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1 Introduction

The treatment of endogeneity in semiparametric models has been the subject of intense interest in recent
years. In particular, since Newey et al.| (1999)) in which the control function approach to endogeneity
in nonparametric models is established, triangular systems of equations have garnered a great deal of
attention see, inter alia, |Geng et al.| (2016)),|Ozabaci et al.[(2014)), |Su and Ullahl (2008)), and |[Martins-Filho
and Yao| (2012). The value of the control function approach is clear, providing a method of dealing with
endogeneity that minimizes the risk of model misspecification and is easy to implement. I use a control
function to handle endogeneity in a partially linear model. Accordingly, this model consists of D+1
equations; a single partially linear primary equation (1) with a mixture of endogenous and exogenous
regressors, as well as D fully nonparametric secondary equations (2) having only exogenous regressors.
Thus, consider the following triangular system of equations where a set of exogenous regressors enters the

primary equation (1) parametrically while allowing endogenous regressors to enter nonparametrically.

Y =0+ Z'B1+h(X)+e, (1)
X=m(W)+V, (2)
E(VIW)=0, E(c|W,X)=E(]|V). (3)

Y is a scalar random variable, X is a D dimensional vector of endogenous random variables in that
E(e|Z,X) = E(e|X) # 0. W is a ¢ dimensional random vector, and Z is a p < ¢ dimensional subvector
of W. ¢ and V are random disturbances. [8y 3;]’ € RPT! and h(-) are unknown parameters of interest.
m(W) : R? — RP is a vector of D real valued functions m4(W) where d € {1,2,..., D}.

Specifying a partially linear form for the primary equation has the distinct advantage of allowing
one to impose a parametric form for some regressors, when justified, while allowing others to be the
arguments of a much broader class of functions. Additionally, [Robinson| (1988) showed that in models
consisting solely of equation (1) and where E(e|Z,X) = 0, his estimator for [5y (1], the finite di-
mensional parameter of central interest, is consistent and /n asymptotically normal. Furthermore the
asymptotic covariance matrix of the estimator for [8y 1]’ is equal to the semi parametric efficiency
bound while only making mild smoothness assumptions regarding h(X). In terms of model structure
this paper and |Geng et al.| (2016) can rightly be viewed as extensions of the model considered in |Robin-
son| (1988)) to triangular models as both utilize identification strategies to develop an y/n asymptotically
normal estimator for the finite dimensional parameter [5y (1] separate, in the sense of not depending
on, the estimation of h(X). Although|Ozabaci et al. (2014) is primarily concerned with the estimation of

a fully nonparametric triangular system, they do shortly discuss a partially linear specification without



providing a separate estimator for [3; S7]" in the sense described above. Unfortunately a semiparamet-
ric lower bound for a model consisting of (1), (2), and (3) has yet to be established, hence no claim to
semiparametric efficiency can be made, but the estimator developed in this paper does achieve a kind
of Oracle efficiency, discussed below, by imposing an additive structure on h(X) and each component of
m(X).

The benefits of imposing an additive structure on nonparametric component functions are two fold.

Firstly, Yu et al. (2011) show that there are efficiency gains to be had by imposing additivity on h(X).

In this context, Manzan and Zerom| (2005)) can be viewed as an extension of the (1988) model

by separately identifying and estimating [By ]’, while assuming h(X) to be the sum of univariate

nonparametric functions. In fact, like Robinson, [Manzan and Zerom| (2005)) showed that their estimator

for [By B1], is /n asymptotically normal and semiparametrically efficient in the case of homoskedastic

errors. This paper, and |Ozabaci et al (2014), impose additivity on h(X) in an effort to realize these

efficiency gains while |Geng et al.| (2016) do not. Secondly, as pointed out in |[Linton and Neilsen| (1995)),

and Buja et al.| (1989), additivity allows one to avoid the “curse of dimensionality” while sacrificing little

in terms of model flexibility. This “curse” refers to the case where the sum of univariate nonparametric
estimators converges at a rate equal to the slowest univariate estimator, while the rate of convergence

of a multivariate estimator is inversely proportional to the dimension of its argument. In the sense of

avoiding the curse of dimensionality one can draw distinctions between this paper, |Geng et al. (2016)),

and |Ozabaci et al.| (2014). Given that this paper and |Geng et al| (2016) both develop estimators for

[Bo B1] separate from the estimation h(X), the potential rate of convergence of h(X) is irrelevant where

it is of primary interest to|Ozabaci et al.|(2014)). However imposing additivity on m(X) is of consequence

to all three models as each relies on the estimation of the residual vector V = X — (W) in the esti-

mation of the primary equation. This paper and [Ozabaci et al| (2014), avoid the “curse” by specifying

m(X) to be additive while |Geng et al.| (2016) do not. The importance of these restrictions manifest

themselves in Theorem 3 where I show that the asymptotic covariance matrix of the estimator presented

in this paper is unambiguously smaller than that of |Geng et al| (2016). In fact my estimator is Oracle

efficient in the sense that the covariance matrix derived in this paper is equal to the covariance matrix of

the semiparametrically efficient estimator of [Manzan and Zerom| (2005, indicating that asymptotically

there is no penalty to estimating V as a preliminary step in the estimation of [8, 3]])'. I refer to this

estimator as Oracle efficient in a sense conceptually similar to, inter alia, (2008), and

land Mammen)| (2004). These papers describe the estimation of a collection of functions to be Oracle

efficient if the asymptotic covariance matrix of an estimator for each component is the same as if all
other components in the model are known functions. This paper details the estimation of a collection of

functions, that I call Oracle efficient since the asymptotic covariance of my estimator for 5y is the same



as if the other components to be estimated m(W) are known functions.

In terms of estimation, both this paper and |Geng et al| (2016]) are based on the identification and

estimation procedure given in [Manzan and Zerom| (2005) requiring at least two steps for estimation. In

the first step estimation of m(X), |Geng et al| (2016) use a kernel based Nadaraya Watson estimator,

where I use an additive B spline series estimator. In subsequent steps both |Geng et al| (2016) and

this paper use kernel based estimators. In this way |Geng et al.| (2016) is a fully kernel based estimator

where the estimator in this paper is a mixture of series and kernel methods. Lastly due to the fully

nonparametric additive form of their model, |Ozabaci et al.| (2014) use two stages of series estimation.

The results of the Monte Carlo simulation presented in section 4 show that the estimator in this paper

outperforms the estimator of |(Geng et al.| (2016), in all cases. In addition the Monte Carlo results show

that even in finite samples that properties of the estimator in this paper are very similar to those of

the “Oracle” estimator of [Manzan and Zerom| (2005)) suggesting that even in finite samples there is very

little penalty to estimating m(W).

Beyond the papers mentioned above there are two other alternative estimators accounting for endo-

geneity in a semiparametric setting; [Ai and Chen| (2003), and [Otsu/ (2011). What distinguishes

(2003), and [Otsu (2011)) from |Geng et al| (2016), [Ozabaci et al| (2014), and this paper are the

moment conditions upon which they are based. The sieve minimum distance estimator of
(2003)) and the empirical likelihood estimator of (2011)) both make the assumption that E(e|W) =0

in contrast to E(e|W, X) = E(g|V) of equation (3). As discussed in [Newey et al.| (1999) neither set of

moment conditions is stronger than the other since (3) does not imply E(e|[W) = 0 without additional
assumptions. These estimation procedures are shown to be semiparametrically efficient but are numer-
ical procedures with no closed form solution and are extremely difficult to apply empirically where the
estimator developed in this paper is straightforward to apply.

The remainder of this paper is organized into 4 Sections; Section 2 details the relevant moment
conditions, identification, and estimation of my model. Section 3 gives all necessary assumptions, and
summarizes the asymptotic results for each step of the estimation procedure. Section 4 presents a Monte
Carlo study of this estimation procedure that demonstrates. Lastly section 5 is the appendix where

proofs of all Theorems and supporting Lemmas are given.



2 Moment Conditions, Identification, and Estimation

2.1 Moment Conditions

E(e|X) # 0 implies that ¢ is not orthogonal to the space of square integrable functions of X. The
approach taken to deal with this lack of orthogonality is a variation on the control function approach of

Newey et al.| (1999). In particular, defining u = e — f(V), I assume,
E[E|Z,X,V] = B[=|V] = Ef(V) + ulV] = f(V) + E[ulV] = /(V), and  E[uW,X,V]=0. (4

Furthermore, I assume,

D D q
h(X) = Z hd(Xd), f(V) = Z fd(Vd), and md(W) = Zmda(Wa)- (5)
d=1 d=1 a=1
Consequently,
D D
Y =B+ 2B+ ha(Xa)+ > fa(Va) +u, (6)
d=1 d=1
Xg= Zmda(Wa) + Va, (7)
E(VgW)=0, E(EW,X,V)=0. (8)

The goal of this paper is to identify and estimate the parameters [3y 41]" € RPT! in such a way that neither
procedure requires any restriction on the functions h(X) and f(V') beyond the standard identification
condition that E(hg(X4)) =0 and E(fq(V4)) = 0. The identification detailed in the following section is

a variation of the identification procedure developed in Manzan and Zerom (2005).

2.2 Identification

Let p(-) be the marginal/joint densities (provided they exist) of its random variable/vector argument
and define,

D

D D D D D
g X, V) =[IrxX) [Tpe),  9(X-a,V)=]]pX) [Tp(Ve),  a(X,Voa) = [T p(X5) T (V).
i k=1 k=1

j=1 j#d =1 k#d

Furthermore as in Kim et al. (1999) and |Geng et al.| (2016]) define an “instrument function” ¢ =

#(X,V) = g(X,V)/p(X,V) and related functions, 8¢ = 0¢(X,V) = g(X_4,V)/p(X,V) and 6 =



04(X,V) = g(X,V_q)/p(X,V). Now, let A be any subvector of [Y Z’], let ua = E[pA], and define

H{(A) = E[¢pA|X4), HY(A) = E[¢A|Vd], (9)

H(A) =

WE

(1 (A) + H(A)], H*(A) = H(A) — (2D — Dpia. (10)

Y
Il

1

Furthermore, for all ¢ € {1,2,...,p} define the following differences,

Ce = Zo — H*(Ze), (=7-H(2), (11)
pe = Ze — E[Z|X, V], p=7Z—E[Z|X,V], (12)
. = BlZ:|X,V] - H{(Z.), nse = ElZ:| X, V] - H(Z.), (13)
n=E[Z|X,V] - H*(Z). (14)

The following lemma gives conditions for the identification of [3y 3]’ € RP*L.
Lemma 1. Parameters Sy and (1 are identified if either of the following sets of condition are satisfied.
i) E(ha(Xq)) =0, E(fa(Va)) =0 for alld € {1,2,...,D} and either
a) E(pp’) >0, or
b) E(nm') > 0.
it) E(hqa(Xq)) =0, E(fa(Vy)) =0 for alld € {1,2,...,D} and, E(¢¢¢") >0

In addition to the conditions under which 8y and 3; are identified, I now state moment conditions implied

by identification, which are critical to the proof of y/n convergence of the estimators for [3y, 51]’.

E[¢Cc|Xd] =0, E[¢Cc|vd] =0, (15)

E[o(Y — H*(Y))|X4] =0, Elo(Y — H*(Y))|Va] = 0. (16)

2.3 Estimation

Motivated by the moment and identification conditions given in the previous sub-section, and the as-
sumption that {Y;, X;, W;}"_ ;| is an i.i.d sequence (see Assumption , I now describe the estimation
procedure.

Step One: Obtain a B-Spline series estimate of m(W;) with dth element

ma(W;) = B,(W;) (B!, B,,) " 'B/ X4,. (17)



where, B,,(W;) = [Blr(Wy;) Bl (W) - B%L(qu)]/ is a (¢(I, + 2k) x 1) vector of B-spline basis
functions, B,, = [B,(W;1) B,(W3) --- B,(W,)), and Xy, = [Xa1 Xa2 -+ Xan). These

estimates will then be used to obtain residuals,

N !

Vdi = Xdi — ﬁld(WZ), and deﬁne Vdn = [ le Vdg e Vdn . (18)

Step Two: Obtain Rosenblatt kernel density estimates of p(X;, V;), p(Xa;), and p(Vy;) using observed
values X; and estimated values V;. Let 1p be a (D x 1) vector of ones, and define H = diag([hy - 1)y, ha -
15]),

P(Xai) = niho > Ko (i ' = Xa). Vi) = o S0 Ko (5 V=Vl ) . (19
=1
PN TH) = oty S (B (XL = (XL V1)), (20)
2 =1

where Ko(-) : R — R is a univariate Kernel with bandwidth hg. K3(-) : R?? — R is a multivariate
kernel with associated bandwidths hy corresponding to the X arguments and ho corresponding to the 1%

arguments. Next define,
D ) D D R D D R

§(X3, ;) = H (Xai)p(Vai),  §(X—ain Vi) = [[p(X5) [T 6(Vio)s  9(Xi, Vo) = [[ 6(X5) T 6(Va),

with which I obtain ¢; = §(X;, V;)/p(Xs, Vi), 0% = §(X_45, Vi) /D( X4, Vi), and 0%, = §(Xi, V_ai) /D(Xi, Vi).

Step Three : Obtain Nadaraya Watson estimates of conditional expectation’s H{(Z.;), H(Z.;), H{(Y;),
and HY(Y;), i.e.

HNZ) = [(n— 1)b1]~ ZK1 by (Xar — Xai))0%, Za, (21)
l;éz
H5(Zei) = [(n = 1)bs]~ Zl@ byt (Var — Vi) 104, Zea, (22)
1751
A d 3 NPT
HIY;) = [(n — 1)by]~ ZKl N(Xar — Xa)]05,Y7, (23)
l;éz
Frd 199
HL(Y;) = [(n—1)by]~ ZKQ Y(Var — V)05, Y1, (24)
l#1

where K (-), Ko(-) : R — R are univariate Kernels with bandwidths b; and by respectively. Additionally,



w(Z.), and py are estimated with fiz, =n='>" 6 Z.; and iy =n~! Dy $;Y; so that,

D D
H(Zy) =) [H{(Za) + HS(Za)),  H(Yi) =) [H{(Y;) + H5(Y))], (25)
d=1 d=1
H*(Zi) = H(Zei) — (2D = V)jiz,, H*(Y;) = H(Y;) — (2D — 1)1y (26)
Let H:(Y) = [ H*(Y1) H*(Ys) --- H*(Y,) |, H:(Z.) = | H*(Z) H*(Ze) -+ H*(Zen)]
and H:(Z) = [ H:(Z)) H(Z) - HL(Z,) | whereY, =[Y7 Yo - Y, ], and
Z,= 21 Zy --- Zp] and let,
Coi = Zoi — H* (Zei), (= Zi — HY(Zy), (=2, -H,(2). (27)

Step Four: Estimation of ( 8y 3] )" € RPTL

I regress @;/2(Yn —H*(Y)) on (}bimén = &i”(zn — H*(Z)) and estimate S as,

B = 18dnC,) b, (Y, — H(Y)). (28)

>

where ¢, = ¢, (X, V) = diag({$(X;, V;)}™_,), Lastly B is estimated by,

Bo = fiy — iz (29)

3 Asymptotic Results

In this section, I study the asymptotic properties of [y 3;]’. To do so, I first define vector and matrix
norms that I will use throughout this paper. For m,n € N, let A be a matrix of order (m x n), r be a
random vector of order (m x 1) whose elements have finite second moments, and ¢ be a non stochastic
vector of order (m x 1). Define ||A|| = \/trace(AA’), the Frobenius matrix norm, define the matrix
spectral norm ||Al|sp = maxi<i<m A\i(AA)/2 where {\;(AA")}, the collection of all eigenvalues of
AA’. Define the inner product ||r||3 = E(r'r), and lastly define ||c||z = (c¢)'/? the typical Euclidean

norm in finite dimensional space R™.

3.1 Assumptions

Assumption A1l: The B-spline basis functions used in step one satisfy the following: (i) Let {l,,}5°,
be a nondecreasing sequence of natural numbers such that (2/n = o(1). Let Gy, C R be the compact

support of W,, and without loss of generality. let Gy, = [0, 1]. For some k > 3 let {t; }é-"‘:i% be a knot



set E| for Gw,. Now define the following functions

1 W €[ty t) W —t.
b1 (W,) = e and win(Wy) = —2— 1

tjvk—1 —tj
0 if Wa & [tj,tj), A

Now, define the normalized B-spline basis of order k¥ € N functions recursively,

bi (W,
bjk(Wa) = wijk(Wa)bjk—1(Wa) + (1 —wjr1 ks (Wa))bjr1—1(Wa)  and  Bjp(W,) = |b]:((W))||2
Js a

where {Bj7k(Wa)}§-’;J§2k is a sequence of uniformly bounded, positive, twice integrable, compactly sup-

ported B-spline basis functions with which I construct,

B,(Wawi)' = |Bix(Wai) -+ Bi,rorx(Wai)

(ii) Define Qpp = E [Bn(Wi)Bn(Wi)'], Qnpp = n~' 3311, Ba(Wi)Bn(Wi)', Qb gy = E [Bn(Wi)Bn(Wi)' V],
and Q4 gy =n~ 1> Bo(W;)B,(W;) V2. Assume that for n sufficiently large, there exist constants

¢Bl, cBh, ¢y € RT such that

0<ecp < /\min(QBB) < )\max(QBB) < cBp <00 and 0< Amaac(QdBBV) <cpy < 0

Remarks : Under these assumptions, by Theorem (6) |[de Boor| (2001), for every n, there exists a

parameter vector ozf; € Ri»*2% and a function mil"(Wai) =Bin» (Wai)’ail" such that,

sup  |mg(W,) — mil"(Wa)| =0 (l;k)
We.eGw,

Additionally, it should be clear that for any finite k, B;; (W, ) has shrinking compact support E|as l, — oo.

In particular,

>0 if W, € [tjatj+k)

:0 lf Wa ¢ [tj,tj+k)

Assumption A2: For all, j € 0,1,2,3 (i) K;(y) : R — R is 4 times continuously differentiable,
(ii) K;(v) is symmetric about zero (i) K;(v) is a kernel of order v; where [ K;(y)y*dy = 0 for all

a=1,2,...,v;—1and [|K;()|n]"dy < oo (iv) [ K;(7)dy =1, (v) [KS ()]]4°+* — 0 as |y| — oo for

2 See|de Boor] (2001)) for details of knot set construction
3 See|de Boor| (2001)



some a > 0, where K](-a)(v) is the ath derivative of K;. (vi) [ |K M7 dy (vii) for 2 <m <wv; —1,
fK]('l)(V)Q’YdeV- (viii) Let v1 = [y11 2 -+~ bl € RP, 72 = [y21 722 - 72p]’ € RP and define,

71»’72 =

D
’Yld H ’Y2d

H',’:]U

Assumption A3: (i) {Y;, X;,W;}", is an i.i.d sequence of random vectors distributed as (Y, X, W)
with finite first and second moments. (ii.) Densities; p(W), p(Xq), p(Va), p(X,V) and p(X,V, W) exist
and are bounded away from zero and infinity on their convex and compact supports. (i) The parameter
vector [ By B} ] is an element of a bounded (w.r.t. the Euclidean norm) subset of RP*!.

Remarks: (ii) implies that ¢;, 0%,, and 09, are uniformly bounded away from zero and infinity.

Assumption A4: Let a,b € N and define F;, as a class of real valued f : R — R functions s.t. if f € F
then: f is everywhere b € N times continuously partially (provided « > 1) differentiable. f and all of its
derivatives are uniformly bounded. (i.) Let, p(W),p(Xq),p(Va) € Fuy, and p(X, V), p(X,V, W) € F,,.
(i) H{(Z.), HY(Z.), HL(Y), HY(Y), E[Z.|X,V], E[Y|X,V] € F,,,, where v15 = max(vy, va).

Remarks: (i) is necessary for a sufficiently fast uniform rate of convergence of the Rosenblatt kernel
density estimators generated in step 2. (74) is necessary for various Taylor expansions of those functions

in the proofs of the Theorems and Lemmas.

Assumption A5: (i) E(hq(Xq)) = 0, E(fa(Va)) = 0, and 31 = E(¢¢¢’) is a positive definite ma-
trix. (ii) B(¢?) < oo, E(u?|Z,X,V) = 02 < oco. (iii) Functions; E(p2|Xa4), E(p2|Va), E([nd)?|Va),
E(nd.)%Xa), E(¢*C%Xa), E(¢*C%Va), and E(¢2¢2|W) are uniformly bounded on their compact sup-
ports.

Remarks: (i) Ensures identification of [, fA1]’. (i) Provides upper bounds for conditional moment
used throughout the proofs of Theorems 1-3 , along with providing for the uniform convergence of several

terms in accordance with the results of Lemma [6]

Assumption A6: Let a,b,c,e, f,C € RT, vg,v1,10,v3 € N and k > 3 as defined in assumption If,
l, = Cn?, by =Cn™¢, by = Cn~", ho=Cn~7, hi1 =Cn™¢, hog =Cn™¢

Then constants {a,b,c,e, f, vy, v1,v2} satisty the following (i) 1/4 > a > 1/2k, (i) b < 1/4 — a, (4ii)

c < min(1/4(D + 1), (2k — 1)/(4k(D + 1)), (3k — 3)/16k) (iv) e < 1/2, (v) f < 1/2, (vii) For some



arbitrarily small € > 0

vo=inf{x e N:z > 1/4f},
v =inf{zr e N:x > 1/4e},

vo =inf{x e N:z > 1/4b},

it enos (4l 1 2k—1 3k-3\ 1\’
v3=Inf{ @ 1T min 4(D+1)’4k(D+1)’ 16k € .

Remarks : Assumptions (i) - (vi), are sufficient conditions for the rates of convergence derived in Lemma

[Bl Note that the conditions on hg, b1, 1o, and vy are set to ensure that uniform rates of convergence
of kernel estimators used in steps two through four are at least 0,(n~'/%). These constitute minimum

requirements thus, if possible, some constants may be changed to improve a upon a minimum rate of

0,(n"1/4).

