.1500 0.3909
Mo 0.0395 0.0430 0.2164 | 0.0151 0.1622 0.4032
ms 0.0355 0.0453 0.2194 | 0.0123 0.1675 0.4095
my 0.0334 0.0473 0.2227 | 0.0114 0.1703 0.4128
ms(x) my(x)
n = 400 B A% R B A% R
MmNw 0.0369 0.0078 0.0993 | 0.0171 0.0032 0.0618
Mo 0.0268 0.0076 0.0960 | 0.0120 0.0034 0.0619
ms 0.0232 0.0077 0.0960 | 0.0110 0.0035 0.0624
My 0.0213 0.0077 0.0963 | 0.0108 0.0035 0.0627
m1(z) ma(x)
n = 1000 B |4 R B v R
MmNw 0.0360 0.0203 0.1534 | 0.0183 0.0761 0.2775
Mo 0.0270 0.0172 0.1373 | 0.0076 0.0787 0.2807
ms 0.0225 0.0183 0.1392 | 0.0070 0.0795 0.2821
n 0.0207 0.0188 0.1402 | 0.0071 0.0797 0.2825
ms(x) my(z)
n = 1000 B % R B Vv R
MmNw 0.0251 0.0036 0.0681 | 0.0127 0.0014 0.0426
ma 0.0168 0.0034 0.0646 | 0.0087 0.0015 0.0421
ms 0.0139 0.0033 0.0642 | 0.0082 0.0015 0.0422
My 0.0124 0.0033 0.0643 | 0.0083 0.0015 0.0424
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DGPs. DGP1, DGP2, DGP3 and DGP4 indicate mq (z), ma(x), ms(z) and my(z) respectively. We consider

Figure 1: These figures are box plots of trimmed RMSE from estimators
the sample size n = 400 and n = 1000
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Figure 2: These figures represent four data generating processes with four local constant regression estima-
tors. v/ is a true line, the blue line is NW regression estimator, the red line is a local constant estimator
based on Ms kernel. The yellow line indicates a local constant estimator baed on M3 kernel. The green line
represents a local constant estimator based on My. + is an observed data points.

39



References

Bennett, G. (1962). Probability inequalities for the sum of independent random variables. Journal of the
American Statistical Association, 57(297):33-45.

Besov, O. V., Valentin, P., and Nikol’skii, S. M. (1978). Integral Representations of Functions and Imbedding:
Theorems.: Vol.: 1. John Wiley & Sons.

Carroll, R. J., Delaigle, A., and Hall, P. (2009). Nonparametric prediction in measurement error models.
Journal of the American Statistical Association, 104(487).

Choi, E., Hall, P., and Rousson, V. (2000). Data sharpening methods for bias reduction in nonparametric
regression. Annals of statistics, pages 1339-1355.

Collomb, G. (1981). Estimation non-paramétrique de la régression: Revue bibliographique. International
Statistical Review/Revue Internationale de Statistique, pages 75-93.

Davidson, J. (1994). Stochastic Limit Theory: An Introduction for Econometricians: An Introduction for
Econometricians. Oxford university press.

Devroye, L. P. (1978). The uniform convergence of the nadaraya-watson regression function estimate. Cana-
dian Journal of Statistics, 6(2):179-191.

Fan, J. (1992). Design-adaptive nonparametric regression. Journal of the American statistical Association,
87(420):998-1004.

Gasser, T., Muller, H., and Mammitzsch, V. (1985). Kernels for nonparametric curve estimation. Journal
of the Royal Statistical Society. Series B (Methodological), pages 238-252.

Glad, I. K. (1998). Parametrically guided non-parametric regression. Scandinavian Journal of Statistics,
25(4):649-668.

Mack, Y. and Silverman, B. W. (1982). Weak and strong uniform consistency of kernel regression estimates.
Zeitschrift fir Wahrscheinlichkeitstheorie und verwandte Gebiete, 61(3):405-415.

Mann, H. B. and Wald, A. (1943). Oun stochastic limit and order relationships. The Annals of Mathematical
Statistics, 14(3):217-226.

Martins-Filho, C., Mishra, S., and Ullah, A. (2008). A class of improved parametrically guided nonparametric
regression estimators. Econometric Reviews, 27(4-6):542-573.

Mynbaev, K. and Martins-Filho, C. (2010). Bias reduction in kernel density estimation via lipschitz condition.
Journal of Nonparametric Statistics, 22(2):219-235.

Mynbaev, K. and Martins-Filho, C. (2014). Consistency and asymptotic normality for a nonparametric
prediction under measurement errors.

Nadaraya, E. A. (1964). On estimating regression. Theory of Probability & Its Applications, 9(1):141-142.
Racine, J. (2001). Bias-corrected kernel regression. Journal of Quantitative Economics, 17(1):25-42.

Schucany, W. R. (1989). On nonparametric regression with higher-order kernels. Journal of Statistical
Planning and Inference, 23(2):145-151.

Triebel, H. (1985). Theory of function spaces. Birkhauser.
Triebel, H. (2010). Theory of function spaces II. Birkh&user.

Watson, G. S. (1964). Smooth regression analysis. Sankhya: The Indian Journal of Statistics, Series A,
pages 359-372.

40



	Introduction
	A Nonparametric density estimator
	 Finite differences and Besov Spaces
	Density Estimation

	Local Constant Estimator
	Monte Carlo Study
	Summary