3.2 Theorems

For any collection of random variables {M; }le let G'ps be the cartesian product of the support of each

real random variable. By Theorem 1 in [Newey| (1997)), under the Assumption of this paper,

l
e (Wa) — maa(Wa)| = O "+z,1/2—k>zo L,).
L i) = mau )] = 0, ) ()

Consequently, since Vi — Vi = Xgi — ma(W;) — Xai + ma(Wy) =29 (md(Wm-) — md(Wm)) I have,

a=1

q
Wsug Vi — V| < Z sup  |Mae(Wa) — mao(Wa)| = Op(Ly,). (30)
cGw

a1 Wa€Gw,

For notational simplicity set,

M. = 10g(n) 1/2 n pro Mo = 10g(n) 1z + hYs + hYs M, = My,, + M- (31)
In = nho 0 > 2n = nh{thD 1 25 n — in 2n
1 1/2 1 1/2
Ny, = og(n) e Ny, = M + by?, Lop = L, + M, (32)
nby nby

ln
\ =+
n

The following Theorem shows that the uniform rate of convergence of ﬁ(f/di) to p(Vy), is equal to

ElnELn+Mn+N1na £2nELn+Mn+NQn+bQ_1 ) £n££1n+£2n (33)

minimum of uniform rates of convergence of either 1 q(Wy;) to mg(We;), or p(Vy;) to p(Vy;). Likewise the
uniform rate of convergence of p(X;, VZ) to p(X;, V;) is equal to minimum of uniform rates of convergence

of either mg(Wa;) to mg(Wai), Op(Ly) or p(X;, Vi) to p(X;, Vi), Op(May,). Thus clearly if both M,

10



and My, dominate L,, the rate of convergence derived in Theorem 1 is the same as if m(W) is a known
function. Furthermore the same holds true for the uniform rate of convergence of density ratios (;ASi, é‘fi,

and égl

Theorem 1. Under Assumptions Al - A¥,

sup |p(Xai) — p(Xas)| = Op(Miy), sup  [p(Vai) — p(Vai)| = Op(Ln + Min),
Xd,iGGxd VdiGGVd
sup |]5(X“Vz) _p(X’H‘/Z)l = Op(Ln+M2n)7 sup |(Z/;(XZ7‘A/Z) _¢(X17‘/;)| = Op(£0n)7
X, VieGx,v X, VieGx,v
sup  |0(X_ai, Vi) — 0(X—as, Vi)| = Op(Lon), sup  |0(Xi, Vi) — 0(X;, Veai)| = Op(Lon).-
X, VieGx,v Xi,VieGx v

Theorem 2. Under assumptions - A fry — py = Op(Lon), i(Ze) — p(Ze) = Op(Lon) and

sup |H{(Y:) — H{(Yi)| = Op(L1n), sup |H5(Y:) — HY(Yi)| = Op(L2n),
Xai€Gx, Vi €Gvy,
sup |ﬁf(zci) - Hii(Zci” = Op(L1n), sup ‘ﬁg(zci) - Hg(Zci)| = Op(Lay),
qu,GGXd VdiEGVd
sup  |H*(Y;) — H*(Yi)| = Op(Ln), sup  |H*(Zei) — H (Zei)| = Op(Ln)-
X, VieGx v Xi,VieGx,v

Remarks : The uniform rate of convergence of these estimators are the sum of the uniform rates of
convergence of mq(Wa;), HA(X,di, VZ) or é(Xi, V,di), and a typical NW estimator, in each case except for
those terms where the conditional expectation is taken with respect to (w.r.t) V. In this case there is an
additional term by ! ([ln /n]*? + 1) which results from having to take a Taylor expansion of the kernel
Ks(+) evaluated at Vg — Vy;. This additional term does slow down the rate of convergence. However, all
that is required is Lo, = o(nfl/ 4) which, as shown in Lemma |3} is accomplished under Assumption |§| .

In the following I present the main theorem of this paper, \/n asymptotic normality of Bl — B,

Theorem 3. Under assumptions Al - AG,
Vi(BL = B1) 5 N(0, 551215
where matrices g, X1 have typical elements Yo(a,c) = E[(Zai — H*(Zai) (X3, Vi) (Zei — H*(Z;)], and

Yi(a,¢) = B [(Zai — H (Z23) (X, V)2 (Zes — H*(Zei)] 02 where a,c € {1,2,...,p}

Remarks: Note that (3 is \/n asymptotically normal with a covariance matrix equal to an identical
estimation procedure where m(W) is a known function. This clearly indicates that asymptotically there
is no penalty, in terms of variance, to estimating m(W) rather than observing it. Furthermore the

asymptotic variance of ,5’1 is the same as the asymptotic variance derived by Manzan and Zerom (2005)
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which, as they point out in the case of homoskedastic errors, meets the efficiency bound derived by
Chamberlain (1992) for their model, where m(X) is observed. However I can make no claim to efficiency

for my model since such an efficiency bound does not currently exist in the statistical literature.

4 Monte Carlo Study

In this section I investigate the finite sample performance of [Bl,ﬁl(W)] and compare it to the finite
sample performance of both [G¢, g (W)], and [B1 4, m(W)] the estimator presented in (Geng et al.
(2016), and the estimator of Manzan and Zerom| (2005) where m(W) is taken to be a known vector of
functions, respectively. I illustrate the differences between these estimators in terms of two data gener-
ating processes DGP € {1, 2}, three values for a parameter 6, € {0.3,0.6,0.9} indicating an increasing
strength of the endogenous relationship between X and e, and two sample sizes n € {200,400}. Consider
the following DGPs whose leading non nonlinear terms are the same, at least in part, as the functions

used in |Geng et al.| (2016), |Su and Ullahl (2008)), Martins-Filho and Yao| (2012), and |Ai and Chen| (2003]),

X517
DGP=1: Y, =080+ Zib —l—log(‘Xli — 1‘ + D)sgn(Xy; — 1) — Xo; + { 32 } + &4,

DGP=2: Y, =00+ Z1:p1 +

exp(X1;) [ X 2—1—5-
1+ 3exp(X1;) 3 “

where I set By = 1 and 81 = 10. Both DGPs have identical secondary equations,
Xy =1/27% —1/222, — 273 + Vi;, and  Xo; = 3/271; + 1/222, +1/37Z3, + Vay,

where {W;}7, = {Z14, Zai, Z3,}7 is an 1.i.d sequence with distribution W ~ N (0, I3) and {e;, V14, Vai }7 4

is an i.i.d sequence with distribution,

To implement estimators Bl, Bl, M and Bl,g I use 3rd order B splines for my estimator (W) with knot
sequences chosen according to assumption |1} 6th order gaussian kernels and rule of thumb bandwidths
for Nadaraya Watson estimator g (W), I use 2nd order gaussian kernels and rule of thumb bandwidths
for all required density estimators in step 2, and I use 6th order gaussian kernels and cross validated
bandwidths for all Nadaraya Watson type estimators in step 3. Data for this study was generated using

500 iterations for each of the 12 unique combinations of (DGP,0.,n). The results of this Monte Carlo

12



exercise are summarized in Table 1, which lists the bias (B), the standard deviation (S), the root mean
squared error (R), and the median squared error (D), for each estimator. Also listed are the mean squared
error (M1), and (M2) for the estimation of m4 (W) and mo(WV) respectively. Note, that the Table and
Figures summarize only those estimated values within the 2% - 98% sample quantile range. Also note
that M1 and M2 values for 3 5 are left blank as in this case my (W) and my(W) are taken to be known
functions. In addition to the results summarized in Table 1, Rosenblatt kernel density estimates for the
absolute error of all three estimators are shown in Figure 1 for a sample size of n = 200, and in Figure
2 for a sample size of n = 400.

The additive model presented in the paper is a restriction on the model developed in |Geng et al.
(2016)) who assume no additivity. As a result one should expect that the estimator in this paper will have
better finite sample performance for two reasons. Firstly, since both primary equations in this study are
additive functions, the estimator in this paper should perform better than |Geng et al.| (2016]) regardless
of the degree of endogeneity or sample size as it is has a sharper specification. Secondly, as discussed
in the introduction, using an additive B spline estimator for m(W) in this setting avoids the “curse
of dimensionality” relative to estimators that do not exploit additivity. Consequently, the estimators
for m1 (W) and mo(W) in this paper should outperform |Geng et al| (2016) who use Nadaraya Watson
estimators. Table 1 demonstrates that this is true, as in all cases the mean squared error for (W) is
smaller than g (W).

The structure of this Monte Carlo exercise is designed to demonstrate changes in the finite sample
properties of each estimator due to variations in data generating process, sample size, and degree of
endogeneity. As for variations in sample size, in Table 1 it is clear that increasing the sample size has the
expected effect since, in all cases, the bias, standard deviation, and mean squared error of each estimator
decline, supporting the consistency results derived for each. As the level of endogeneity increases one
should expect that the two disadvantages inherent in |Geng et al.| (2016]) discussed above should be com-
pounded since comparatively poorer estimates mg (W), due to a more general specification for m(W),
are used in a second stage estimator Bl,G which is derived using another more general specification. In
Table 1 and both Figures, one can see that this is the case as the negative effect that increasing levels of

endogeneity have on all estimates is disproportionately large on BALC;.
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Figure 1: Estimated Densities for Absolute Error of estimators of 51, n = 200
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Recall that the sole difference between estimators Bl and Bl, M is whether m(W) is a known or
estimated. In Theorem 3, I have shown that the asymptotic variance of 31 is identical to Bl, M, &
property which I call Oracle efficiency in the somewhat atypical sense that I describe in the introduction.
The purpose of comparing Bl and Bl, M here is to determine to what extent this Oracle property is evident
in finite samples. The findings presented in Table 1, and both Figures reinforce the Oracle efficiency
result derived in Theorem 3 as one can clearly see that the density of the absolute error of Bl, and Bl, M
are practically coincident in 9 of the 12 panels and the tabulated results are likewise very similar. This
is in some ways surprising as one would not expect the asymptotic Oracle efficiency of Bl to so clearly
manifest itself in finite samples. These results show that not only is there asymptotically no penalty to

estimating m (W) but there is also very little penalty in estimating m (W) in finite samples.

5 Summary and Conclusion

In this paper I have provided an asymptotic characterization of a estimator for the finite dimensional
parameter of the partially linear primary equation in a triangular system of equations constructed to
handle nonparametrically defined endogenous regressors using the control function approach. Theorem
shows that this estimator is consistent, /n asymptotically normal, and Oracle efficient. Additionally,
both Theorem [3]and the Monte Carlo exercise presented in the previous section show that in an additive
context, the estimator presented in this paper practically identical to the Oracle estimator of Manzan and
Zerom| (2005) and is superior to the estimator developed in |Geng et al. (2016). One extension requiring

further study is the asymptotic characterization of a nonparametric estimation procedure for h(X).
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6 Appendix

Adopt the following notation S‘li( ) = HAY;) — HYY;), SUY;) = H(Y;) — HI(Y;), SUZ) = HNZ;) —
H{(Z:), S3(Y:) = H§(Zi) — HY(Z:), K1ji(Xa) = Kalby  (Xaj — Xai)], and Kaji(Va) = Ko[by (Vo — Vai)]
furthermore define,

2]z (92] egj)ZCJ+92]<ZCJ E[ CJ| Js j])+92j(E[ C]| Js J] H2d(ZCJ))+9§iJ(H§(ZCJ)_Hg(ZCl»?
Clyy = (0%, — 01)Zej + 01,(Zej — E(Zej|X;,V)]) + 04,(E[Zej| X, Vi) — H{(Ze)) + 04, (H(Zo5) — HY (Zei)),
CZ?Z (92] d)ch +03;,(Ze; — E| cngyaV])Jr@zj(E[ Zej| X5, V3] — HY(Zey)) + 03, H3 (Zey),

Cify = (0 = 01))Zej + 01,(Zej — ElZej| X5, Vi) + 01,(E[Ze5 X5, Vi) = H{ (Zey)) + 01, H (Zej).
Furthermore,

dm
KV (Va) = K™ [0y (Vi — V)] = — K.
2;1( ) 5 [0y (Va ai)] dmny 2(7) by (Vig—Vas)
- dm
KYWV) = -—K ,
2 (Va) dmy 2(7) y=2b5 (Vi = Vai) )+ (1=2)b5 (Vaj — Vi)

/ \/ a / '\’
DaKsji = DaKs[H (X}, V) — (X[, V{)}] = @Kd(’hﬁz) ]

b
(Vh) =H- (X2, V)Y —(XL,V{)'}

32
DKlfDKH ) X:7‘/;/I = —F——K /7// )
ka3 RalC3[H (X5, V) — ( )'H - sl 72)](7;,y;)/:Hfl{(x;,v;)u(x;,v;)/}
83
Dm, K 'iEDm K ) Xl/a‘/z// = —FF—K /a 5) )
R waloUHHOG, VI = (XL VOH = o Rl 72)](vi’vé)’:Hfl{(X,’-,V;)’*(XLVZ)’}}
84
Domiaksii = DpaK. , XV} = Ks[(4), 1)
gmkd 1L 3; raKs[H (X , J) ( )'H 97200721 072m D2q s[(M 72)](%Wé),:Hfl{(X],vij,)_(Xg,%
Furthermore,
= [S{(11) S{(v2) -+ S{(Ya)]', S9,(Y) = [S§(v1) S(Ya) -+ SE(Va)]',
= [s{(21) $1(Z2) -~ S{(Z0)], $5.(2) = [S8(21) S5(Z2) -+~ S5(Za) ],
Ki1i(Xq) = [K11:(Xa) Ki2i(Xq) -+ Klni(Xd)}/7 K (V) = [Kéh)(vd) K5 (Va) -+ ém)(Vd)],
DyKs3; = [DaKs1; DdK327 DdK3ni],7 My = [ma(W1) ma(Wa) --- ma(W,)]',
My = [mg (Wh) mg (Wa) - mg (W), M = g (Wh) v (Wa) -+ g (W),

and I(—j) is an identity matrix of appropriate dimension with the jth diagonal entry set to zero. Also,

c = diag({Cuibi). ®1n = diag({0,}1-,). &5, = diag({03,}1,),
(Xd = dzag({ (Xai) 1}?:1), p(Vu = dmg({ (Vai) 1}?:1), u, = diag({ui}?:l),
= de({%q }j 1) = dlag({nlcg }g 1) p. = diag({pci}i—1)

Hd( )— diag({H3(Zei)}i=1) Vd = diag({Vai }i=1) Vi = Vaili,

Also conditioning on S; indicates conditioning on everything indexed by 7 and conditioning on S_; indi-
cates conditioning on everything not indexed by 1.

Proof of Lemma [Il
Part i) By Assumption

D D D D
E|¢ (Z hi(X;) + ij(Vn) ] > E(¢ha(Xa)|Xa) + > E(ofa(Va)|Xa)
d=1 j=1

=1 =1
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-~ 9(X, V) p(X,V) X, V)p(X,V)
_hd(Xd)/p(X7 ) o) d(X_q,V /(;h +Zf] ) V) 205 d(X_q,V)

:hd(Xd)/g(X @, V)d(X_q,V +Z/ 9(X_q,V)d(X_q,V +Z/fg 9(X_a,V)d(X_4,V)

Jj#d

D D
= ha(Xa) + > Elhi(X;)] + Y Elf;(Vi)] = ha(Xa).

j#d j=1

In a similar manner, F [(b <Zf 1 hi(X5) + Z; W% ) ‘ Vd} fa(Va). Additionally note that,
Elp(Y = Z'$1)] = py — pzh
D

= poE Z [0 ha(X;)] + D Elofa(V))] + Eloe]
=1

9(X,V) 9(X, V)
750/ XV p(X, V)dXdVJrZ/hd (Xq) (X V>p(X, V)dXdv

+ Z / Fa(Va) Zg) g Q p(X,V)dXdV + E[¢E(z|Z, X, V)]

D

D
=Bo+ Y Elha(Xa)] + Y E[fa(Va)]
d=1

d=1

= Po-

As a result, provided py and pyz exist, Sy is identified whenever 3y is. Next consider,

H{(Y) = BoE[¢|Xa] + E[¢Z|Xa)' 1+E[ (Zh +Zf] )

= Bo+ HYZ)'B1 + ha(Xa).

Xd] + E[pE(e]Z, X, V)| Xd]

and,
D D
HY(Y) = BoE[¢|Va] + E[¢Z|Vy)' 51 + E [(b (Z hi(X;) + Z fJ(VJ)) Va| + E[pE(e|Z, X, V)|V4]
j=1 j=1
= Bo + H3(Z)'B1 + fa(Va).
Combining these statements gives,
D
Z )+ HY(Y)],
d=1
D
—2D,80+Z H{(2)'1 + H5(2)') pr + Y _ [ha(Xa) + fa(Va)]
d=1 d=1

=2DBy + H(Z)' Br + h(X) + f(V).
Next, recalling that Sy = py — 7 f1,
H*(Y)=H(Y)— (2D - 1)py
=2Dfo + H(Z) + h(X) + f(V) = (2D = L)y
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=Bo+ (2D —Vuy — (2D — V)uyB1 + H(Z) B1 + W(X) + f(V) — (2D — Vuy
= fo+ H"(Z)'B1 + h(X) + f(V).

Now, subtracting the above from equation @ gives,
Y —H*(Y)=(Z-H*(2))B +e.
Lastly, premultiplying both sides by Z — H*(Z), and taking an expectation gives,
B|(Z — H(Z)(Y - (V)]
= B|(Z - H'(2))\(Z — H'(2)) | B1 + B|(Z - B*(2))B[12, X, V]]
= E|(Z - H'(2))(Z - H"(2))'| 1.

Hence, if E{(Z — H*(2))(Z — H*(Z))’} is positive definite, then §; is identified. Now by (1) Z €

L?(92, A, P) so that by that projection theorem Z — E[Z|X,V] is orthogonal to the space of square
integrable functions of X, V. In particular E[Z|X,V] — H*(Z), as a result,

B|(Z ~ H"(Z))(Z — H"(2))
=FE[(Z - E[Z|X,V]+ E[Z|X,V]| - H*(Z))(Z — E|Z|X,V]+ E[Z|X,V] - H"(Z))"]
= E[(Z - E[Z|X,V])(Z - E[Z|X,V])|+ E((E[Z|X,V] - H(Z))(E[Z|X,V] - H"(Z))’]
= Epp']+ E[nn].
Consequently 3 is identified if either, F [pp’] or E [nn] is positive definite. Part ii)Recall that,
Y-H"(Y)=(Z-H"(Z))B1+e

and note that for any measurable function L(X, V) : RPxRP - R, E (L(X,V)e) = E (L(X,V)E[e|Z, X, V]) =
0. As a result, if we let L(X,V) = /o(X, V), /O(X, V)Y — H*(Y)) = \/o(X,V)(Z — H*(Z)) 1 +
V&(X,V)e. Then, premultiplying by (Z — H*(Z))\/gb(X, V') and taking expectations,

B(Z — H*(Z)$(X,V)(Y = H*(YV))]
= B|(Z - H'(2)6(X,V)(Z — H"(2)) |31 + E[(Z — H*(2))6(X, V)E[£|Z, X, V]

= B[(Z - H(2)0(X,V)(Z ~ H*(2)) |
= E[¢o¢'] By

Consequently if E[¢4(’] is positive definite then /5 is identified.
O

Lemma 2. E[6(Z. — H*(Z.))| X4 = 0, Elp(Z, — H(Z))|Va] = 0, E[p(Y — H*(Y))|Xa] = 0, and
Elo(Y — H*(Y))|Va] = 0.

Proof. Let A be any of the real valued random variables in [Y Z; Z ... Z,]’, and recall from Lemma
that E[¢|X4] =1 and E[¢|Vy] = 1.

E[p(A-H"(A))[Xd]
D

ElpA|Xq] — (ZH{ )+ > H (A)) Xa| + (2D — 1)E[¢A|E[¢| X4]

j=1
— H{(A) — HY(A)B[G|X,] - Z / Rt V) Bloa 1, Ip(x, V)dxXav

20



= H{(4)

= (2D -1)E

Similarly,

72/ Xda

Z/E(;SA\X

J#d

ZE(/)A

Jj#d

Bl6(A — H*(A)[V4] = 0.

Lemma 3. Under Assumption AZ

i) ;% =o(n™1/?),
ii) 1n/[v/nba) = o(n
iii) Ln/[n(hhy*2)1?]
w) 1% [ba = o(n=/4),
v) 1n/[nb3%] = o(n
vi) Ly /by = o(n=1/%),
vii) L4 /b3 = o(n

—1/4)

71/2)

1/2),
iii) log(n)l/QLn/bg/2 = o(1),

iz) Ly, /b3 = o(1),

= o(n=1/?),

z) log(n)/[(n — 1)b3] = o(n~ /%),

zi) Ly /hy = o(n=4),

zii) L /h§ = o(n=1/?),

ziii) hi° = o(n=1/%),

wiv) log(n)/[nho] = o(n=1/2),

)dX; — Z/E PA|Vj]p

ElpA] = 0.

zv) My, = o(n~1/4),
avi) B + by = o(n=1/%),
Tii) log(n)/[nthhéjH]
2viii) M, = o(n=1/4),
ziz) 1,/ [nhPhEY 2] = o(1),
zz) B = o(n"4),

azi) log(n)/[nby] = o(n=1/2),

zxii) Ni, = o(n=/%),

zxiii) by> = o(n~1/%),

zziv) log(n)/[nby] = o(n=1/?),

21v) Noyp = o(n=1/*%)

)

xzvi) My, Loy = o(n=4),

22vii) Lin, Lon, Ln = o(n=%).

E[pA|V;]p(X,V)dXdV + (2D — 1)E[$A]

El¢|X4]

V;)dV; + (2D — 1)E[$A]

=o(n~1/?),

Proof. Note, in the following let € > 0 be an arbitrarily small real number, and for a sequence of positive
real numbers {a, }5°; and constants z,C € R,

Part ) : By Al6} a > 1/2k, let a = 1/2k +¢,

—k,1/2
I, =~

n—akn1/2 _

n—k(1/2k+s)+1/2

=n~k = o(1).

Part i1) : By Al b<1/4—a,letb=1/4—a—¢,

ln(n1/2b2)—1n1/4Nnan—1/2 1/4—a—e,1/4 _

=n"°=o0(1).

Part i) : By A} ¢ < 1/4(D+1)let c=1/4(D +1) —

(1n/In(RPRE*2)1/2]) 12

_ O(l)n—3/4+1/4+1/2—(D+1)5 — 0(1)

— (ln/\/ﬁ) ([nh?hg-i-Q]—l/Q)nl/Q

-~ O(1)n71/4n71/2+(D+1)(1/4(D+1)7

5)n1/2

Part i) : By A} a > 1/2k,b<1/4—a,letb=1/4—a—cand a=1/2k +e,

l;kb51n1/4 ~ n—akn1/4—a—sn1/4 — n—k(1/2k+5)n1/2—a—s — n—a—(l-‘rk)e — 0(1)
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an ~ n* means that 0 < a,/n* < C < oo for all n € N.

n—(D+1)5 — 0(1).



Part v) : By At @ > 1/2k,b<1/4—a,letb=1/4—a—eand a=1/2k+e,
ln(nbg/Q)_1n1/2 _ (ln/n1/2)(n1/2b§/2)_1n1/2 _ O(n—1/4)b§/2 ~ O(l)n—l/4nl/4—a—a
=o(1)n™%"° = o(1).
Note, the second equality is due to (4).
Part vi) : By A} a > 1/2k, b<1/4—a,letb=1/4—a—eand a =1/2k +e,

Lnb2—1n1/4 _ lnn’l/QbQ_Inl/‘l i li/Z’kbz_lnl/Al
~ nin~Apb 4 l;kna/annl/él
— po-1/4+1/4—a—e | O(n71/2)na/2+1/47¢17€+1/4
—nc +0(1)n—1/2n1/2—a/2—a

=n"% 4 o(1)n"%27¢ = o(1).
Note, the third equality is due to (7).
Part vii) : By At @ > 1/2k, b<1/4—a,let a=1/2k+¢cand b=1/4—1/2k —,
LAb550Y2 = (Lo /b2) b5 10Y/2 ~ o(n~1nbnl/2 = o(1)n~Y/2nt/A=1/2k=c — = (1/441/2k+e) _ (1),
Part viii) : By A} a > 1/2k, b<1/4—a,leta=1/2k+candb=1/4—1/2k —¢,

log(n)l/anb2_3/2 — log(n)1/2 (Lnbgl)b;m N o(n*1/4) log(n)1/2nb/2
=o(1) log(n)1/2n—1/4+1/8—1/4k—e/2

— o(1) log(n)V/2n~1/8=1/4k== _ 5(1),
by L’Hopital’s Rule.
Part iz) : By Al6f a > 1/2k, b<1/4—a,leta=1/2k+ecandb=1/4—1/2k —¢,
Luby? = (Luby b3t = o(n= Y4l = o(1)n—1/4nl/A=1/2k=2 = 5(1)n=1/2k=¢ = o(1).
Note, the second equality is due to (vi).
Part =) : By Al6} a > 1/2k, b<1/4—a,leta=1/2k+ecand b=1/4—1/2k —¢,
log(n)[(n — 1)b3] " 1n'/* ~ log(n)n=3/4n3% = log(n)n=3/4+3/4=3/4k=3c _ jog(n)n=3/2k=3 = o(1),
by L’Hépital’s Rule and since for n > 2,1/2 < (n—1)/n < 1.

Part xi) : By A6} a > 1/2k, b < 1/4 —a, and ¢ < (2k — 1)/4k(D + 1), let a = 1/2k + ¢, b =
1/4—1/2k —e = (2k — 1)/8k — e and ¢ = (2k — 1)/4k(D + 1) — ¢ < (2k — 1)/8k — &,

(Ln/h2)nt* = (Lyby 1 Ybohy 'nl/* ~ o(n =Y 4)n=bnenl/4 < o(1)n~(2k-D/sk+e+(2k-1)/8b—e _ 57
Part zii) : By A6} c < 1/4(D+1)let c=1/4(D+1) —¢
(L:ﬁ/hg)nl/2 = (Ln/hg)4h;4nl/2 ~ o(n~ Y ntent/? = o(1)n~V/2HY/APH=E < (1)~ = o(1).
Part wiit) : By A6} v, > 1/4f let vy = 1/Af +¢,
ROl o = f AT+ L/ =LAl +1/4 — p=ef — (1),
Part ziv) : By At f <1/21let f=1/2—¢,

log(n)n " h;'n'/? ~log(n)n='2n' = log(n)n='/2n'/2=% = log(n)n=% = o(1).
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By L’Hoépital’s Rule.

1/2
Part xv) : By zii) and wiii), My, = [%} + R = o(n= V%) + o(n=4).

nho
Part zvi) : By A6} v5 > 1/4c let vz = 1/4c + ¢,
hllfgnl/zl + h;3n1/4 -~ nfcu3n1/4 — nfc(1/4c+e)+1/4 —n % = 0(1)
Part zvii) : By Al ¢ <1/4(D+1) let c=1/4(D +1) —¢,

1og(n)n—1h;Dh;(D+2)n1/2 ~ log(n)n~12p2(P+e = Jog(n)p~1/2H2(P+1(A/AD+1)—e)

= n~1/2H1/2-2D+)e — p=2AD+De _ (1),

1/2
Part zwviii) : By (wiv) and (2v), Ma, = [ log(n) ] + R+ B = o(n~ %) +o(n=1/%).

nhPhD

Part ziz) : By A6} a > 1/2k, and ¢ < (2k —1)/[4k(D +1)], let a = 1/2k 4+ and ¢ = (2k — 1) /[4k(D +
D] —e,
lnn71h1—Dh2—(D+2) ~ nin~lp2e(D+1)
_ 1/2kte—142(D+1)(2k—1)/[4k(D+1)]—2(D+1)e
— p1/2k—1+1-1/2k—(2D+1)e

=~ 2P+ — o(1).

Parts xz) - xzv) : Proofs follow, mutatis mutandis, from parts ziz) - zziv) are mutatis mutandis
virtually identical to the proofs of parts wii) - ziv) please consult them.

Parts xzxzvi) & xxvii) By the above results,

Mn - Mln + M2n - O(n_1/4)7 EOn = Ln + Mn = O(n_l/4)7 Eln - Ln + Mn + Nln - O(n_1/4)7

Lin = Ly + M, + Na, +by* (\/ % + l;k> =o(n~ %), Ly = Lin+ Lon = o(n™ ).

The following is Lemma B.1 of Ozabaci (2015), I include it here for completeness.
Lemma 4. Under Assumption
i.) |Qn,58 — QBBII* = Op(I7 /n).
#.) Amin(Q@nBB) = Amin(@BB) + 0p(1).
i41.) Amax(@nBB) = Amax(@BB) + 0p(1).
) |Qupp = Qpplls = Op(ln/n'?).

Proof. Here I state Weyl’s Inequality (Bernstein (2005) Thm. 8.4.11) and all relevant conclusions are
drawn from it. Let A, B be matrices of order (m x m), where {\;(A4)}"; and {A\;(B)}~, be partial
orderings of the eigenvalues of A and B respectively where, A1(A) > Ay(A4) > -+ > A\ (A) and \(B) >
A2(B) > -+ > A\p(B). Then for any h € {1,2,...,m},

An(A) + An(B) < An(A+ B) < Au(A) + M (B).

Note also that for a symmetric matrix A, |Anaz(A)]?> = Mnaz(AA") < |JA||? and that {—\;(A)}7, are
the eigenvalues of —A. Accordingly, Amax(—A4) = Amin(4), Amin(—A) = Anax(A4) with this the following
conclusions are drawn,

if  Amin(A) >0 then Apnin(4) > —Amax(4) = —|Amaz(4)] > =[] 4],
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if Amin(A4) <0 then 0 < —=Apnin(A) = Mnaa(—4) < || = A|| = ||A]l.
Consequently 0 > Ayin(A4) > —Amax(—A4) > —||A]|.
Part 4.) : Let 3, ., ;=20 an:+12k 7, lj:fk, by Assumptions ii and i7

E(HQnBB - QBB||2> =F (Hn1 ZBn(W)B (

|

wW;) — E[Bn,(VW)Bn(VW)’]IIQ>

7IZBLk i) Bk (Wei) — E[BLk(Wai)BJk(Wci)}] )

_ E{BM(WM)BJ,C(W@)]E[BLk(Waz)BJk(Wcl)])}

n

Z n*QZE<BLk i) B (Wei )—E{BL/C(T/Vm')BJk(Wci)})2

a,c,L,J
= Z n_1V<BLk(Wai)BJk(Wci))
a,c,L,J
q l,+2k q l,+2k
b 55 sy S suor)
a=1 L=1 =1 J=1
q l,+2k
<ntq(l, + 2k ( Bk (W, 2>E Brr(Wai)?
< n~lq( (- max SR 7i(We) Z Z 2 (Was)
1<J<, +2k e a=1 L=1

0 (“) 1 (irace[BL(W)B, (W] ) = 0 (lg) trace(Qpp)
) Amax(QBB)

The last inequality is due to Assumption Then (i) follows from Markov’s inequality.
Part ii.) Let h =1, so that An(:) = Amin (),

Amin(@nBB) = Amin(@BB + QnBB — @BB)
< Amin(@BB) + Amax(@neB — @BB)
S )\Inin(QBB + ||QnBB - QBBH
(

)
)

= Ain(Q5B) + Op(lan~1?).
(

By Assumption All] O,(12n~') = 0,(1), so that Amin(@Qner) < Amin(QrB) + 0
pn p p

Amin(@BB) =

2 )\mi
Z /\mi
= )\mi

min(@BB + QneB — @BB)
(@BB) + Amin(QnB — @BB)
2(@BB) — ||QneB — QBB
H(QBB) - Op(lnn_1/2)

n
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= Amin(@BB) — Op(1)~
Combining the previous two statement gives (i),
Amin(@BB) 4+ 0p(1) 2 Anin(@nBB) = Amin(@BB) — 0p(1).
Part iii.) Let h =1 so that A\y(+) = Amax(*)-
Amax(QnBB) = Amax(@BB + @neB — QBB)
> Anax(@BB) + Amin(Qnss — @BB)

(
(
> Aax(@BB) — ||@neB — @BS||
= Amax(@BB) — O;D(l)~

Furthermore,

Amax(@nBB) = Amax(@BB + QnBB — QBB)
< Amax(@BB) + Amax(Q@neB — QBB)
< Amax(@BB) + ||Qrnes — @BBI|
= Amax(@BB) + 0;0(1)-

Combining the previous two statements gives (iii)
)\max(QBB) + Op(]-) 2 )\max(QnBB) Z )\maX(QBB) - Op(]-)'

Part iv.) By the sub-multiplicative property of the spectral norm, and symmetry of Q,p5 and Qpp,

1Qups — Qpplls = 1Qups (@ — Qusr) Qpplls
< ||Q;JIBB||SP||QBB - QTLBBHSPHQElBHSP
= Anax(Qubp@nb) ' *Amax [(QB5 — Qupp) Q5 — Qupp)]”* Anax(Qp5Qp5)"2
< Anax(Qr ) Amax (QBE — QnBE) Amax(Qp3)
< Amin(QneB)'|QBB — QnBBH/\min(QBB)il
= (e + Op(l))_lop(l _1/2) bl = Op(lnn_1/2)~

O

Lemma 5. By Assumptions Al A@ A@ and Alfor any sequence of random variables {A;}_, where
SupW,VdGGW,Vd (A |Wzv de) < C < o0.

i.) || (nhPRDFY DKL, B, || = O,(1).

ii.) || n "B, Vy||p = O, (z}/Qn—l/Q).
ii.) || n~'B,(My — M) ||g = O, (1%).

iv.) || [(n — 1)B3) K (Va) O4 A, I, (—)B,, ||z = O, (b51).

v.) | [(n — )03 K (Va) O4A, L, (—)By, |5 = O, (b3 1).
vi.) || [(n — 1)) i K (Va) O4 A, L, (—i)By, ||z = O, (b5 ).
where A = diag({A:}7,).
Proof. First, by AR|and A

E [(h?th)_lDdK:?ji

Wj,Si]:E[(h?hQD)_lDdK[ XLV — (XL V) ’Wms]

[ERE)
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= (WPRE) [ Daktal X V) = XLV DG, V3 W)p(Vy) X
= (hPhd)~ /DdKS[('Ylé’72)] p(X; +v1h1, Vi + horye, Wi)p(W;) " hL dyihE drys

-1
< sup (X,KW)( inf p(W)) /DdK3[(vi,vé)']2d%d72 =0(1).
X,VWeGxvw WeGw

Consequently, uniformly in Gx v,

E [(h?hg)_lDngji

Wj7SZ-] —0(1).
By Assumption lime, v, 400 K3[(71,75)] = K[(f00,+00)] = 0 then by A2l and

‘E[ hPRPY 1Dy Ky

W, si]

:‘E[hthﬂ)*lDdK?)[ HAG V) = (XL V) ‘W]’S}

= [P [ Dkl G VY 8LV YO, Vi Wyp(0Wy) X4

IN

(WP R~ Ky [H (X, V) = (XL V) (X5, Vi Wi)p(W5) ™

—OO‘

PR o[V = (XL VY DY DapX V3, Wy)p(W5) a2

< sup p(X,V,W)( inf p(W)) (hDhDJrl ‘Kg 00, oo)]—[@[(—oo,—oo)]‘
X,V,WeGxvw WeGw

+| PR [ Kol Dap(Xs b, Vit e, Wy)p(W5) ™ P |

—1
< s D vw)|(Lint p00) [ Kal0h,95) landre = 0)
X, V,WeGxvw weGw

Consequently, uniformly in Gx v,

|E[(hPRE ) Dakai| W, 8:] | = 0(1).
Note that,
ln+2k q 42k b q ln+2k
E(Bn(Wz)/Bn(Wz)) - Z E (BJ7k(Wa7j)2) - Z E (M) Z Z 1= q l + Qk)
a=1 J=1 a=1 J=1 Tk a=1 J=1
Let |B,,(W)| be an element wise absolute value. For j # i note that,
q l,+2k q l,+2k
2
E(/B,(W,)'||Bn( Z Z E(|Byxr(W. )|)E(\BJ,k(Waj)|):Z E(|Brr(Wai)l)
a=1 J=1 a=1 J=1

q ln+2k
= max  ([[brx(Wailll2) > sup  |bjx(Wa) P Ip(Wa)[> > (

1<<ln-lf—2k Wa€Gwa a=1 J=1
q l,+2k q l,+2k
= ZZtJ—tJ+k =0(,)) Y 0(,%) =0(1).
a=1 J=1 a=1 J=1

Consequently for all i # j, E(|B,(W;)||Bn(W;)|) = O(1), where |B,,(W)| be an element wise absolute
value.
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Also,

[blK“)MnﬂwaSJ:i/blK“ﬁ (Vi = Va) o (V3 Wy)p (W) ™V

271
_ —17-(1) 2 _1
—/bz K5 (7)*p(Vai + bary, Wi)p(W;) ™ badry

-1
< su Vo, W)( inf p(W /K“) 24
VdWengWp( fi )(WEGWP )) 2 (V)

=0(1).

Consequently both of the following are true, E {b 1K§;2 Vy)? ’Wj, Si] =0(1) and E{ |K§;Z
0(1).
Part i.),

Vd)"Wj’Si} =

E(lnhPn )7 DakBullk) = E(IhPRE)™ 3" Ba(We) Daksill})

Jj=1

E( (nhPhPH) 2ZZB )DngﬂDszgl)
=1 g=1
< (nhPhrP+1)=2 iE(Bn(Wj)'Bn(Wj)DdK??ﬁ)
j=1

’( hDhD+1 Z;;E(B (Wg)Dng,jiDnggi)
J 97J

= (AP R+ ZE( B (W) E|[(hPh9) ™ Daky,

=)

n? ZgE(!Bn«Wj)'y»BA%)ME[(hPh?“)ldegﬂ

< O([nhPRP+?)1 ”ZE( B, (W;)) + O *QZZEOB 3V 1Ba(W,))

j=1g=1

Wj, Si, Sg] E [(thh2D+1)71DdK3gi

5.5

ln J— j—
—0 (nh?hf”> +0(1) = o(1) + O(1) = O(1).

The last inequality is due to Lemma i.) follows from Markov’s Inequality.

Part ii.),
E(Iln"'B, Valt) = E (||n*ZB DVallh)
_ (*2223 )V B (Wg)vdg)

Jlgl

- ( —223 )Vdj)+E( ‘QZZB ) VajB (Wg)Vdg)

Jj=1g#j

— 2 Z E (B, (W;)Ba(W))E[VE|W;] ) +n~* f: i E (B (W) Bu(Wy) B [Vig | Wi, Sy E[Vag | Wy, 55 )
j=1

Jj=1g#j

- O(n_l)E(Bn(Wj)’Bn(Wj)) = O(lun™Y).

11.) follows from Markov’s Inequality.
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Part 4i.) Let ¢ € R1("F2K) and consider;

™ B (Mo, = M) = Elln B, (Man — MG,

=|n" ZBn(Wj)[md(Wj) —mip (Wl 12,

= N (17 30 7 B (W) B (W) [ma(WW;) = miy (W) fma(Wy) — i (W)
= hax 0 D0 W Bu(Wh) B (W) b ma(W;) — mig (W) [ma(W,) — miy (Wy)]
< sup |mg(W) —mp (W)]> max ¢'(Qupp)t

WeG, [[¥lle=1

< O(Z;Qk))‘max(QnBB)Hw”QE = O(lrz%)<)‘max(QBB) + O:D(l)) = O(l;%)
iii.) follows by taking square roots.

Part iv.):

B(|| (00— DB K (Vy O, AuL (—0)B 13) = E(l0n — DB S B (W) KVa)68, 4,12

J#i
E( [(n — 1)b2]~ ZZB W,)0%, 0%, QJZ(Vd)K%Z(Vd)AA)
J#i g#i
<, o ;E< B8 o K (4, ) )
(= 12012 303 (1B (W, 1B W) b5 50 Vi) (14, . Vi 5.5, ) [W5,.5..5,] ) )
J#i g#i
973
< O(((n— 1>b3r1>E(Bn<W->'Bn<W»>E[b K Va?|wi))
O 170 ) Y S (B W B (W) |E 17 K V) | W5, 51,5, )
J#i gF#i

9#7

=o(1) + O(b3?).

Where the last equality is due to Lemma (3] iv.) follows by Markov’s inequality.

Part v.),
B(11 [(n ~ DB s KS (Vi O, Ao (Bl ) = E(1 [(n — D) v Y Bu(W KLV, |12)
J#i
— (S EEX Vi Sl — D2 BV, B, 05,08, KV KV A,
J#i gF#i
=02 sup o(X,V)20LX, V)2 { )263) 1ZE( (Wj)b;KQjZ(Vd)zA?)
X, VeGxv £
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= )PS0 S (1B (W) B W)l b KV 165 KDV 145 14,1) }

J#i g#i

977
O([(n — 1)68]~ 1)( (W) B (W) B b3 K (Va) B (42| W, Vi 1)

032 E (1B (W;)'| B >\E[\b21K§§1<Vd>IE(\AI\ i Vaj» S )\ U
([(nfnbﬂ HE ( W (W) B (W) B [0 K53 (Vi)? | W, ] )
V(B
B

IR

2]1

HE

B (W,| (B (W) E[ o5 KVl [w5.5-,] )
Olin - 1)b3] : ( (WY BL(W))) + 0052 E(1B. (W, )| [B.(W,)])
o ((n_ll)bg) +0 (55) = o(1) + 0 (b55%)

Where the last equality if due to Lemma (3| v.) follows by Markov’s inequality.

Part wvi.),

B(Ill(n — DB 01K (Va) O3 A L~ Bwl) = E(1ll(n — DB 016s S B WKV, A )

J#£i
— B ([0 - 1262 S B (W) B (W)t KAV 6] 42)
JFi
+B(0— 1P ST S BaW o KLV B (W, b K (V)6
o
gxyvsgngag(x,vf{ (B[62¢|Vair S-i][(n — 1)) ;B Wb K (Va)2A2)
BB Vi S [ — 1P 303 B (W, )b KD (Vi) B W, b5 K5V ) )
o
< Ol 17 3 B (B0, B0 8 i P4, v ) )
J#i
O = 1) YD S B (1B (W) (B W)L [ KV (14, W5 Vi 5 ) w5,
J#i g#i
97#J
<O([(n—1)? ZE( B,.(W; )E[b21K2]z (Va) ‘WD
JFi
O(((n = 0P 32 3 E(IBalWy )| [BalW,) B[ K a) [, 5-,] )
g
< O([(n—1)? ZE( (Wj))+0([(n ZZE(|B i)' Ba(W, ”)
- e

ln -2 . —2
_O((n_l)bg) +O0(b3%) = o(1) + O(b; 7).

Where the last equality is due to Lemma [3] vi.) follows by Markov’s inequality.
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Lemma 6. Let {X;,V;, A;}7 be an i.i.d sequence of random variables, where A is real valued such that
for some a > 2,

sup E[JA]* | Xu) <C <o and sup E[A;]%]| Va] < C < .
Xai€Gxy Vai€Gvy,

Then under the assumptions of this paper,

1 1/2
[l S oo, - ()] o, ([ ] ™)
su [(n— 1)bs] 1Z{K (V)03 A; E(K (Va)o )H— [bg(n)]lm
Vdieg‘/d 2 < 2ji\Vd)ba; 25i(Va) 23 (n— 1)by
sup [0 = 1)0a] S [Kga(Xa)e 45 — B(Kasi(Xa)6d, 45)] | = 0, [lgw]/
XdiEGde 1 por 15i\Aad)V1;4;5 1]% a)f CEND .

Proof. Let m € {0,1} and define Cﬁ’")(vdj; Va) = b2K2(m) [y ' (Vi — Va)]03; where Vg € Gy, so that,

Sn(Va) = [(n — Vb5 713" K™ [y (Vi — Va)log, A,

J#i

= [(n— b3+ 703" b K™ by (Vi — Va)l6d, A,
J#i

= [(n = 1)bg 271y " O (V5 Va) A
J#i

By the Mean Value Theorem, for V; € Gy, and some X € (0, 1),

O™ (Vg Vi) — O™ (Vs V)

= [pa0, (K53 (Vg = Vil = K§™ o3 (Vg — Vi)

S b292j

K§m+1 [b2 1/\(Vdj —Vy) + b2_1(1 - AN (Vg — Vd/)] ‘ ‘bz_l(vd - Vd/)
<sup [K§" V)] sup 05X, V) |Va— V]

~vER X, VeGx,v
< C|Va—Vyl.

Let {B,,}22, be a nondecreasing sequence of real positive numbers s.t. Y.~ | B, ® < oo and define,

Sp(Va) = [(n = Dby 71 C™ (Vs Va) A;1{] A5 < Bn}.
J#i

where 1{-} is an indicator function. Consider,

sup | (Va) — E(S.(Va))| < sup  [Su(Va) — Sp(Va)| + sup  |E(S;(Va)) — E(Sa(Va))|

VdeGVd VdEGVd VdGGVd
+ sup |ST(Va) — E(S7(Va))|

VaeGv,

= T1 + TQ + T3.

T12

T, = sup ’Sn(Vd) — S,:(Vd)’ = sup
VdeGVd VdeGVd

[(TL )bm+1 Z C(m) Vdj7 Vd)
J#i

[(n — Db 137 Ol (Vs Va) Ay (1 — 1] 4] < Bn})’
J#i

= Sup
VdEGVd
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Note that Y7, P(|A;| > B,) < >~ B (|A]| ) < CY." B, < C < o so that by the Borel
Cantelli lemma P({|A;| > B, infinitely often}) = 0 consequently there exist a Np € N st. 1{|4;| >
B} = 0 whenever n > Np. Consequently,

T, < sup =0 almost surely

VaeGv,

[(n— Db 1>~ ™ (Vi Va) A
J#i

TQ .
Ty = [B(S.(va) = 57V | < B(1tn = 1852171 bal K57 (Vi) 03,14, 1114, > B}
J#£i
< w0 V) — DY B(|KSY (Va) B[ 1451145 > Ba} |V, 1))

2]1
XVEGX \% j#i

<o) -0 S [ IR0l [ 1AL145] > B4, Vi)dAp(Vig)aVi.
J#i

By Markov’s and Holder’s inequalities,

1-1/a

1/a
J1aital> Basavaas, < ([1arsavpin) ([ ial> i)
1/a 1-1/a —a “ 1-1/a a

= E[|A]|Vay] " P(14;] > B,)' 7" < C<Bn E[E(|Aj| \Vdj)D < OB, "

Consequently,
T, <CB,*[(n— )by~ Z/|K(m) (Vaj — Va)l[p(Vi)dVay
J#i
< OBy "b;"™) / bt RS () [p(Va + ba)bady < O(BL~ ;™) supp(y) / [K5™ () |dy
Y
=O(BL ;™).

For any V € R define B(V;r) = {Vg € R: |V — V4| < r}. By Assumption there exists a Vy, € Gyg
and a 7, € R st. Gy, C B(Vgo;7,) so that for all V4, V] € Gy,, |Va —Vj| < 1. Let {0,}'—; be a
nonincreasing sequence of positive real numbers s.t. lim,, . 6, = 0, By the Heine-Borel Theorem, for
all n there exists a finite collection N(8,) = {V}}{", where for all V; € Gy, there exists a V] € N((5 )
s.t. |Vy — V| <6,. Consequently there exists C' € R s.t. p, = C5;; L.

Tgt

T3 = sup |S™(Vg)— E(ST(Vd))|
VdEGVd

< sup [ST(Va) = STV + sup [E(S7(Vi)— S"(Va)) |+ max |S7(Vi)— B(S™(V)]
Va€Gy, Va€Gy, 1<I<pn

=T31 + T2 + T53.

T31 :
sup [S7(Va) = ST(VH)I < sup [(n— Doy 271> " |CO (Vys Va) — C™ (Vs VD) || A | 1{] 45| < Bn}

Va€Gy, Va€Gv, £

< sup [(n—1)b5 7Y OV — V|| Aj|1{] 4] < B}

VdEGVd i
S N
<0 () =0 14y
JFi

=0 () (B0 + 0,01 = 0, (323 ).
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T322

sup |B(ST(V) = STVl < sup [(n— b5+~ Y2 B(|00 (Vigs V) — C4) (Vg Vi)l [ 4,114, < B.))
VdGGVd VdGGVd

J#i
< 5 — )byt~ E(C|Vi—wyl|A;11{|4;] < B,
< g o= D S B(CIV il 4 < 50)
b
<0(25) -0 et =0 (325 ).
2 Jj#i

T33: Let {€,}22; be a sequence of positive real numbers s.t. lim,_, . £, = 0, and note that,

P max 157(V]) — B(57 V)| 2 =) < P({J {1870V - B(S" (V)| = e}
=1

1<1<pn

<3 P15V ~ B(ST (V)| = &) < pu max P(|ST(V]) — E(ST(V]))| = eu).

=1

Furthermore,

ST(Vé)fE(ST(Vd) nfl ZQ_]TL

J#i
= (n =)™ b (OO (Vi VI AIA | < Ba} = B[O (Vg VE AIA| < B} )
J#i
Y0 B (1CU (Vs VL + E(ICE (Vi Vi) )
J#i
= (n =17 Y by By (K4 (Va) 6, + EIKS) (Va)l6,) )
J#i
m m B,
:sug’Ké )('y)‘X sup. 9 X V) -1)Y b "B, <(n-1)t Y O (bm+1>
YE

J#i J#i

As a result, the following is a sufficient condition for the application of Bernstein’s Inequality.

B, \ . B, \"* 2
Qjn| <C <b;"+1> implies E(\QMVD) <C (b;"“) E(|Q]n| )
where p € N. By Bernstein’s inequality,

(157 — B(ST(VD) 2 0) = P(I Qunl > (1= 1)z

J#i

1/2(n —1)%&2
<2exp |— i p——y
> E(Q3,) +1/3CByb, (n—1e,

< oenr | (n—1)

S 2exp |- = 2 —(m+1)
L 2(n—1)71 3, B(Q3,) +2/3CB,b, En
[ n—1)2

< 2exp |— 5 ( ) —D) .
| E(an) + CB,b, En

For constants A, a, 3 € RT let,

log(n) 1/2 n e n 12
= —_— A = _— S h = _— .
€n ((n—l)b%) s, and 9, (bg) , sothat p, C<b§>

32



Consequently,

T T [ (Tl _ 1) 2
P(1S7(Va) = B(S(V})| 2 £) < 2exp R

L in

= 2exp -— log(n)bE“Aﬁ
| 2B(Q3,) + CBab, " log(n)/2[(n — 1)bg]-1/2A,

— 2exp —_ log(n)AZ2

W5 B(Q3,) + CBaby ™" log(n)1/2[(n — 1)bg] /24,

. . 2

— 2exp |- 1og(n)1/2cﬁ(;)] — 9y —A2/CM),

where C(n) = 208 E(Q3,,) + CBnby (m+1) log(n)'/?[(n — 1)bg]~'/2A. Now,

E(Q3)

V(5 O (Vg VI AIA < B,

IN

E<b—2(m+2)cs(m)(vdj; Vi)?AZ1{|A;| < Bn})
E

IN

(b2 00m (Vs ViR B 42V )

< s ELA|VIJ 2 [ |RGD V)| p(X VXV,
Va€Gv,

=055 ) [ IKEV )iy = 05 ),

(n— 1)b2
log(n)

1/2
Now choose, @ =2m + 1, and B,, = ( ) . Consequently,

(m+1) ( log(n) 12
C(n) =205 E(Q3,) + CByby ™ (b) A,

[(n —1)b3
_ op2mtlop=(mEl) | op p2mtlom—1lp—m log(n) 12 A
2 2 nv2 2 (n _ 1)b2 €
log(n) \'* (n—1)b2\* [ log(n) \'/*
= 2 B —_— Ag — 2 A&
c+C n<(n_1)b2) c+C Tog(n) (n = 1)
=2C + CA..

As a result there exists a A, € RT such that A2/C(n) > 1, which implies.

1<I<pn (n—1

- log(n 12 _A2/C(n
P( max |S (Vd) (S (Vd))‘ = ()(bz)"H_l) AE S 2pnn AE/C( )
2
_ 20”1/262—5/2717@/0(71)

< o[pgmeazre=1]

< ofpgme-0] "
=C [bgn} 71/2.

Choose = 3 then by Assumption A6,

oo(n 1/2
P(&%@;ﬂiswvd) B(s ) > (2 ) As)soub%n] V) = o).
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Consequently, by Markov’s inequality,

og(n 1/2
T33 = max IST(V]) — E(S™(V]))| = O, ([(—lf)(bz)m“] ) .
<I<pn n 2

in all, given that by = o(1),

log(n) 1"
T3 =Ts1 + T3o + T35 = O, (n = o2t .
- 2

Thus, since a > 2,

log(n) ]1/2
S (V) = E(Su(VO)| < Ty +To+Ts = O, | | —28VY___ .
28, 150 ~ B () S T+ T4 T f’(hn—l)bz’”“

The proof of the second and third result of the lemma are trivial modifications of the preceding and as
such are not provided. O

Lemma 7. Let f1 € F,,, fo € Fu,, v € R and X\ € (0,1), under the assumptions - A@ of this paper,

i) B[y Kyyi(Xa)0f (fi(Xa) — f1(Xa)[Si] = O0F).
ii.) E[by ' Kaji(Va)0s,; (f2(Vay) — f2(Var)) |Si] = O(b5?).
iii.) E[by'K1ji(Xa)07mi | Si] = O07).
iv.) E[bgleji(Vd)%ngji | S;] = O(b7?).

Proof. :

Part i.): By Assumption one can write

I/l—l

AXag) = Fi(Xas) = Y ()™ (Xa) [Xgg = Xai] ™ + ) 7 A (Ka) [Xp = K]

m=1
where for some A € (0,1), one has Xq = AXg; + (1 — \)Xg4. Consequently,
E[by 'K1ji(Xa)08,(1(Xg) — f1(Xa))|Si]

= ot [ K (= Xal(h(Xa) — (X)) o)

p(X;,Vj)
= bt [ K (X~ Xa)((X) ~ Fi(Xa))dXey

p()(* Lﬁ)dQKjd‘G

3 Vi

=0 [ K ) (X b0) = (X

21
= > m) 7™ (Xar) / Ky(7 )by dy + () 7o) / Ky(7) /i) (Xai + Abry)yidy
m=1
= 0() sup |10 [ 1K) 11y = 005
yEER

Part ii.): The proof of ii.) follows, mutatis mutandis, from the proof of i.).

Part i:.):

E by K1ji(Xa)0ynisi(c)|Si] = E[by ' K1ji(Xa)0%; (ElZej| X5, V] — H(Zej; Xaj)) 1]
= E[by 'K1;i(Xa)0,E[Ze;| X5, V;]1|S4]

- E[bflKlji(Xd)Hfj (H(Zej; Xaj) — H(Zeis Xai))|1S4]
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— E[b7 ' K1j5(Xa)0 H(Zei; Xa:)|Si]
= T1 — T2 - Tg.

Ty = E[by ' K1;i(Xa)0y, E[Z;1X;, V;]|Si]

X Zej, X
/b VK (X, ( 9X g ;) /chwdqu(xj,w)dxﬁdvj

(vav) (X],V)

_ X, V5 p(Zej, X5, V)
= [ b7 K (X / 9(X;,V; Zoy D 20 130 47 dX gy, dV;d X g
/1 1;( d) (X],V) (Xd]) J dj J dj

— [ 0 KX [H(Zegs Xip) — (22 Xa) + H (25 Xa) | 42Xy
- / b Kuja(Xa) [ H(Zegs Xog) — H(Z: Xa)| Xy + H (Zes: Xo) / b K1 (Xa)dX
=01") + H(Zei; Xai)-
The last equality is due to Assumption and i.), To: By Assumption and i.),
Ty = Bby ' K1ji(Xa)0%, (H(Zej; Xaj) — H(Zei; Xai))|Si] = O01).
Ts:
E[by K15 (Xa)04H (Zeis Xai)|Si] = H(Zeis Xai) E[by " K1ji(Xa)0;15;]

_ 9(X—g, V)
= H(Z.i; Xa:)b 1/K1-i Xa) =
( ) 1 J ( ) p(X17%)

p(X;, V))dX,av;
= H(Zei; Xai)b7 ! /Klji(Xd)dde = H(Zei; Xai)-
In summary,

B0y Kyyi(Xa)08 1S = Tr — To — Ty = O(B}Y) + H(Zei: Xag) — O(BY) — H(Zei: Xai) = O(b).

Part iv.): The proof of iv.) follows, mutatis mutandis, from the proof of (ii).

Lemma 8. Under the assumptions A1] - A,
i) [B(6iCa B (Zni) BL(Wai) ) | = 0(72)
i0) | B (6iCei B (Zuni) Vi BL (Wai) By (W) ) | = O, )
1/2
iii) B (2 H (2,0 BL(Wa)?) = 017
; 2,2 pr()d 2772 2 2\/2
iv) E(¢i ciHs " (Zmi) "V BL(Wai)" By (Wi;) ) =0(1)

where e,m € {1,2,--- ,p} and a,1 € {1,2,...,q}.

Proof. Let (Q, A, P) be relevant probability space to this paper and define the following random vectors,

MNw; X, V) = [X(w) V(w)]: Q- R>?P
T(w; Z., X, V) = [Ze(w) X (W) V(w)]: Q — R*?PH!
D(w; X, V,W,) = [X(w) V(w) Wy(w)]": Q — R2PT!
D(w; Ze, X, V,Wa) = [Ze(w) X(W) V(w) Wa(w)] : Q — R2PT2,

Now define the following sets,

A(Lily) ={w € Q: Bp(Wy(w)) > 0}



Bo(L;ln) = Wo(Au(Lsln)) CR
Ca(L;1n) = T(Aa(L; 1,); X, V,W,) € R*PH
Doo(L;1,) = T(Ao(L; 1,); Ze, X, V,W,) € R2PH2
E(L;1,) =T(Aa(L;1,); X, V) c R?P
F.(L;l,) = T(Aa(L;1,); Ze, X, V) € R2PTL

Note that C,(L;l,) C E(L;l,) X Bo(L;ly), and Dyc(L;l,) C Fo(Lsl,) X Bo(L;l,). As a result for any
functions f(Ze, X, V,Wa) : RED+H2 3 RE - and f(X.V, Wa) : REDH 5 R+,

/ F(Zes XV Wa)p( Zos X,V W d(Zey X, V. W)
Dac(L;ln)

<

/ f(anXa Va Wa)p(ZC,X, V’ Wﬂ)d(ZC7X,‘/,Wa),
Fe(Liln) X Ba(Lily)

and
[ VWX VWX V)
Ca(L;ln)
</ FOXV, Wa)p(X, V. W) d(X, V. W),
E(L;l,, )X Bq(Lsly)
Furthermore by the remarks to assumption

/ AW, = [Wa]0"™ = (trn — tr) < CKI
Ba(Liln) -

Consider,
P(BL(Wa) > 0) = P(W, € By(L;1,)) = /B L PO = P( € 0 Walw) € Ba(Lila)))
= P(Au(L;lp)) = P{w € Q: [Ze(w) X(w) V(w)']" € Fo(L;1n)})
—P(ELL) = [ 2 X V)2 XV,
Fe(Lsly)
Similarly,
P(BL(Wg;i) > 0) = P(Au(L;1n)) = P{w € Q: [X(w)' V()] € E(L;ly)})
— P(E(L;1,)) = / p(X,V)dXdV.
E(L;ly)
Consequently,
P(BL(W,) > 0) = / p(W)dWW, = / D(Zes X, V)AZudX AV = (X, V)dX, dV.
B (L;ly,) F.(L;ly,) E(Lsly)

Now consider,

/ p(Wa)dW, < sup p(Wa)/ AW, = CK=' = 0@ ).
Co(Lsly) W.eGw, Co(Lsly)

Consequently,

p(X,V)dX,dV = / p(W,)dw, = O(1,;}).

0< / (2., X,V)dZ.dXdV = /
F.(L;ly,) E B (L;ly,)

(Liln)
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Hereafter notation is simplified in the following way, B, = B, (L;l,), Co = Co(L;1y), Dac = Dac(L;ly),
E = E(L;ly), and F, = F.(L;1,).
Part .):

Case 1: Z. # Wy,

|E(¢iCei HSD (Zmi) BL(Wai)) | < E(|6iCei HSD (Zumi) | BL (Wai) 1{ B, (Wai) > 0})

= / |61 Cei HSV (Zni) | BL (Wai)P(Zei, Xi, Vi Woai)dZ s d X dVid W
Dgc

< / |63Cot B Zo) | BL(Wai ) Zeis X, Vi Wi ) AZeid X sdVid W
F.xBg,

= / |6 Cei HSV Y (Zni) | / Br(Wai)p(Zei Xi, Vi, Wai)D(Zei, X, Vi) " dWaip(Zei, Xi, Vi) dZeid X Vi
F Ba

< (IIbe(Wall2) ™" sup  br(Wo) sup p(Ze, X, VW) (.  inf  p(Z, X, V)"

WaeGw, Ze, X,VEGz,,x,v,W, Ze,X,VEGz, x,v

X / |$iCei HSV Y (Zmi) | / AW ;i p(Zes, X, Vi)dZoid XV
F. B,

X, VeGxv
= O(1;%/%).

Case 2: Z. =W,,

<O@;Y?)  sup  |(X,V)CHS(Z0)| / P(Zei, Xi, Vi)dZid X dV;
F.

| E(0iCei S (Zini) BL(Wa) | < B3] Wai = H* (Wa) || HS (Zyni) | BL (W)

/ ¢Z|H(1)d mi HWaz|BL ) (Xia‘/iawai)dxid‘/idwai
/ 0| HSVH (Z) | | H* (Wai) | BL (Wi (X, Vi, W)X dVidW o
< / 61| HV (Z,0)| / (Wi BL(Wai )Xo Vi W) pl(X, Vi)~ dWoas p(X, Vi)AX,dV
E B,

/¢i’H£1)d(Zmi)HH*(Wai)’/ B, (Wai)p(Xi, Vi, Wai)p( Xy, Vi)™ dWa; p(X;, V;)dX;dV;
B,

<(beWall2) ™ sup b (Wa)  sup  p(X,V,Wo)|[Wal(_ inf  p(X,V))""

WQEGW(L X,VEGX,V,W(L X,VEGX,V

x {/Egﬁi|H2(1)d(Zmi)‘(1+|H*(Wm)]> /B AW, p(xi,v;)dxidv,}

—0(I;"?)  sup ¢>(X,V)|H2(1)d(Zm)]<l+]H*(Wa)D/p(Xi,Vi)dXidVi
X,VeEGxv E
= O(1;%/%).

Part i.):
|B(6:Ca HE (Zni) Vai B (Wi B (W) )|
< (||bL(Wl)||2)_l sup |Vd|‘bL(Wl)|E(|¢iCCiH§1)d(Zmi)|BL i) 1{BL(Wq;) > 0})
Va,Wi1€Gv,,w,

= O(1Y)E(|6iCei HS ! (Zmi) | BL(Wai)1{ BL(Wai) > 0})
= 0(L/*)0(;*?) = 0, 1).
Part ii.):

1/2 1/2 1/2
(A1 H Zons?BLWai)?) T < (e Wai)ll2) ™ sup by (Wa) 2B (622 S (Zins* BL(Was) )

Wa.€Gw,
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1/2
< OWY B (3CEHS (Zni)* BL(Way))

Note that a careful inspection of the proof of Part (4), yields the following conclusion,

B3¢ H (Zini BL(Wai) ) = O1;*/?).

1/2

Consequently, B (3¢ H ™ (Zni2BL(Wai)?) = O/ OW*) = o(1 %),

Part iv.):
22 rr(1)d 27,2 2 2 1/2
E(d)i ciH2 (Zmi) VdiBL(Wai) BJ(Wli) )

_ _ /
< (e Wi)lls) ™ (e Waidll2) ™% sup bp Wby (W) 2B GG H (2 VE B (W) )

o, WiEGw,,w,
1/2

= OO sup |Val (63 HE (Zni) BL(Wa)) = OO0 ).
Va€Gv,
O
Lemma 9. Suppose that for some sequence of positive real numbers {T,}52 4,
sup  [p(Xai) — p(Xai)| = Op(T), and  sup [p(Vai) — p(Vai)| = Op(T5).
Xa: €Gx Vai €Gv
Then, under the assumptions A1] - Ad,
D D
9(X, Vi) — 9(X;, V;) =2 ZQ(X—di7 Vi) [p(Xai) — p(Xai)] +2 Zg(Xi, V_ai) [p(Vas) — p(Vai)] + Op(T72).
d=1 d=1

Proof. Let T = [T1 Ty ---Tp]" be a D € N dimensional random vector, p(Ty) be the density of each of
its components having compact support Gr, and such that,

sup |(Ta) — p(Ta) = Op(Ln) amd  sup p(T) = C < oo.
Ta€Gr, Ta€Gr,

For the purposes of this proof, D can be any natural number, consequently this proof will be carried out
algorithmically. Define,

D D
A; = [I 8T - T] p(To), and B; = p(T;) — p(Tj) + p(T}).
i<d j<d

Define S = {s € N: 1 < s < D}, then for any ©; C S s.t. #(0;) = card(0;) = i define ®; = OfN S and,

p©:) = [ T po][ T (6(T0) - (1))

ded; deO;

Furthermore for any 1 < j < D — 1 define, C(j,{j}) = (p(T}) — p(T})) Hf+1§dp(Td). T hen, note that,

D D
A; = [I 60 = T p(Ta)
Jj<d j<d
D D D D
=112 -1 1] p(@)+5(T) [] p(Ta) -] p(Ta)
j<d j+1<d Jj+1<d j<d
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D D D
= (T [ 11 s - 11 p(Ta)] + (1)~ p(1y) T] »(Ta)
T

jH1<d jtisd
= (p(Ty) = p(Ty) + p(T})) Aj1 + C(4, {5})
=BjAj + C(j,{i})-

Consequently,

Ay = B1Az + C(1,{1})
= Bi(B243 + C(2,{2}) + C(1,{1}))
= B1B2 A3 + B10(2,{2}) + C(1,{1})
= B1Ba(BsAs + C(3,{3})) + B1C(2,{2}) + C(1,{1})
= B1B2B3 Ay + B1B2C(3,{3}) + B1C(2,{2}) + C(1{1})

D—1
= Ap HB +ch+1 {+1}) H B; + C(1,{1}).
Now note that,
Ap H B: = ([p(11) - p(T1)] + p(11)) (1B(T2) — p(T2)] + p(T))

x - x ([(To-1) = p(To1)] +p(Tp-1)) (B(Tp) — p(Tb))

If one expands this product into a sum consisting solely of terms of the form D(0;;1) then, for each
j€{1,2,...,D — 1}, there are exactly (qu) of these terms within this sum. Furthermore, for all ©;

one has
= [ TT »m] [ TT ) - »(z)]

ded; deo;

H sup p(Td)HH sup |25(Td)—P(Td)|]

ded,; Ta€CT, deo, T1€GTy
—0(1)0, (L#®) = Op(L}).

IN

Consequently one can write

ap [T 5= otin+ X (77 )ouei = S oih + 0,12,

=1

<.

Similarly,

CG+1,G+10) TT Bi= (160T) = p(T)] + p(T0) ) (15(T2) — p(T2)] + p(T2))
1<i<y

D
%o (L) = () + (1) ) [ (B(T21) = p(T541)) j+r2[<dp<Td>]

Furthermore, if one where to expand this product into a sum consisting soley of terms of the form
D(©,,+1) then for each m € {1,2,...,j}, there are exactly, (gn) of these in the sum. Consequently, one
can write,

CGi+1.{j+1}) [[ Bi=D{i+1}) +§jj<> (L7 = D({j +1}) + O,(L2).

1<i<j
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As a result, one has,

D—-1 D-1
2 COTLG+1) 1] Bi= 3, DUL+11)+ OplL5).
Lastly note that C(1,{1}) = D({1}) so that,
=Ap HB —|—ZC’]—|—1 G+1) [[ Bi+ca.{})
. i=1 . 1<i<y
= ZD({J'}) +O0p(L7) + Z D({j +1}) + Op(L7) + D({1})
=2 D({5)) + 0,(12).

Lemma 10. Under the assumptions - A@ ntY " Qul(gﬁ —¢;) = op(n*1/2).

Proof.

O(X2, Vi) = (X0, Vi) = (X, VOp(Xe, VIl ™ (X Vi) [, Vi) = 9(X2 Va)] =+ (X, Vi) [p(X0, Vi) = DX, Vi)] )
:ﬁ(Xz',Vi)*l[Q(XuVi) —g(Xi, Vi)] + [p(X;, Vz’)p(Xi»Vi)rlg(XuVi)[p(XuVi) *ﬁ(Xi7‘7¢)]
= P Vi) [(9(X0, Vi) = 9(X0, V) + 6 (p(Xi, Vi) = (X, VA))]
= [p(X:, Vi) "+ [p(X3, Vi)p(Xi, Vo) (p(X5, Vi) — P(X, V7)) ]

X [(Q(Xz‘,vi) 9(Xi, Vi) + ¢ (p(Xi, Vi) —ﬁ(XmVi)ﬂ
< {p(szVi)*l + (p(X3, Vi)® + (X3, Vi) [p(Xs, Vi) — p(Xi, Vi)])il [p(X:,V3) *P(Xi,Vi)]]
x [(9(X5, Vi) = 9(Xi, Vi) + ¢ (p(X, Vi) = (X5, V7)) ]
[p(X:, Vi)™ + AT [(9(X0, Vi) = 9(Xi, Vi) + i (p(X, Vi) = B(X5, V2) )],

where,
A" = (P, Vi) + p(X0 V) [P, V) = p(X, V)]) ™ [0, Vi) = p(X, )] .
Furthermore,

AT[(9(X0, Vi) = 9(Xa, Vi) + i (p( X, Vi) = B(X3, Vi)

<IA( s (50X V) —g(Xu V)l 4 sup p(X,V) sup  [p(Xe, Vi) — (X Vi) )
X, VEGX v X, VeGx,v X,VEGXYV

= (p(Xi, Vi)% + p(X,, Vi) [p(Xi, Vi) — p(X4, Vi)]) ™ [P(X, Vi) — p(Xs, Vi)] Op(Lon)

< (il POV + it (X0 Vop(1) s [A0G Vi) = p(X Vi) O (£on)
= 0p(L5,) = 0p(n~/?).
Consequently,
O(Xi, Vi) — (X, Vi) = p(Xi, Vi) "M [(9(X4, Vi) = 9(X0, Va)) + i (p(Xi, Vi) — (X4, V7)) + 0p(n™1/?)
By Lemmas [3 and [}

p(X:, Vi)~ (5(X0, Vi) — 9(X, Vi) )
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p(Xi, Vi) 9(X_ai, Vi) ((Xai) — p(Xai))

‘ﬁMc

D
+2) p(X5, Vi) T (X, Veas) (B(Vai) — p(Vai)) + Op(£3,)
d=1

D D
=2 p(Xai) " i [p(Xai) — E(D(Xai) | Xa)] +2 p(Xai) " 6 E(D(Xas) | Xati) — p(Xai)]
d=1

D

D
+2> p(Vai) " 6 [p(Vas) = D(Vai)] +2D_ p(Vas) ™ 61 [p(Vas) — BB (Vi) Vi)
d=

1 d=1

D
+2 ZP(Vdi)_l@ [E(B(Vai)|[Vas) — p(Vai)] + 0p(n~/?)

Consider also,

p(Xi, Vi) s [p(X5, Vi) — (X0, Vi)

(—1)p(X:, Vi) " i [p(Xs, Vi) — (X, V)]
- p(Xi, Vi) 1@[ Xz,v; E(p(Xi, Vi) | X, Vi)]
— (X, Vi) 1¢2[E (Xi, Vi) |X17V1] (Xz,vz)]
=Ty — Ty — Ts.

As a result,

NE

n n n n
n”! Z Giui(di — i) < 2{71_1 > GuiTia+n"> GuiTea+n"" > GuiTsa+n"" > GuiTua

i=1 i=1 i=1 i=1
n n
Y GuiTsa Tty |C¢|Ui|0p(n_1/2)}
i=1 i=1
n n n
—nY GuiTe—n' Y GuiTr —n~ Y GuiTy
i—1 i=1 i=1

{Ew + Eoq + E3q + Eag + Esd} — B¢ — E7 — Eg + 0,(n™/?).

Y
Il
-

MU

Y
Il

1
Note the last equality is due to Assumption A5 which implies n= >~ | [G|Jui| = Op(1),
Era=n""Y" Guip(Xai) " dilnbr] ™Y (Kuji(Xa) — B[K1ji(Xa)| Xas))
Jj=1

i=1

=n" Z Cuip(Xai) ™ piby ' (K1is(Xa) — E[K1ii(Xa)| Xai])

+n 2 Z Z Giuip(Xai) " iy (K1ji(Xa) — E[K1ji(Xa)| Xai])

i=1 j£i

=n" Z Z Cuip(Xai) ™~ piby ' (K1ji(Xa) — E[K1ji(Xa)| Xai]),
i=1 j#i
n -1 n

=n"2 Z Z \IJ‘f(i,j; ) ~ (Z) ZZF§2)d(z‘,j; ¢) = Ul(z)d(c).
i=1 j#i i=1i<j
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where, FgQ)d(i,j; c) = V{(i,j;¢c) +Wi(j,i;c)
E(¥{(i,j;c) = E(Ccip(Xdi)_1¢ibl_1 (K1ji(Xa) — E[K1ji(Xa)| Xai] ) E [uil Zi, Xi, Vi, Sj]) =0.

/ /
B(E[¥(,j c)\Sif)l - B(p(Xa) 26> by * B K (Xa) - E(Kmxdnxdi)mf)l B

E(E[\If‘f(i,j;c)\Sj]2> = (E [p(Xdi)_l(biCcib;l(Klji(Xd) — B[K1ji(Xa)| Xai]) Euwil Zi, Xi, Vi, ;] ‘Sj]2>1/2

1/2
B(W{(i, j;0)?) " = B(p(Xa) 203207 (Kyjo( Xa) — B[K1i(Xa)| Xai)) E[u31 23, X, Vi, S5] )
0

(b;1/2) y Sélé’ p(Xd)_1E<bf1 [K1ji(Xa) — E(Klji(Xd)|Xdi)]2E[¢?<c2i|Xdiade])

= O(b_l/Q)(E(bl_lKlji(Xd)Q) - E[E(b;l/QKljl-(Xd)|Xdi)2])

<O,V EMbT Ky (Xa)2) P = 0671 ?).

1/2

Now in summary,
Eld _ U(Z)d(c> _ E(\IJ?('L,KL C)) _|_ Op (n_l/QE(E I:\Ilil(lmja C)‘SJ 2) 1/2)

1
+ Op(n_l/QE(E[‘I/‘f(m; C)lsj]2)1/2) +0,(n E(UeG, j;0)%) %)
= Op([nby/*] 1) = 0, (n'?).
Recall that,
sup | E[p(X;, Vi)| Xy, Vi] — p(Xi, Vi)| = O(hY? + hy?)

X,Velx.y

sup | E[p(Xai)| Xai] — p(Xai)| = O(hE?)
Xai€Gxy

sup |E[p(Vai)|Vai] — p(Vas)| = O(hg?).
VdiEGVd

B(Eza(e)?) = B(|n”? ij itsp(X) 64 (B [p(Xa) X] — p(X))] )

=n? Y B(Cutp(Xa) 6 (B[p(Xa) | Xai] —p(Xai))”)
i=1
+n 2 Z Z E[QSiCciUiP(Xdi)*l (E[p(Xdi)|Xdi] — p(Xdi))E(UAZu Xi, Vi, S—i)
i=1 j£i
X 0iCeip(Xep) ™ (B [P(Xay) | Xy —p(de))E[Uj\Zj,ijVj,S_j”
<np! . Sgg ‘E[ﬁ(XdiﬂXdi} _p(Xdi)‘QE(CCQi¢?E[u?|Zi7Xi’ Vi])

= 0(n ") E(¢7¢%) = O(n~'b3™).

n

Bsa(c) =n~" Y p(Vai) " ¢iCeivii [p(Vai) — (V)]

i=1
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n

=n! ZP(Vdi)_l@‘Cmui[nbﬂ_l Z (Kz b5t (Vij — Vai)] — Kalby* (Vi — Vdi)D

Jj=1
=n"! ip(Vdi)l@C@ui{ 23:1( Hnbytm] ! Z EST (V) [(Vig — Vig) — (Vai — Va)]™
+ [41nb3] 221 K (Va) (Vg — Vi) — (Vs — Vdi)]4}
j
= (=1)n* zn: (Vi)™ iCoius[nb3] ™1 ZlngZ b (W) — ma(W;))
' J
+nt Xn: (Vi) iCoiuu[nb2] Z K2 (Va) (g (W3) — ma(W5))
: s

+n” Enlp% ileiui[20b3]” Z g (Va) [(ma(W;) = vty (W) = (ma(Ws) — s (W)

+nt ip(vdl L Ceiui [6mb3] Z KSD(Va) [(ma(Wy) — iy (W) — (ma(W;) — kg (Wi)))?

+nt iP(de F¢iCoiui[24nb3] Z K5 (Va) [(ma(W;) = iy (W) = (ma(Ws) — rinfy (W)

= —E314(c) + Esaa(c) + Ezza(c) + Ezaa(c ) + Ezsa(c).
Let a € {2, 3},
B (Ip(Vai) ™ illGei lualIb3 K55 (Va)l ) = E(p(vm-wuiubz K (va)l)

< [t o)) B (o Gallul B[S V)]

= OV E(10:Cuil EJuil| i, X, Vi] ) = O E (166t ) = 0.
Also,
B (Vi) ol ls KSRVl < T g (V)] ™ (oGl K552V
< O sup K5 OB ([6:Gal il Vi, X))
<o) (|¢<a|)= o).

Consequently by Markov’s Inequality,

Ip(Vas) ™ iestiby 'K (Va) = 0p(1),  Ip(Var) ™ iCesiby "KE)(Va)| = 0p(1),  [p(Var) ™ $iCesris K5 (Va)| = O

E33q4 + E34q + E3s5q

=0t > p(Vai) T diCeui[2nb5) Z K2 (Va) [(ma(W)) — iy (W) — (ma(Wi) — rinly (W3))]2
+n” Zp(Vdi)‘lMciui[ﬁnb‘z‘]‘ Z K33 (Va) [(ma(W;) = il (W) = (ma(W5) = vy (Wo)]?
7D p(Vin) ™ dierual24nb3) Z K35 (Va) [(ma(W5) = aily (W) = (ma(W;) — niny (Wi))]*
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_ N 2 _ 2 - _
< [263] 1[2ng£ il (W) = ma(W)]*n=2 33 [p(Vas) ™ iCesuiby K5 (Va)l
w i=1 j=1

- o 3 o -
166371 [2 sup g (W) = ma(W)[]"n =2 303 In(Vao) ™ ity K (Vo))
w i=1 j=1

_ . 4 n n
4G 2 sup (i (W) = ma(W)[ "0 303 p(Vao) ™" duCeru K (V)
w i=1 j=1

=0, (’;22) +0, <L3> +0, (L4) =op(n~1/?).

By Lemma [3] I vi.) and vii.) . Note by assumption of this paper,

B(c2u?) = B(GB[1Z:, X5, Vi]) = B(¢2) = 0(1).

and

E(Cui|Wi, Vai) = E(CE[u} Wi, X, Vi] Wi, Vi) = O(1)E(CA Wi, Vas) = O(1).

Consequently, by a trivial modification of Lemma [f]

o [y (68, Corns KSVa) — B [0 ConiEe (V) )| = 0, ({ljﬂ 1/2> |
Esia(c) =n"" Z 03,Ceiwi[nb3] ! i K2]z g (W;) = ma(W))
i=1 =1
2SS (7 (W) = 10a (W) p(Va) ™ ey K5 Vi)
j=1
nt zn: (rlp (W;) — ))[nb3]~ Zp Vi) iCeiu zjz(Vd)
Jj=1 i#j

< sup |ily (W;) — ma(Wy)|| K (b3 10)|[nbe) QZwmcmuuz

j=1
+ s iy () = ma(WW3)| (" JXE o)~ ; (08 Coua 351 Va) = B |05 K51 (Vi) )|
‘ (b2~ ZE{Q%CCZK;Z [Ui‘ZhXiaVi’Sj]] D
i#]

<O<Lb2>+0 (Ln) sup

Vaj €Gv, ]

1/2
= Op(nil/z) + Oy (Ln Foség)] ) = Op(nil/Q).

By Lemma [3| vi) and xxiv)

Note that similar to the above,

b3~ Y (0o K55 (V) — B[ 08 Cii K3V )|

B (p(Va)lorCaallal K53Vl ) < [t p(Va)] ™ sup |K37 (1B (66l [l 2. Vi Xi] ) = 0.

So, by Markov’s Inequality, p(Vdi)71|¢i<ci||ui||b_1K2(;)(Vd)‘ = Op(1). Now consider,

E32d n~t Z 921(01“1 an Z 2]2 (WJ) - md<WJ))

i=1 j=1
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= [W?03] 1 D p(Vas) 08,0 Cesres Ky} (V) (il (W) — ma(W7)
i=1

n~t Z 037> p(Vai) ™ biCerui K35 (Va) (sinly (W) — ma(W5))

i#]
< sup i (W) = ma(W)|[n*03)~" S (Vi) "M ebiCaillual K31 (Va)
w i=1
+ 0 b3 7K (Va) @, (Vi) ™ i L (—5) M — M|
J
j=1
n (1)d I 1/2
< 0Ll ™) + 7 S (|1 K (V) 6.6 (Va) i Bnqup(m +znk>
j=1
*Ianz UK (Vi) i€ e (V)™ it L (—) [MY — My
Jj=1
= 0,(n"Y?) + Esp14(c) + Eanaalc).
1 . 21—11(1) / . 1 ln Yz
Banna(e) =™ 3 03] K Vi) 9,p(Va) T (=)0, (| 2] 417
j=1
Now, consider,
(mnbﬂ YK (V) §CenP(Va) ™ it Ta(=5)Bal})
< ||[nb3] 1ZB KQ(;Z Vd)¢i<cip(vdi)7lui||2E>
i#j
- ( 2037 B (W) Bu(Wilby K5 (Vi) 2622 p(Var) 20
J#i
2b2 B, 1K§;z( )d) CCzp(th) an(Wg)bz_le(l‘) (Vd)QSchgp(Vdg)ilug
J9
i#j g#i
9#3j
(1)
< [leencgvdp(vd] [n2b3] sz( B (Wi)63C2by K5 (Va) 2 B [u? Wi, X, Vi])
i#]
+ZE( by K (Va)diCein(Vai) ™ E [ws| Wi, X4, Vi, S_i]
i#£j

X B (W) 1K2};<vd)¢>g<cgp<vd)—1E[ug|Wg, Xy Vg S-g] )

O] ) 3 B (B (W) B (Wa)a2C2 B b KL (Va1 )
i#£j

O(nbg] ™ n" 3° B (B (W) B, (W) E[62¢3|W:])
i#£j

O([nb3]~ —1213( ’B,L(Wl))zO(ln/nbg).
i#£j

Consequently, by Markov’s Inequality,

L, 12
1[n63] 7 KS) (V) € D (Va) " 0L (—§)Bulle = O, ({nbg} )
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Furthermore,

n

’ ln 1/2
Banle) =" 3 17 K () 8,002t n<—y>Bn||Eop([n} +Z;k>

ln 1/2 ln 12 —k In —1/2
= Op nibg Op 5 + ln = Op 7nb3/2 = op(n )
2

E324(c) =n”~ Z[sz] 'K 1)(Vd) b:CenP(Va) ™ ity L (—5) [Mi — My]

Lemma |3 v).

123N 02K (Va)diCeip(Var) s [mly (W3) — ma(W)]
J=1i#j

n -1 n

ZZ‘I’:’,zz Jyisc) (Z) ersm J» 15 ¢) Urggd( )
J=11i#j Jj=1j<i

where, T3 (j.1: ¢) = Wiya(J, i €) + Wi (i, )
B (W15 ) = B (b7 KGN Va)biCeip(Var) ™ s [mly (W3) = ma(W3)])

= B (b3 K55 (Va)éiCeip(Var) ™ [mly (W) = ma(Wo)] E[usl Wi, Xi, Vi, 5] ) = 0

1/2

E(E[Wy(j,5:0155]") % = B(E[by 2 K§5) (Va)iCesp(Var) ™ [mly (Wi) — ma(W)] B (ws| Wi, X,, Vi, 85)155]7) Y2 = o.

Si] 2) 1/2

1/2
<[t p(Va)] ™" sup iy () = ma(W) b B (1A B[ W, X0, Vi, 5] B b K351 (V)| i)

1/2

E(E[Wihy(.i50)|8:)") ' = B(E[b72K§) (Va)oiCap(Vas) ™ s [mly (W) = ma(W5)]

— O(l; b, Y E(02¢2) " = 01 by ).

E (U (,i:002) % = E(by * KS (V) > 62 (Vi) =22 [mly (W) — ma(W3)]*)
—b,*?[ inf p<v>]‘1wsup [y (W) — ma(Wi) | B (62 E[u2Wi, Xi, Vi, S5 E by " KSD (Va)?l5:]) 2

V4€Gv, Gw
= 0(1;"b; ) B(62¢2) = 016, ).
Now, in summary,
Esnai(c) = U (c) = B(Vhy (7,31 0)) + Op(n V2B (E[Wh, (7.1 0)18;]%) ")
+ 0p(n~ Y2 B (B [Wiyy (5,15 ¢)[Si] ) %) + Op(n LB (W (.35 0)2) %)
= Op(n 21,70, ) + Oy (' 170,*%) = 0, (n™'72).
Now, note that,
Es24(c) = 0p(n~Y?) + Esg14(c) + Bsgza(c) = op(n~1/?).
Furthermore, F3g = F31q4 — E32q + E335 + E34q + E35q = op(n_l/Q). Since,

Esq4(c Z Ceiwip(Vai) ™ 65 (p(Vai) — E[p(Vai) [Vas] ),

=1
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note that the structure of Ey4 is (exchanging X , for V) precisely the same as Ey4. Thus, in an identical
manner as in the case of F it can be shown that, Fyq = op(n_l/Q). Since,

Esg=n"! Z Ceiiip(Vai) ' 65 (E[p(Vai) Vi) — p(Vas)).-

i=1

note that the structure of Es4 is (exchanging X4, for V) precisely the same as Esy. Thus in an identical
manner as Fy it can be shown that, Fsq = o,(n~1/?). Since,

Eg(e) =n~" > Carwip(Xi, Vi) ™ i [p(X3, Vi) — p(X5, Vi)

i=1
! Zcmuip Xi, Vi) gilnhhs )Y [Kayi(X, V) — Kja(X, V)]
i=1 j=1
= [hPRE1T D 0N Coap(X, Vi) T i [Kiji (X, V) — Ko (X, V)]
i=1 j=1
D n o n R
= Z[nthDhS(D“)}’l Z Z Coiwip(Vai) " i DaKs55(X, V) (Vg — Vi)
d=1 i=1 j=1
D A
= n2hy Phy ) ZZcmuzp X, Vi) " i DaK3ji (X, V) (Vi — V)
d=1 i=1 j=1
n n
+ Z 2n2h Dh (D+2) -1 Z Z Cczuzp le ‘/z ¢kadK3ji(Xa V) H [(‘75] - ‘/5]) (val ‘/@)] ’
1<k,d<D i=1j=1 celd,k}
—+ Z [6n2hDhD+3 -1 Z ZCczuzp Xu Vvl) (bz mdeSJz(X V) H [(‘7@ - ‘/5]) - (‘751 - ‘/51)]3
1<m,k,d<D i=1j=1 ce{m,d,k}
—+ Z [24 2hDh2D+4 -1 Z Z Cczuzp Xzy m) 1¢iqukdk3ji(X7 V) H [(‘75] - ‘/5]) - (‘751 - ‘/57')]
1<q,m,k,d<D =1 j=1 ¢e{gm.d,k}

= E@l(C) + E62 (C) + E63(C) + E64(C) + E65(C).
Note that,
E[|¢iCeil[uilp(Xs, Vi) "' h{'hy DraKs;i(X, V)]

S[Xvinf p(XvV)}71E[E(‘h;Dh5DDde3ji(X7V)‘|Si)|¢igci|E(|uiHWiaXiaViij)]
VeGxv

= O(DE(|¢iCuil) = O(1).

Similarly,

E|¢iCeilluilp(Xs, Vi) M hi Phy P Dynga Ksji (X, V)]

S [leélf (Xa V)]ilE[ (|hDhDDmde3]z ||S)|¢1C02|E(‘uz||WuXuVuS )]

O(1E(|p:i¢il) = 0(1).
Furthermore,
E[|¢iCeillualp(Xi, Vi)~ hy Py P DypaKsi (X, V)]

< [legf (va)] 1 [ (|hDhD 4qude3ﬂ ||S)|¢1C01|E<|u7||W17X77‘/uS)]

O(D)E(|¢i¢il) = O(1).
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Also note that,
B(|¢iCaiPu?p(Xi, Vi) 2 Wi Vai) < [ inf  p(X, V)]

ZWVeGxv
= O()E[|¢iCei* Wi, Vas] = O(1).

A trivial modification of Lemma [f] gives,

E[|¢iCeiE (W3 |Wi, Vi, Xi) Wi, Vi

sup
Vi €Gvy,

[nhP R~ E p(Xi, Vi) ¢iCeiui DaK3;i (X, V)
) log(n) 1"/
— E[p(X;,Vy) aﬁiCciuiDszﬁ(X,V)]‘ =0 | | =5pop52 :
nhi h,

Egg(c) + E64(C) + E65(C)

n n

= Z [2n?hP R T2 ZZCczuz¢zp X;, Vi) ' DyaKsji H [(Vg] —Vej) — (ng - ng)]Q
1<k,d<D i=1 j=1 £€{d,k}
n n
+ Z [6n2hDhD+3 -1 Z Cczuz(bzp Xz; V;) mdeSji(Xv V) H [(‘75] - va]) - (‘751 - ‘/5’)]3
1<m,k,d<D i=1 j=1 ge{m,d,k}
+ Z [24n2hP RD+4) 71 Z Z Ceittidip(Xi, Vi) " DymiaK3;i (X, V) H [(Ves = Vej) — (Vei — ng)]4
1<q,m,k,d<D i=1 j=1 §€{qm,d,k}
< max [2 sup |m W)|]2h 2

1<d<D ' wegy

Z n72 Z Z |Cciui¢ip(Xi7 ‘/i)il [thth]ilengji(X, V)’

1<k,d<D i=1 j=1

Aln - 3,3
+ 11;1{2{}3 [2 Wseupw [ (W) md(W)H hy

X Z TL_QZZ ‘Cciui¢ip(Xi7‘/i)_l[thhQD]_ledegji(X7 V)‘

1<m,k,d<D =1 j=1

. — ) 4 78
+ 11<r?<xD 2 Ws;lgw |md (Wi) = ma(W3)|] "Ry

X Z n72 Z Z ‘Cczuz(bzp(Xu Vvi)il [h{)hQD_ﬂiqumkdf{gﬁ (X, V)|

1<q,m,k,d<D i=1 j=1

_@<ﬁﬂj+o<HJj+o<ﬁ43—%mlﬁ.

by Lemma [3] vi) and vii).

D n n
Ee1(c) = Z[”zh?hQD]_l Z ZCciui¢ip(Xia Vi)' DaKs5i(X, V) (Vi — Vi)
d=1 =1 jAi
= (—1) sup | (W) —ma(W))
WeGw

X {”71 Z Lo [nhihy 17 Z Ceiuidip(Xi, Vi)' DaKsji — E[Ceiuidip(Xi, Vi)~ DaKsji(X, V)] ’
g ISV i=1

+ AP 1y T E [Cauigip(Xa, Vi) T DaKsji (X, V)]}
log(n) 2 —1/2
= 0,10y [ ] ) =outn™t
1'%2
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n

Egza(c) = [n*h{hYHY) ZZcmump(X“m ' DyKs;i (X, V) (i (Wy) — ma(W5))
i#j j=1

=n! Z[Nh?hgﬂ]_l Z Ceinithip( Xy, Vi) ' DgKsji(X, V)(mil" (Wi) = ma(W5))
=1 i#5
_1i nh{h) T DK s(X, V) 6,CnP(X, V) iy I (— )[Ml - M
j=1

1/2
Z kP RD T 1D K3 (X, V), ¢ 0 D(X, V)" 0 Iy (—)Bol | £O, (Fn] H;k)

_1zn: hDhD+1] 1DdK3J(X V) ¢nCcnp(X V) ( )[Ml Md}
j=1
= Ee214(c) — Eg224(c)-

L 1/2
Es214(c) = 1Z|\ [nhP RPN ID K3 (X, V) ¢,C DX, V) Yty I, (—§) Bl 20, ([n] +z;’<>.
Jj=1
Consider
E(|InhPhE ] Dk (X, V) 6, € (X, V) it Lu(=5)Bull} )
= B(|llnh? b2~ Ba(Wa) éiCeap(Xi, Vi) ™ s DaKaja(X, V)| %)
i#]
-2
S
x [n?h{hy 2" ZE( n(Wi)qﬁ?CfiE[“?\WnXuVivSj]EHh?th]_lDdK?)ji(XvV)|Si])
i#]
[ oyt p(X %Jj;E( 01 Gap (X, Vi)™ Daji (X, V) E [uwil Wi, Vi, X, S
gF#i

Bn(Wg)%chP(Xg’ Vg)_lDdKSjg(X» V)E[ug|ng Vgaxgvsfg])}
= O([nhP hE*271) B (B (Wi) Bu(Wi) E(63C2IW;) )
= O([nhPhE 2~ B (Bu(Wi) B, (Wi) ) = O (L [nhPhE 2 71).

Consequently, by Markov’s Inequality,

n l 1/2
Ega1a(c 1Z||nhDhD+1 |7 DaKsi (X, V) 0, CenD(X, V)i L () Ba |20, (M +l;’“>
Jj=

_ —1/2
Op( hDhD+2 1/2) = 0p(n 2).

by Lemma iii), Now,

Egaa(c) =n™" Y _[nhP 7 DKy (X, V) ¢, (X, V) itn I (=) [Ml — M|
j=1
=072 0N Ry Daky i (X, V) diap(Xi, Vi) ™ [ (Wi) = ma(W)]
J=1 i#j
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n -1 n
—n_zzzq’gzz(jvﬁ@ = (Z) ergm(j’i;c Uég;d( )

=1 iz =1 j<i
where Do, (7,45 ¢) = Wiy (4, i ¢) + Wigy (i, ;5 ),

E(Viy(j.i5¢)) = F ([hDhD“] 'DaK35i (X, V)$iCein(Xi, Vi)t [m d(W)—md(Wi)}E(uﬂWi,Xi,Vi,Sj))
= 0.

E(E[‘I’g22(jai§c)‘5j]2)1/2

2\ 1/2
= B(B|[RPhE 7 DaKsji(X, V)6 iCeap(Xi, Vi)~ [mlg (Wa) = ma(Wo)| B (wil Wi, X, Vi, $5)155] )
= 0.

1/2

E(E[\Ifgm(j7i;c)\5i]2) E(qs Cp(X;, Vi) ™22 [mlp (W) — md(Wi)]zE[h?hQDH]_lDszji(X, V)\Sj]z)l/Q

L, _ . —1
=0@) sup |mi (W) —ma(W)I[ gnf  p(X,V)]

= ou;mE(¢32) " = 067,

B3 B[u2|Wi, X:, Vi) ) V2

Integration by parts,

B( W (Goize)?) " = B((BPRE 2Dk, (X, V620X, Vi) 202 [l (W) — ma(W,)]°)

< F(W) — mg(W inf p(X, V)] [phPhY T2
_Ws;lé)w|md( ) — ma( )|[X,V1»IEIvap( V)] [t 2

< et v g1 a5 )
= O hPRE ) 72) B(63C2 ) = O(1 P h )1 2).
Thus in all,
Eia(c) = UG (c) = B (Wil i50)) + 0, (2B (B [Wiy (5, 130)155] "))
+0, (02 (E[W1.5:015]) ) + 00 B (W Grise?) )

= 0,(n"Y2I7%) + 0, (zn—k[n(h?hgﬂ)l/z] - ) = 0, (n"12),

by Lemma [3|i). Furthermore, Fga4(c) = 0,(n"/?) + Ego14(c) + Eg2a(c) = 0,(n"'/2). Consequently,
Eﬁd(c) = Eﬁld(c) -+ E62d(c) =+ E63d(c) =+ E64d(c) -+ E65d(c) = 0p (nil/z). NOW,

c)=n"? Z Z[h?hg]ilﬁbiCciuip(Xia Vi) N [K3i(X, V) — E(Ksi(X, V)| X3, Vi) |

i=1 j#i
n —1 n
02 S (i i) ~ () SN i) = U )
i=1 j#i 2 i=1 i<j

where, I‘(72)(i,j; ¢) =U7(i,5;¢) + Vr(4,4;¢)
E(We(i, 5 ) = (IR 9] 01Ceap(Xs, V)™ [Kaji (X, V) = B(Kaji (X, V)| X0, Vi) | E[wsl Wi, Xi, Vi, 53]
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1"

/
B(B[0G,5:0)5]7) " = B(PRE 262t p (X, Vi) 2B K (X, V) B(Kaa (X, V)X, i)
-0,

B(B[wr(i,3:018,]%) " = B(B[Ph1760Cap (X0 Vi)™ [ (X, V) — B(Eaya (X, V)| X0 Vo) B[] Wi, X,, Vi, )
=0,

d

(. 5:0?) " = B RET 262t p (X, V) B [Kapu(X.V) - B(Kapu(X, V)X, V)]7)

_ 1/2
<IPREIRLint oK V)] B (03B (IR R K (X, VIS B LW X0, Vi 5))

= O([hPhy' 172 E(97¢) = O(hThy'1?),

Er(c) = UP%(e) = E(\If7(i,j;6)) +Op(nfl/QE(E[%(iaj;C)|Sv:]2>1/2)

10, (n’1/2E<E (W7 (i, j; C)|Sj]2)1/2) + 0, (n’lE(E [W7(4, s C)|5j]2)1/2)
= O([nhY?hE 171 = 0, (n™1/?),

Es(c) =n"" Y Coowip(Xs, Vi) i (B [p(X5, V7)| X3, Vi] — (X3, Vi),

i=1

In an almost identical manner as E one has, Eg(c) = O,(n™Y/2(h}® + h%*)) = 0,(n~/2) . Thus in all
combining orders,

*lzgul i — ¢i) = = 0,(n"/?).

O

Proof of Theorem [

Under the assumptions — of this paper the proof of uniform convergence of p(Xy;) to p(Xai), Moy
is well established in the literature and will not be repeated here, and the proof of uniform convergence of
P(Vai) to p(Vy;) follows from a simplification of the proof of uniform convergence of p(X;V;) to p(X;, V;).
Accordingly I will only prove that latter case.

PIXG, V0) = (X0 Vi) = kPSS (Kol H (X, V) = (X, V] = KalH™H(X,,V3) = (X, VY] )

Jj=1

= [nthhQD}il Z [K3ji(X, V) - ngi(X, V)]

j=1
D D
= PP ZDngﬂ(X V) [Vij = Vig] = > _[nhPhN > " Daksji(X, V) [Vai — Vas]
d=1 j=1 d=1 J=1
+ Y 2ehPRPTTNY T DraKan(X, V) T [(Vey = Veg) = (Ves — V)]
1<k,d<D J#i £€{d,k}
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+ Z [GnhDhD+3 ZDmdeBﬂ(X V) H [(Véa —Vej) — (Véz - Vél)]s

1<m,k,d<D j#i ce{m,d,k}
~ 4
—+ Z [24nhDhD+4 Z qudeSJ’L(X V) H [(‘/fj - ‘/5.7) (‘/EZ ‘/&)]
1<q,m,k,d<D J#i €€{q7m)d:k}

=A — A+ Az + Ay + As.

D
Ay = Z[nhDhD+1 ZDngﬂ(X V) [V — Vi)
d= Jj=1
D D
=Y bRy ZDdKSJxX V) [y (Wy) = ma(W;)] = = > Ava.
d=1 j=1 d=1

Arg = [nh{hy ™) ZDdKSJZ[md (W)) = ma(Wy)] = [nh{hF ] DK (X, V) [My — My
j=1
= [nh'hy 7 Dk (X, V) [Bad — Ma] = [nhi’hy ™)™ DaKsi (X, V) [B, (déf —ag +agf) — M|
= [nhPhY T DKy (X, V) [Ba(éy — alp)] + nhPhP T D Kai(X, V) [Braly — My]
= Aj1qa+ Ai24-

Alld = [nhDthrl] lDngl

(X, V) [Bn(ag —ag)]
= [nhPhY T ID K3 (X, V
(X,V

B[ (n'B},B) 0 B), [Xa — Bualy] |
‘B, [( wbp — Qpp + Qpp)n” "By [Ma+ V, - Mftﬂ
= AP RPN Dy K3(X, V) B,Qppn 'BLVy
+ [P AP T DK (X, V) B, Qppn ' Bl [Myg — MY ]
+ AP YT T DK (X, V) B (Q) ps — Qpk)n ‘Bl V4
+ [nhPhy T Dakai(X, V) B Qs — Qpp)n” ' BY My — My ]
= Aind + Ai124 + Anizd + Ar14q-

)
)
= [nhPhP T 1Dy K, )
)

Note that || - ||sp is the matrix norm on the space of matrices of order I,, x I,, induced by the Euclidean
norm on R, Consequently by the Cauchy Schwartz inequality, one has

|Av11a| = |[nh?hE T DaKsi(X, V) B Qppn "B, V4|
< ||[nhfhy 1T Da K (X, V)’BnHE 1Q55splln™ "B}, Val e
= 0,(1)O(1)Op(In /1) = Op(/1n/ /1)
By Lemmas [4] and
|Ar12a| = [P RY T T D K5 (X, V)'BQppn Bl [My — MY ]|
< |[|[h?hy ) Daksi(X, V) Balle [|Qppllsplln ™' By [Ma — M7 ]
= 0,(1)0(M)0, (1, ") = Oy (1)

B

By Lemmas [4] and

|A1134] = |k hY T DyK5i(X, V) B (Q 55 — Qp)n "B WVl
< ||[nh? hy T DaKsi(X, V) Bl 11Qn 55 — @pillspln ' B, Valle
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= 0,(1)0p (1 /1) Oy (/10 /V12) = 0p(V/1n/ V7).
By Lemmas [4] and [f]
|Ar1aa| = |[nhPRY T T DyKi(X, V) B (Qnps — Qpp)n ‘Bl [My — MYy |
< |[[hPhY ) DaKsi (X, V) Balle 1Qn b — @ppllsplln B, [Mg — My ||k
= 0,(1)0y(1n/v/n)Op(1;F) = 0, (1, ").

Consequently,
A1g = Ar11a + Av124 + Av13q + Av1ad
= 0, (VIn/Vn +1;7).

Now,

Ajg = [ﬂh?hQDHrlDdKai(X V)/[Bnad M|

[ hD]’LD+1 Z DdKBJz(X V)[ (WJ) - md(W])]
Jj=1

Note that,

E(A%y) = B([[nhP 5+ ZDde(X V) [y (W) - ma(w)]])

= [n 2hDhD+2 1ZE<hDhD 1DdK3ﬂ(X V)? [ (Wj)—md(Wj):Iz)

<.
—

n=2 Z E( (WP RP T DyK55:(X, V) [mfi"(Wj) — ma(W;)]
J=1g#j
X WP RE T Dl (X, V) [mly (Wy) = ma(W,)] )
= [n thhD+2 Z ( {hth 1DdK3ﬂ X, V) ‘W] md (Wj)—md(Wj)]Q)

_zzn:i:E( [hDhD-i-l] LD aK35i(X, V)

Jj=1g#j

Vis W, S| [mig (W) = ma(W;)]

x E {[h{’h?“]—lpdf(ggi(x, 1)

J} [mil" (Wy) — md(Wg)])

< Op([nhPhy 171 +1) sup |mip (W) — ma(W)[?
wWeGw

L%* —2k —2k

by Lemma i) and integration by parts. Consequently by Markov’s Inequality Ajaq = O,(1;%). In all,
& i
= Z (A11a + Ar2a) = Oy ( En Jrlnk> .
d=1

Agg = [ma(Wy) — iy (W)][nhP hDH1)~ ZDngﬂ(X V)

j=1

< sup fma(W) — il (W){ sup
WeGw VdiEGVd

nhDhD+1 12 DdK?)]l X V) [Dngji(X, V)])‘
Jj=1

53



By Lemma [3| xvii).

Ag+ Ag+ Ay = > abPhY7 Y Diaka(X, V) [T [V = Veg) = (Ve = Vea)

1<k,d<D J#i ge{d;k}
_ - ~ 3
+ Z [6nhD RDT3]1 Z DpraK35i(X, V) H [(Vej = Vej) = (Vei = Vei) ]
1<m,k,d<D J#i ge{m,d,k}
B ~ A ~ 4
1<q,m,k,d<D J#i ¢e{gm,dk}

< In . 2; 121-1 D3 D1—1 -
<O max[2 sup |mi (W) —ma(W)[]" [nh] > B hE ) DraKsyi (X, V)|

Ji
In 3 - _
+C max [2 sup |mg (W) = ma(W)]]"[nh3] lg[h?hﬂ N Dimaks;i(X, V)|
JF1
ln 4 - D—47— -
+C max, [QWSQCE)W mg (W) — ma(W)|]"[nh3] lg[h?hg 7Y Dakma K50 (X, V)|
JF£L
Ly Ly L, 1/

By Lemma (3| vi) and vii). Now, in summary, noting that each of the preceding result applies uniformly
one has,

sup |ﬁ(Xz; ‘71) *ﬁ(Xl,VZ)| = Op(Ln) + O;D(’Ilil/z),
X;,VieGxv

Consequently under the assumptions and Theorem 1.4 of Li & Racine (2000) states that,
sup  |P(Xi, Vi) —p(Xi, Vi) < sup  [B(XG, Vi) = B(X5, Vi) [+ sup  [B(X, Vi) — p(Xi, Vi)
Xi,VieGxv Xi,VieGxv Xi,VieGxv
= Op(Ln) + Op(Mzy).

A proof of the uniform rate of convergence of 0%(X;, V;) to 04(X;, V;) and 04(X;, Vi) to 04(X;, V;) follows
from a trivial modification to the proof of the uniform rate of convergence of ¢(X;,V;) to &(X;, V;).
Consequently I only provide a proof of the latter case. Note that by Lemma [0}

D

9(X a1, Vi) [p(Xa1) — p(Xai)] + 2D 9(Xi, Vea) [B(Vai) — p(Vai)] + Op(L2)
d=1

I(Xi, Vi) — 9(X;, Vi) =2

SENNGES

<2y swp g(X_g,V) sup  [H(Xa) — p(Xa)]

g—1 X-a,VE€Gx_,v Xa€Gx,
D
+2)  sup g(X,Vog) sup [p(Va) = p(Va)l + op(n?)
d:1X7V—d€GXV_d VdEGVd
:Op(c()n)?

By previous results and Lemma [3| vi). Now consider,
O(Xi, Vi) = 6(Xi, Vi) = p(Xi, Vi) 19X, Vi) = p(Xi, Vi) 1 g(Xi, V)
= (X, Vp(Xe, Vi) 7 (p(X3, VI3 (X, Th) = B(X:, Vi)g (X, V7))
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= p(X;, Vi)™ g(Xz-,V XZ,V} Xi, Vi)p(Xa, Vi) (Xa, Vi) [p( X3, Vi) — B(X4, Vi)
=p(X;, Vi) M [(9(X0, Vi) — 9(Xi, V7)) + ((X Vi) = p(X:, V7))
= [p(X:, Vi)™t + [p(X4, Vi)p(X3, Vi) (p Xi,vz»)—ﬁ(xi/ )]

x [(9(Xi, Vi) = (XZ,V))+¢Z(

x [(9(x3, Vi) — (Xz,Vz))+</>z(
= [A1 + A [(9(Xi, Vi) — g(Xi, Vi) + ¢ (p(Xi,m — B(X:,V2)].

Where,
Ay = p(X;, Vi),
Ay = (p(Xi, V)2 + p(Xe, Vi) [p(X3, Vi) = p(Xi, Vi)]) ™ [B(X4, Vi) — p( X3, V)]
Furthermore,
As[(9(X:, V7) — Vi) + 6i(p(Xi, Vi) — (X, V3))]
< |4 sup ) 0Tl s O0Y) s [p(Xi, Vi) = P(X, 1))

X,VeGxv X,VeGxv X,VeGxv
. ~ 1, .

-1 R
<( inf  p(X,Vi)? £ p(Xi Vi)oy(1)) 5(X:, Vi) — p(Xi, Vi) |0, (Lon
- (X,Vlngvp( ) _|_)(‘/'1£l Gxv ( )017( ) X,\E]élng ‘p( ) p( )| p( 0 )

= Op(‘C(Q)n) = Op(n_l/Q)-
By Assumption [3] and Lemma [3| xxvi). Also,
A (90X, V) — (X3, Va)) + i (p(X4, Vi) = B(X3, Vi)

<lal(sup (50X Vi) - (X Vi)l +  sup p(XV) sup [p(Xi Vi) — B(Xs, Vi)))
X, VeGxv X,VEGxv X, VeGxv

<[ inf p(X,V)}_lop(EOn):O(l)Op(ﬁon).

T LX,VeGxv

By Assumption [3] Hence,

$(Xi, Vi) = 6(Xi, Vi) = Op(Lon) + 0p(n~/?).
Proof of Theorem [2|: Let A be one of the component random variables in [ Y, X’]" Note that,

B(K{)(Va)A;03,) = E(K5)(Va)p(Vay) " E[6; A5 |Vay, Si]) = B(E[KS) (Va)p(Vay) ™ HE(A7)|Si]).

Integration by parts gives,
E[KQ(;E(Vd)p(Vdj)_ng(Aj)|Si} Z/ng(vd)?(vd]) YHY (A;)p(Vay)dVy
= [Fatty W ~ Vi) B A31Vip)| ™~ o [ KaysV) P40

< sup [B@AV)|[ im Ka(v)~ lim Ka(v)] + sup [ED (AN [ 1Ka()ldr = O(E).
VdGGVd Yoo Ramdmissl VdeGVd
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By assumptions AP and Af]l Thus,

B(K$)(Va)A;05;) = E(E[K$)(Va)p(Va) T H(4,)|81] ) = O(8).

sup 100 = 1)) 37 (B8 i (Xa) A; 9ij1ji(Xd)Aj)|
di€Gxy

j#i

< sup  [(n—1)b]” Z | K4 ( Xq)|0 — 053] 4;]
X, VeGxv i

< sup  OHX V) - 00X, V)] sup [(n— Db [Kyyi(Xa)|| 4.
X, VeGxv XdiGGXd j#l

= 0p(Lon).

By Theorem |1} Furthermore, by Theorem 2.6 in |Li and Racine| (2007)), under the assumptions of this

paper,
log(n 1/2 "
- ({ nl§1)] O | = OplNan).

sup ] [(n— 1)b1] ™S04 K ji(Xa) Ay — B¢, Al X i)
Xai€Gx, £

Consequently, one has,

sup  |HH(A;) — H{(A)] = sup ‘[(n—lbl PN K (Xa) Ay — Bl Ail Xai)

Xai€Gx, Xai€Gx, i
= Op(EOn + Nln) = Op(Ln + Mn + Nln)
= 0p(L1n).
Now,
[(n = 1)ba] 71>~ Koja(Va)05,A; — [(n = 1)ba] ™1 Y Koji(Va)05, 4
J#i J#i
< [(n—1)bo] ™Y [Koji(Va)bs; Aj — Koji(Va)03; A + Koji(Va)05, A; — Koji(Va)05; A5
i#i
< [(n = 1)bo) ™Y Kaja(Va) (05; — 05;) A5 + [(n — 1)ba] 71> (Kajs(Va) — Koja(Via) ) 054
J#i i
[(TL -1 b2 Z Kgﬂ Vd) (92] 9(213)"4]
J#i
+{(n = Db ™Y (Kaji(Va) — Kaji(Va)) (65 — 05;) A;
i#i
(0= Dbo] ™ (Kaji(Via) — Kaji(Va)) 05, 4;
i#i
= Bl + BQ + B3.
By =[(n—1)bo] 1> Kaji(Va) (05; — 03;) A;
JFi
< sup  [05(X, V) = 05(X, V)|[(n — 1)ba] MY [Koji(Va)l| Ay = Op(Lon)-
X, VeGxv i

By Taylor expansion one has

|By| = ‘[(n — Dba] > (Kaji(Va) — Kajs(Va)) (055 — 952‘)’43“
i
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< sup (05X, V) = 05(X,V)|[(n = 1)ba] ™Y | Kaji (Vi) — Koji(Va) || 4y

X,VeGxvy i
= 0,(Lon) { [(n— D]~ K (V)| |Ay ] (s (W) — ma(Wy)) — (s (Wi) — ma(W))|
Jj#i
DB Y [KSVa) | A]| (i (W) = ma(W;)) = (sl (W2) = ma(W2)) |
J#i
[6(n — 1)b3] ! g K5 (Va) | 45| (il (W) = ma(W)) = (il (W) = ma (W) [
G#i
+ [24(n — 1>b3}1§|f<§2‘2 (V) [As]| (el (W) = ma(W5)) = (il (W) *md(Wi))|4}
j#i
- op(,cm,,){x"fgng [y (W) = ma(W)|[(n — 1)bo] ;|b S RSD (V)| 45
T |l (W) = ma(W)|*[(n — 1)b3]~ §|b S TKS (Va)| |4y
* 5B, 1 OV) = maW[ lin = DRI 3 o K Va4
s [l (W) = ma(W)|*[(n — 1)b3] ; |KSH( Vd)HAjy}
= 0p(L0a){ Op (Lab7 ") [[(n = DI |13 KH(Va) |45
j#i
+0,(L2b32)|[(n — 1)] : N b RS (V)| |4,
i
+ 0, (L3b5%) |[(n — 1)] ]ZV; VS (Va) |4y
J#t
+0, (L35 sup KL () [t = 117 X |44}

J#i
= 0,(Lon) {0 (Lab) + Oy (12052) + Oy (135°) + 0, (L463°) } = 0y(Lon).

Bz =[(n—1)by] ! Z (K2ji(vd) - KjS(Vd))angj

= (=D[(n—-1 bfllzb RS (Va) A0, (mly (W) — ma(W;)
[(n — 1)bs] i%: by ) (Va) A;04; (i (W7) — ma(W5))
[(n — 1)b2] 1§b LR (Va) 4308, [ (il (Wa) — ma(Wa)) — (i (W) — ma(W;))]”
[(n — 1)b2] 1§b LS (Va) A;0% [ (il (W3) — ma(W3)) — (i (W) — ma(W))]”
+[(n— 103! ]'Z:f%éz*m)Ajegj[(mzl(Wzv) = ma(W3) = (g (W) = ma(1¥;))]"

= —Bs31 + B3z + B3z + Bssg + Bss.

Bsy = [(n = 1)bo] ™1 D by 'KS (Va) A;08; (il (W) — ma(W))
J#i

= [(n = 163 "KL (Va) O3, AL (—0) [MY — M),
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Now as in the proof of Theorem 1, and given the results of Lemma [4]
|Bar| = [[0n = 1037 KE (Vi)' O3, Anl(~)BQpkn ' BaVa
+ [(n— DB K (Vi) 03, AL (—i)Boy (Qrb — Qi) 'BuVa
- d . ) _ _
+[(n— 1B K (Va) €5, A L (—i)BoQphn 1B, [My — MYy ]
- d . ) _
+ [(n = 13K (Va) 5, A L (B (Q s — Q) B [Ma — My ]

< [[[(n — 1)) 'K (Va)' O3, AL (—)Bul[5l|Q55n 'Ba Valls
+11[(n — 1)B3] KL (Vo) €5, A L (—i)Bo |51 (Q s — Q)™ "B Vil
1[0 — DB KL (Vo) €5, Ay L (—i)Bo || Q 5n B [My — MY ]|
+[1[(n — DB (Va) €5, AL (—)Bul 511 (Qp ks — Qs )n B [Ma — M ]||
< [[(n — 153K (Va) O3, A L (~)Bual| 61| Qs sl I~ B Vall 5
+11[(n — 1B KD (Va)' €5, A L (—i)Boll5l1Qp b5 — Qs llsplln By Valle
1[0 — 1)B3] KL (Va) €5, A L (—i)Bo | 11Q s s I B [Mg — MY ]|
1[0 — 1B KL (Va) €5, A L (—i)Boll511Q s — Qs llsplln B [May — MY 1

o( Op<\/z +0p< )%(ﬁ)+O<1)Op(l;’“)+Op(f/”ﬁ)0p(l;"“)]
)

Bss = [(n— 1)ba] 0> by K (Va) ;05 (kg (W3) — ma(W5))

= Op(bgl)

=0y (bzl

By assumption A]

+ 1k

2]1
J#i
< sup ’md (W) = ma(W)||[(n — 1)ba]~ Zb;KgZ VdAQ
wWeGw j#i
<OpL){ swp [(n— 10l 1Y [0 K (Va) 408, — B(b KL (Va) 456,) |
Va€Gy, £
+| sup [(n—1)bs] IZE 1K§;2 Vd)Angj)’.
Va€Gv, £

From the preliminary portion of this proof, and a combination of Assumption AB] and the results of

Lemma [6] one obtains,
1/2
Byz = Oy(Ly) (op ([ljlf”)] ) v o<1>) = 0,(L)

Bss+ Bss+ Bys <2 sup |l (W) —ma(W)[*  sup  64(X,V)[(n — 1)b3] 71 |o3 'K (Va)| |4,
X, VeGxv X, VeGxv j;él

+8/6 sup |mlp(W) —maW)|®  sup  63(X, V)[(nfl)bg]*lzn:\b LS (V)| |45

X, VeGxv X, VeCxv o 27t
N 4 51—
+16/24 sup |y (W) —ma(W)|"  sup  04(X, V)sup | KV |(4)[(n — 1)B3] 71D 14y
X, VeGxv X, VEGxv yER

J#i
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< O,(L2b3%) + O, (L3b53) + O, (L2105 %) = 0,(n~Y/?),
by Lemma vi) and vii). In all,

B3 = —Bsy + Bsa + Bz + Bss + Bss

ln | -
=0, (bg‘l Vot ) + Op(La) + 0p(n'/?)
—1 ln —k
== Op Ln + b2 g + ln .

[(n = 1)ba] ™ ZK%l Vd)em = [(n = 1)bs]~ ZK%Z Vd)921

J#i J#i
) =0, <Ln+Mn+b21

Also,

=B+ By + Bsg
n ln
\/l—+l;’“ \ =+
n n

Furthermore, by Theorem 2.6 in |Li and Racine| (2007, and under the assumptions and

=0, <Ln + Lop + b3 1

) |

) p log(n)1"? ..
sup {[(n— 1)ba] ™" (szKgﬁ(Vd)Aj - E[@AHVdi])‘ =0p ([ } + by ) = Op(N2n).

. nb
Vi €Gvy i 2

Consequently, one has,

pup |HE(A) - (] = sup |l — 1] ; (08 Kais(Va) A; — E[6:4:|Vai] )|

[l | —
- +lnk
n

=0, (Ln+Mn+b;1

+ N2n> = Op (£2n)

fla — pa = IZ ¢1A E¢j ])

J=1
<X‘;o,gng|¢(XV) Z_:|A|+n 1; 0;A; — E[6;A;])

= 0p(Lon) + Op(n™?) = 0,(Lon),

by Markov’s Inequality.

sup  |H*(A;) — H*(4;)] < Z sup |H{(4)) — H(4))]
X, VeGxv 1 Xa€Gx,
D
+Y sup [HY(4;) — HY(A))| + (2D — 1)fia — pa
d—1Va€Gv,

= Op (Eln + Egn) = Op(ﬁn)

Proof of Theorem 3:

n 2By = B1) = [0 Bl Vi(n T e b, [V — HEL(Y) — (Z, — HL(2))B1])
= A~ Y/nB.

59



where
A=n"11Z, —H(2)]'$,[2. — H}(2)],
B=n""[Zy, —H;(2)]' b, [Yo - H(Y) — (Zn — H;(2))81].

Note that,
A=n"1Z, - H(2)] ¢, 20 — HL(Z)]
=02, ~HUD)| ¢, 2y — BH(Z)] + 1~ [z ~H(2)]'$,[HL(Z) — HL(2)]
+n 2o — H;,(2) ]’<¢ — ¢,) [Z0 — H(2)] + 07 2, - H,(2)]' (8, — 8,) [H;(2) ~ H}(2)]

+n U HL(Z) - HL(2)] ¢, [Zn — Z)] +n U HL(Z) - HL(2)] ¢, [H5(Z) - HL(2)]

+n [ (2) - H(2)] (60— 6,) [Zn — HA(2)] + 07 [H(2) - H(2)] (6, — 6,) [H(2) -

=A1+ A+ A3+ Ay + As + A + A7 + As.

First, recall that,
2o = B(|2 - H(2)/'9((2 - H'(2)).

Let ¢,m € {1,2,...,p},

n

As(e;m) =n™"Y [ Zei = H(Ze)l6ilZmi — H* (Zmi)l =07 CeihiComi-
=1

i=1
Define,

n

Dl (C7 m) == Al (C, m) - E0(07 m) = n71 Z [C('ld)lcml - E(C(‘¢<m)] .

=1

and Dq(c,:) = [D1(e,1) Dy(c,2) --- Dy (c p)]’ so that,

m=1 i=1
Since for all ¢,m € {1,2,...,p}, (CC¢Cm) O(1) one has,
P
||A1 — 20”2 = HD1H2 = trace(DlD'l) = ZDI(C’ I)IDl(C, :)
PP n - 9
c=1m=1 i=1
P n 9 P n 9
=S (Y [Ea - B@E)]) XY (07 [GeitiGoni — B(CetGn)] )
c=1 i=1 c=1 m#c i=1
P P
=D 0 (12 + > 0,(1)* = 0,(1)
c=1 c=1 m#c

Let ¢,m € {1,2,...,p} and define,

Ag(e,m) =Y Coithi[H* (Zmi) — H* (Zimi)).

Also let Aa(e,:) = [A2(c,1) Az(c,2) --- Aa(c,p)] so that by assumption Theorem [2] and Markov’s
inequality,

n

Aol a(er) = Y (01 G A (Z)))

m=1 i=1
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<Z swp [ (Zn) ~ B (Za) P (07 Y Guti])

X WVeGxy i=1

p( n) Op(1) = 0p(1).

1/2
Consequently, ||As|| = trace(AyA4)/? = [Zle As(c,:) As(c, )} =o0p(1). Leteme{l,2,...,p}
so that,
(e;m) =n 12@1 bi = 6i)Cmi-
Also let As(e,:) = [As(c,1) As(c,2) --- As(c,p)] so that by assumption Theorem [2 and Markov’s
Inequality,

m=1 i=1
p X R i . ,
<X O = s (7 )

1/2
Consequently, ||A3|| = trace(AzA4)Y/? = [ch):l As(e,:) As(e, )}

so that,

=o0,(1). Lete,me{1,2,...,p}

(c,m) —n_lsz ¢i — ) H* (Zmi) — H* (Zumi))

Also let Ayg(e,:) = [Aa(e,1) Ag(c,2) --- Ay(e,p)] so that by assumption Theorem and Markov’s
Inequality,

m=1 =1
p
* 2
<X o BOCV)=sLVIE | s H(Zns) ~ B (Z) ;w)
= 0,(£3,)0,(£2)0,(1) = 0,(1)

1/2
Consequently, ||Ay|| = trace(A4A})Y/? = [Z’C’:l Aye,:) Agle, )}

= 0,(1).
As =n"HHL(Z) - HL(2)] ¢, |20 — HL(Z)].

Note the proof of the order of Aj is, mutatis mutandis, practically identical to the proof of the order of
Ay, thus the arguments are not repeated here. Consequently one can conclude that, \|A5|| = 0,(1).

Let ¢,m € {1,2,...,p} so that, Ag(c,m) = n~ S0 [H*(Zei) — H*(Ze)|6i[H* (Zini) — H*(Zimi)]. Also
let Ag(c,:) = [A6(c,1) Ag(c,2) -+ Ag(e,p)]’ so that by assumption Theorem and Markovs
Inequality,

n

(e Aole) = 3 (n7 SO (Ze) — P (Zel6i H (Zo) — (2]

m=1 i=1

<pmax sup |H*(Z)— H*(Z)['n 72> |oillo,]

1<a<p x ZVeGxv i=1j=1

= 0,(£3)0(1) = 0,(1).
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Consequently, ||Ag|| = trace(AgAy)t/? = [Ep Ag(c,:) Agle,:)

A7 =7 [H;(2) = H;(2)] (6, — ) [Zn — HL(2)].

The proof of the order of A7 is, mutatis mutandis, practically identical to the proof of the order of A4,
thus the arguments are not repeated here. Consequently one can conclude that, ||A7|| = 0p(1).  Let
e,m € {1,2,...,p} so that,

Ag(e,m) =n~! Z[H*(Zci) — H*(Zei))(9i = 6i) [H* (Zimi) — H* (Zimi))-

i=1

Also, let Ag(c,:) = [As(c,1) Ag(c,2) --- As(e,p)]’ so that by assumption Theorem [2 and Markov’s
Inequality,

P . . 2

SCRENCORDY (07 S U (Ze) — B (Ze) (65— 00) (H* (Zo) — (220
m= i=1
<pmax sup |H'(Zy)— H'(Zs)|" sup [6(X,V) = ¢(X, V)
1<a<p x veGxv X,VeGxv

= OP(‘C'?L)O;D(EO'U) = Op(l)'

1/2
] =0,(1). Inall,

Consequently, ||Ag|| = trace(AgAL)'/? = [ b As(c,:) As(c,:)
|A = 2ol < |[A1 — Dol + [[A2|| + || As|| + [|Aal| + [|As]] + [[ A6 + [[A7|| + || As|| = 0p(1).
Consequently A = ¥y 4+ 0,(1). Now, recall from Lemma that By = py — p'y 01 and consider,

Y, — H*(Y:) — (Zi — H*(Z))' By = Yi — Zifpr — (H*(Y;) — H*(Z:)' )
=Y, = ZlB1 — Bo — h(X,) — F(Vi) + Bo + h(X;) + f(Vi) — (H*(Y;) — H*(Z:)' B1)

D D
=i+ Bo+ Y [H{(Y:) = Bo— HNZ:) 1) + ) [HS(V:) — Bo — HS(Z:) 1]
d=1 d=1
D D
- { SO[HI(Y:) - HUZ)Y 1] + > [HE(Y:) — HY(Z:) B1] + (2D — 1) [fily By — fiy] }
d=1 d=1

D D D
=ui+ > [HIY) — BV + Y [HY:) — B - S [HA(Z:) - B(2)) 5y

d=1 d=1 d=1

- Z [H$(Z:) — HY(Z:)])'B1 — (2D — 1) [y — jiy’] + (2D — 1) [pz — jiz) B

d=1
D D
=i+ > [S10V0) + S3()] = D [51(Z0) + $4(Z0)] B + 2D = 1) [z = inz) B = [y — iwv]).
d=1 d=1
In vector notation
R R R D D
Y, —H(Y) — (Zn —HL(2) 1 =un + Y [SS ]+ [85,(Y) = 55,.(2)8]
d=1 d=1
+ (2D — )([”’Zn [I’Z,,,] /61 - [H’Yn - ﬂYn])
Furthermore
B 2, —HL(2)] ¢, [Yo — HL(Y) — (20 — F5(2)) B1]
=n"[Z, - HL(2)] $,u,
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D
+3 072, — H(2)]) 6, [S,(Y) - S1,(2)51]
d=

“HZn — H5(2)]) 6, [S4,(Y) — S%.(Z) 1]

M@H

d=1

( )nil [Zn - I:I:(Z)],[bn([u’Zn - ﬂ’Zn] /Bl - [H’Yn - [I’Yn])
D D

=B +ZBQd+ZBBd+B4-
d=1 =1

Bl = 'fl71 [Z” - I:IZ(Z)] l&nun
=n"YZ, — (D) ppun + 07 [Z, — HAD)] (b, — Pn)un
+ 0 [H(2) - H3(2)] (6, — d)un + 07 [H(Z) - H(2)] dun
= Bi11 + Bi2 + Bz + Bia.

Consider, Biy = n~ ' [Z, — H5(2)] ¢pu, = = S0 [Z; — H*(Z:)|psui. Now, since, {Z;, X;, Vi}i, is
iid,

E((Z; — H(Z:))¢iwi| = E[(Zi — H*(Z;)) 6 E(wi] Zi, X3, Vi) | =

and, V[(Z; — H*(Z:))¢sus| = E[E(u2|Zi, Xi, Vi) (Zi — H*(Z:))6i(Zi — H*(Z))'] = £1 = O(1). Conse-
quently by CLT,

\/ﬁBll = n71/2 Z[Zl - H*(Zl)]gbzul i) N(O, 21)
=1

By Lemma

n

Bis =n1 [Z”—H:(Z)]/((isn_qsn)un:nilz [Zi—H*(Zi)] 12(@“1 sz 7011( 71/2)'

=1

By Theorem’s 1,2 and Lemma, E xxvi) and xxvii),

B = ™! [H,(2) = H0,(2)]' (80 = ) = ' 3o (2] (i = 6)ui.
< 2B, MDD,y BT - AV S

= 0y(£2)0,(L0n)0p(1) = 0p(n~ 1),

Biy=n"" [H,,(2) - H;(Z )]/¢nu7l

lzmz[z (H(2:) — HY(Z)] -
d=1

=(-1) Zn_l Z piui [HL(Z;) —
d=1 =1

+ (2D + 1) [(nz — fiz) B — (py — jiy)]n ™" Z Piti

D D
—-1) Z Big1q — Z Bi42q + Bias.
d=1 d=1

Mo

1

n 1Z¢>1u1 Hi(Z HY(Z;)]

er

=~
Il

1
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For c € {1,2,--- ,p} consider,

Bl41d =n -t Z¢zuz H] cz) Hii(Zcz)]
i=1

= n_lz(/ﬁiui n— b)Y Kyi(Xa)07 Ze; — Hi(Ze:)

J#i
! Z (rblul n—1 bl ZKlj’L Xd - gtlij)ch
J#i
- ZW& [(n— )by ]~ K1ji(Xa)05;(Ze; — ElZe;1 X5, V5))
J#i
- Z¢zuz (n=Dbi] ™' Y K1ji(Xa)85; (Bl Ze; |1 X5, Vi) = Hi(Ze;))
J#i
IZM (n—=1bi] ™Y Kuja(Xa)6t; (H{ (Zey) — H{(Zes))
J#i

= Biaa(c) + Biai2d(c) + Biaiza(c) + Braiaa(c).

By Lemma [3] Assumption and Theorem 1,

Bis11a =n" Z@Uz n—1)bi]” ZKlﬂ Xa) (9 %)ZU

i=1 Ve

=(n-1)"" Z (éfj — ij) jlnb1]” Z diui K1 5i(Xq)

j#i
< sup 04X, V) = 04X, V) [(n = 1)1 | 2]

X,VeGxv poy
X sup ‘[(n —1)by] " Z (piuiK1ji(Xaq) — E[@UiKui(Xd)])‘
deEGxd i=1
log(n 1/2 _
= 0,(L0n)O, ([b()} O(1) = 0,(n~"72).
nop
Note that E[pcj|Xj,V}-] = E[Z (ch| s J { I3 ]} = 0 and consider,

Bisi2a(c) =n 12@% [(n— 1)by] ™" K1ji(Xa)05;(Ze; — ElZe1 X5, V5))
i=1 VE:D)

= [n(n —1)] ZZ@ulb Kl]z(Xd)‘glgPCJ

i=1 j#i
) v n) ' & o (2)d
n(n — ZZ Ta12(d, ji ¢) ~ 9 ZZ 1412 (4,45 ¢) = Upga(c).
i=1 j#i i=1 i<j

d . . . .
where ngﬁu(%]% ¢) = Uiys(i, ji ¢) + Wiyia(d, 55 0).

E(W415(i,5;¢)) = E(by ' ¢iwi K1ji(Xa)0;p5) = E(by ' ¢iK1;i(Xa)07pe; Eluil Zi, X3, Vi, S5]) =
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.. _ 211/2
E[E(‘I’(ﬂw(ld;C)|Si)2]1/2 = E[E(ZH 1¢iuiK1ji(Xd)9ij[pcj‘vaVjvsi] |Si) ] / = 0.

1/2

.. _ 2
E[E(UY,1,(i, 55 0)S;)*Y? = E[E (b ¢ K1ji(Xa)04,pei E [wil Zi, X4, Vi, S1195)7] 7 = 0.

B(W315(i, 53 )2 = B(b7 20702 Kji(Xa)[07;)20%,) 2
S sup |¢(X, V)Qil(X, V)’ (b1_2E[u12‘Z“X“V;,S]]Klﬂ(Xd)QE[pgj|de,SZ])

,VeGxv

= OB K i (Xa)?) Y = 0 ).

1/2

Consequently,

Biai24(c) = E(\I'f412(z',j;c)) +0 (n_l/QE[E(‘I'(lizxm(ivJ';C)|Si)2]1/2)
+ Op(n_l/2E[E(\I’1412('L Js C)|Sj)2]1/2) + O ( (‘1’1412(2 jic) )1/2)
= Op(Inby/*] 1) = 0y (n~172).

by assumption AB]

Biizalc) = *Z@uz [(n—Dba] ™" K1ji(Xa)0; (B[ Ze;| X5, V3] — HY (Ze)))

J#i
= n — 1 ZZ¢’LUZK1]'L Xq eljnlcj
i=1 j#i
n\ ¢ 2
2)d
= [n(n —1)] ZZ‘IIMB i,J;c) (2> ermw i,j; ¢) = Upyi3(c).
i=1 j#i i=11i<j

P o .
where Fﬁ)w(%.?% ¢) = Ui43(i, 45 ¢) + Uiyis(j, 05 0)
E(Wy5(i,;c)) = E(by " dui K1ji(Xa)08mie;) = E(by ' ¢iK15i(Xa)0 i, Elui| Zi, Xi, Vi, S5]) = 0

E[B(U],15(i, 55 €))% = E(¢2u2 E[b7 03, K 0(Xa)nd; |9,]%) 2 = 00 E(92u2) /2 = 07,
by Lemma 7.

. _ 211/2
E[B(U{45(i, j; 0)S;)%])? = E[E(b; 1¢1K1ji(Xd)9(11jn(lich[Ui|ZiaXiaViaSj”Sj) ] =0

. _ 1/2
2E(‘I’?413(%J§ 0)2)1/2 = QE(b1 2¢?UEK1jz‘(Xd)2[9@]2[77?@]2)

< _sw |G(X, V)OL(X, Vnk (X, V)[br V2B by Ko (Xa)* E (wil Zi, X, Vi, S5)]
ceGxv

1/2

= O(b_l/z)E[bflKlji(Xd)Q] = O(bl_l/Q)-

Consequently,

Bi4134(c) ~ Ul(ﬂ‘;(c)
= E(W{,15(i, ;) + Op(”il/zE[E(‘I’(lius(iaj; C)|S')2]1/2)
+ Op(”_l/zE[E(‘I’(lius(ivj;C)|Sj)2]l/2) + O ( (‘1’1413(Z J; C) )1/2)
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= 0y(n ™ 2H1) + 0y(n 10y %) = 0,(n”'72).

Braaale) =n~ Z@uz [(n—1)ba] ™" >~ K1ji(Xa)04, (H (Zej) — H(Zes))
=1

J#i
= [n(n = DI Y by oK i (Xa)0i; (Hi (Zeg) — Hi (Zer))
i=1 j#i
-1 n
n d,. . 2)d
=l = 0 S Wi = () DS TG = Ui
i=1 j#i i=1 i<j

d,. . . .
where Fﬁ)m(%% ) =Wy, 45 0) + 4404, 05 0)
E(U,14(1,450)) = E(by ' ¢ui K1ji(Xa)0%, (H{ (Ze;) — H{ (Ze1)))
= E(by " ¢:iK1;i(Xa)07,(H{(Ze;) — H{ (Zei)) Elus| Zi, X, Vi, S5]) = 0

BB (04140, 5:0)|:)%) 2 = E[E (b7 ¢iui 153 (Xa)05; (H(Zey) — HY (Zex))|Si) ]/
= E[¢}u; E(by ' Ky;i(Xa)0y; (H{ (Ze)) _Hld(Zci))lsi)2]l/2
< oMM E[e?])? = oy,
by Lemma 7.
E[E(U{44(i,5;¢)|S:)*)V? = E[E(bflfﬁiUiKlji(Xd)@fj (H{(Ze;) — H{(Ze1)) ‘SJ)Q]I/Z
= [B(b7 6:K1ji(Xa)05; (H{(Zej) — H(Zer)) Eluil Zi, X3, Vi, 851185) /2 = 0.

. _ 2, 1/2
E (W44, j; o)) = E(b; 2¢?U?Klji(Xd)2[eilj]2(Hfl(ch) — H{(Z))")

< sup (X, V)X, V)| sup  |H{(Z;X4) — H(Z; X))
X,VeGxv Xd,X(IiGGXd

x E[b72Kyi(Xa)2E (u2|Z:, Xi, Vi, S;)]°
= 07 ) E[bT Kyyi(X0)2])? = 06773,
Consequently, by Lemma [3]
Biaa(c) = Ui (c)
= E(‘I'il414(i Jic) +Op ( _1/2E ( 1414 (4,75 ¢ |S) ]1/2)
+Op( 1/2E[E( 1414(2 J; C)|S) ]1/2) + Op(n~ (‘1’1414(1 Jic) )1/2)
= Op(n™'2071) + O (n™ 0 1%) = 0y (n™ /%),

Furthermore, Bis14(c) = Biai1a(c) + Buai2a(c) + Biaiza(c) + Buaiaa(c) = op(n=1/2).

B142d -1 Z¢zuz H2 cz Hg(Zcz)]

_ n_IZq’)iui{ (0 = 1)ba] 13 Kaji(Va)04; Zes — HE(Zei) |
=1

JFi

= n_l Zd)zuz{ n-— 1 b2 ZK2JZ Vd) (egj egj + 9§J)ZCJ — sz(Zcz)}
i=1 Ve
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12451% [(n— 1)bo] > Kayi(Va) { 03, — 04)) Zej + 03 (Ze; — E[Ze| X5, V)
J#i

+9gj( (Zej| X5, V5] — H (Z, ))+‘9 (H (ch)_Hg(Zci))}

1Z¢1ul [(n = 1)bo] ™Y~ Kojilby ' (Vi — Vai)]C354(c)

J#i
1Z¢1uz (n—Dba] ™ Kaji(Va)Ch4(c)
J#i
n~t Z piui[(n — D371 K3 (Va) (Ve — Vag) = (Ve — Vi) €5 (c)
i J#i
-1 Z biui[2(n — 1)b3]~ ZKﬁZ Vdj Vi) — (Vi — Vdi)] C2g1,( c)
J#i
-1 Z biui[6(n — 1)b]~ ZKQjZ Vd7 Vi) — (Vdi - Vdi)] CQJZ( c)
J#i
-1 Z@uz [24(n — 1)b3]~ ZKQﬂ (Va) (Vg = Vi) — (Vi — V)] ")
i=1 jFi
TL — 1 Zz(bzuzb Ksj; Vd)CQJz( )
i=1 j#i
n(n —1)bs)” sz 2 K S (Va) iy (W) = ma(W;)] C45(c)
i=1 j#i
n(n —1)by] 122% 3 K5 (Va) ity (Wi) — ma(W3)] C5,4(c)
i=1 j#i
+ [2n(n — 1)b3] ! Z Z diuiby 1K2(3£ a)[m "(Wz) —ma(W;) — (mff(Wj) - md(Wj))]QCgﬂ(c)
i=1 j#i
+ [6n(n — 1)b3]~ Z > druiby 'K (V) il (Wi) = ma(Ws) — (il (W) — ma(W;))]*C:(c)
i=1 j#i
4 [2an(n = DB e K Tl (W) — ma(W) — (g (W) — ma(W5)] ‘€ )
i=1 j#i

= Bia21a(c) — Biaz2d(c) + Biazsa(c) + Biasaa(c) + Biagsa(c) + Biasea(c).

The proof of the order of Bis214(c) is, mutatis mutandis, virtually identical to that of Bis114(c) and as
such, the arguments will not be repeated here. Thus, one can conclude, By4214(c) = op(n_l/ 2).  Note
that,

E{q&iung(Zci)b LD (v, )} - E[@ung(Zd)b LR (Vo) E(wil Zi, Vi, X5, S, )}

271 2j1

and also, ¢iuiH2d(Zci)K2(;Z)-(Vd) 2]Z(Vd)%[ (Vdi)ung(Zci)} where,

2
E(lp(Vai)ui HY (Zei)*|Vai] < ( sup p(Vy)|HS(Z. )|) E[u}|Z;, X;,V;, S;] < o0

Va€Gv,

Consequently, by a trivial modification of Lemma []

n

[nb3] ! Z (gbiung(Z ) 2(J2(Vd) [@qug(Z )K§;Z(Vd)D ’ Op ({log(n)] 1/2> :

sup
Vﬁje(;va

3
nb
i=1 2
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In the trivial case where one sets HY(Z.;) = 1,

sup [nbg]_lzn:(szuz 2]2( ) = E|piu; QJZ(Vd)D‘ Op([lofb(g)Tm).

VdeGVd i—=1

n

Buazaa(c) = [n(n — 1)bs]~ Z;m 2 LS (Va) ity (W) — ma(W;)] €4 (c)
(n1>1§[mzl<wj>md<wj>](é§jegj)zcj[nb%]li(wméjk 2) — E| oK (V)
+<n1>1§[m;“<wj>md<wj>]03jpcj[nb§1li(@uzK&i( 2) = Bl ok} (va))
+<n—1>lg[ml;(m)—md<wj>]9§jnscj[nb3112(%@2( 2) — E| oK (V)]
+<n—1>-1§[m3"<wj>—md<wj>]93jﬂg<zcj>[nb%]-li(qzuzKéJB( 2) — B[ ok} (va)))
~ (1) ;[mif(wj) — ma(W;)]65,[nb3) " Z (GrusH3 (Ze) KS)(Va) — B[ drus HS (Zei) K3 (V)] )
< up [ ;(w K Va) = B0 K1Va) )| sup (i () = ma(0)
x {Xvs;ng 04X, V) — 03(X,V)|(n — 1)~ g 1Z51
b oY) -1 ; (Ipeil + ey + 1HE(Ze1)]) }

+ sup  0Y(X,V) sup ’md (W) — ma(W)|
XVeGxv WeGw
n

< sup |6l Y (s HS (Z) KGN Va) = B érui B (200) K33 (Va) )|

VdjEGVd i—1
1/2
log(n) —1/2
=o0p(n™77),
nbé/2 P

= 0,(L)O, ([ljlf”)] 1/2) {0(an) +0(1)} = 0,(Lub 110, (

by Lemmas [3]and [6] Consider

Buazsa(c) = [n(n — 1)bs]~ sz > LS (Vi) linly (W) — ma(Wi)] €34 (c)

i=1 j#i
n(n —1)by)” ZZM LK (Va)lily (W) — ma(W3)] (8, — 04) Ze
i=1 j#i
n(n — 1)by) IZZW% 2 KS (Va) [l (Wi) — ma(W3)]63,pes
i=1 j#i
n(n — 1)by] 122m > K3 (Va) [y (Wi) = ma(W5)] 055
i=1 j#i
il 0053 e K (V) by (W) — (W) 08 (S Zeg) — F(Z.0)
i=1 j#i
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(n—1)" Z Cd(c)[nb3]~ Z oiu; K Qﬂ (Vi) (W) md(WZ—)]

J#i
(n—1)" ZG% b2 Z ¢zqu2 ci) Q;Z(Vd)[ r(Wi) — md(Wi)]
J#i
(n—1)" Z ng nb2 Z diu; K 2;1 (Wl) — md(Wi)]
J=1 i#]
292] [nb3] " " dius Hy (Zei) KS;) (Va) iy (W) = ma(W;)]
i#j

(n—1)" Z C4*(c) [nb3] " Ko (Va)' ¢, i I (—5) MY — My]

n — 1 Zﬁzj nb2 K2] Vd) ¢ Uan(Z ) (_]) [Mfi” _ Md]

<n Z €2 (0)] 111(n — DB K (Vi) i I (—5)Bol 50, ([ N m)

TL — 1 Z Z C ¢z z 2K§;2 (Vd)[ (WZ) - md(Wl)]

J=1i#j

712“ b2 Ko (Vi) ¢, 0, HE(Z)I(—§)Bnl| 20, (\/EJrlnk)

(0= D1 Y3 b B2 K V)l (W) — ma (W)
J=11i#j
= Biazsi1d(c) + Biazs2d(c) + Bia2ssa(c) + Biazsad(c).

Note that,

. . [ln |
Buagza(c) =n~! Z |C | 1[(n — 1)b3] ™" Ka;(Va) ¢ itn I (—5)Bul[EOp < n + lnk> :
consider,

B([[[(n — 183" Koy (Vi) b (~3)BulB) = B([I[(n — DB D Bu(Wo) Kayu(Va)sul )
i#j

_ E( n—1 b2 -2 Z Z Bn /Bn )Kng(Vd)KQ]z(Vd)¢gug¢zul)

i#j 9#j
= [n—-12Y E(Bn(Wi)’Bn(Wi)bglngi(Vd)Q(;S?E[u?\Wj, X;, Vi, Si])
i#j
[ = DB DS B (B (W) Bu(Wi) Kagi (Va) K (Va) 61 Elug W, Xy, Vo, S Elusl Wi, X, Viy S-1])
o
< swp [6(X,V)O((n — 1)) E (B (W) Ba(Wi) by Kayi(Va)ISi])
X, VeGxvy

=O0([(n — 1)b§]71)E(Bn(Wi)IBn(Wi)) =0 <(n _lnl)b3> :
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Consequently, by Lemma |3] and Markov’s Inequality,

Biazzia(c) = Op ( §/2> ! Z |Cx(
= op(n~ /)t Z €55 (c)
=1

n
<o ] sup 03X V) 03X, V)l 3 |2
XV j:1

n n n
nt Z 105 pes| +n Z 165150, +n" Z |eng§l(ch)|}
j=1 j=1 j=1

= op(n_1/2).
Let ng (¢) = pej + ngcj + H$(Z.;) and note that,

Biagsaa(c) = [n(n — 1)] Z Z Cs (c)piuiby ng (V) [miy (W;) — ma(W;)]

J=1i#j
— Il = D17 30 S, — 08 Zey b K5 Vil (W) = (W)
J=1 i
n(n—1)]"" Z 292Jpca¢z“z QKQ(;Z( D) mi (Wi) — ma(Wr)]
J=1i#j
’ﬂ - 1 - Z Z 0 n2cﬂ¢lu1b2 2K2_71 (Vd)[ (Wl) - md(Wz)]
J=1i#j
b nln = DI S S 6 B 2y sy K (Vi (W) — ma(Wo)]
J=11i#j
< sup |9Al21(X7 V) - eg(Xv V)' sup |mldn(W) — md(W)|
X, VeGxv WeGw

—1Z|zcj|n—1b2 EST gl [by VK (V)|

i#£j
+ [n(n - 1)) Zzegj [Pej + Mo + HY (Zey)] druiby > K53 (V) [miy (W) — ma (W)
=1 i#j
= 0p(L0n)O(Ln)Op(b3 ") + [n(n = D)™ 3" 04,4, () bsuiby K55 (Va) [mly (Wy) — ma(W)]
J=11i#j

= 0,(n"Y?) 4 Biaasaialc).
In the following, it is important to note that by AH]and

sup  B(03,08,(c)Va) < sup  030CV)[ sup E(lpIVey) + sup E(inlIVig) + sup |HY(Ze)]] = O(1)
VdgGGVd X, VeGxv VdeGVd VdeGVd VdeGVd

and

swp  B(04,Q8(@P1Va) = sup B0V E|(pey + ey + HY(Ze)[Vig] = O(0)
VdJEGVdJ X,VeGxv

Bi4a314(c) = [n(n —1)] Z ZeszQJ c)piuiby 2K2JZ(V )y (W;) = ma(W;)]
Jj=11i#j
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-1 n
n 2)d
n(n —1)] 22@142321 (J,i5¢) =~ <2> ZZFM%ZI (J,i50) U1(4%321(C)~

Jj=11i#j Jj=11<j
2)d . - .. ..
where Fg4)2321(3’ isc) = ‘I’(li42321(J7 isc) + ‘I’(li42321(17J§ c)
.. 1
E(‘I’ﬁzgzl(m i C)) = E(enggj(C)¢iuib2 2K§J3(Vd)[m2"(Wi) - md(Wi)])

_ E(ngng(c)(;SibQ 2 kS (V) mly (W3) = ma(Wi)] B [us Wi, X, Vi, sj]) —0

271

271/2
V2 = B (04,08 ()b * K5 (Va) iy (W3) = ma(W3)]| )|

< su Ln _ 2,2 27-(1) g ,21/2
< sup |ty (W) = ma(W)|E 622 B (b3 K§(Va) B (03,08, () Vg, 5)]5:) |

WeGw
211/2
s) ]

E[E(¥4550: (5, i C)\Si)2]

< O(Lb ) B | B (b7 | K4 (Va)
(Laby ") E[¢2u)/2 = O(Lyb3 ).

BB (W30 (7,:.0)18,)"]"* = B (04, Q8 () suibiz *KG) (Va) iy (Wi) = ma(W)] |sj)2} v

211/2
= B[ (04,04 (i3 2K G Vi) mly (W) = ma(W)| B (il Wi, X0, Vi, 53)[8) | =o.

1/2 1/2
E(‘I’({l42321(j7i; C)2> = E(W%Q%@)Pﬁ“?% 4K2(;Z(V ) [miz (Wi) = ma(W; )]2>
< s [y (W) = ma(W)| (108, Q8, )1 V) 2y K51 Va)?)
1/2
5))

1/2
= O(Luby**)B(07u2) " = O(Laby*?).

1/2

= O(Laby ™) B (022 B b KL} (Va)?

2351

Consequently,
Buassaia(c) = Uj3hiyy (c) = E (V49301 (4,5 ¢)) + Oy (n_1/2E[E(‘I’(1142321(J'7i§C)‘Si)2]1/2>
+0p (”71/2E[E(‘I’il42321(j7 i C)|Sj)2] 1/2) +Op (nilE(‘I’(li42321(j» (& 0)2)1/2>
= Op(n™ 2Ly %) + Op(n ™ Luby *%) = 0y (n™1/%),
by Lemma [3] Consequently,

Bl4232d(C) = OP(n71/2) + B142321d(C) = Op(n71/2).

The proof of the order of Bjs2314(c), and Bis2s2q(c) immediately gives,

Bi4233a(¢) + Bi2saalc) = Op(nfl/Q)-

As a result,

Bi423a(c) = Biagsi1d(c) + Bia2s2d(c) + Biazssa(c) + Biazsaa(c) = Op(n_l/Q)-
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By Lemma (3| vi) and vii) we note that,

Biasaa(c) + Biaasa(c) + Biazed(c)

= ol — DB Y03 G Vi)l (W) = ma(W) = (il (V) = ma(W))) (0
i=1 j#i
+ [6n(n — 1)b3] " Z > duu K5 (Va) lily (W) — ma(Wi) — (sinly (W) — ma(W;))] ()
i=1 j#i
[2471 n - ]- b5 Zz(blul 2]1 (Wi) - md(WZ) - (mldn(W]) - md(W]’))legjz(c)
i=1 j#i
< sup 22|l (W) = ma(W)2[2n(n — 1)b3] Zzwzqubleéi Va)||Ci(0)]
WeGw i=1 j#i
+ sup 28|l (W) — ma(W)[3[6n(n — 1)b3]~ ZZ\qslqub?le Va)||C4i(0)]
weGw i=1 j#i
+ sup 2Y|ilr (W) — ma(W)[* sup |K§j2( )|[24n(n — 1)b3]~ ZZ |sus] ’Czﬂ
WeGw i=1 j#i
:Op<[Lnb2_1 ) (n—1)] ZZ|¢Zuz||b KA (V)| |0
i=1 j#i
+Op([Lnb2_1 ) (n—1)] ZZWWZHb K (V)| |0
i=1 j#i
+ 0, (11467 ) In(n = 117 30 Inul| € (c)
=1 ji
= op(n~"%)[ IZDW(M KGN (Va)| + [z K (Va)| + 1) C(0)]
i=1 j#i
<op(n ) n(n -1 sup  [05(X,V) - 05(X, V)|
X, VeGxvy
x ZZ|¢iui|(|b21K§l (Va)| + [b3 " KS2 (V)] +1)|ch|
i=1 ji
+op(nV/?)] ZZ\¢1uz|(]b21K§?z (Va)| + [b3 K5 (Va) | + 1) [o3,08; (o)
i=1 j#i
+op(n )| ZZ il (03 KN (Va)| + b3 K (V)| + 1) |08, HS (Zeo)|
i=1 ]751
= 0p(n"?)0p(Lon) [n(n — 1)] ZZ‘I’1424 i, j;c)
i=1 j#i
+op(n12)] ZZ‘I’M% i,J;¢)
i=1 j#i
+ op(n 1/2 ZZ‘I’M% i,j;c)
i=1 j#i
n -1 n n -1 n n -1 n
= Op(n_l/Q){Op(EOn) (2> erf424(i,j;c) + (2) erf425(iaj;c) + (2) erﬂ%(i,jéc)}
i=1i<j i=1i<j i=1 i<j

— 2)d 2)d 2)d
= 0p(n™Y){ 0y (Lon) Ui (0) + U () + U (0)}.
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w{];lere,. r(f424(iaj(§ic) = '\I"f424(i,dj;0) + U104 (s 3€)s Tags(isgie) = Wips(d,i5¢) + Wiia5(i, s ¢), and
D496(8, 55 ¢) = Wigg6 (i, Ji €) + Wiag6(J, 43 ¢), Now note,

E(‘I’ii424(i j;c)) +E(‘I’(11425(i jsc)) +E(\I/(11426(i jic))

= B(|osuil||bz K (Va)| + [0 K (Va) | + 1] 12

+ B (Jgsuil o K (Va) | + [b3 K (V)| + 1) (08,08, (<)])

(Va)

+ E(W%UJ }bz lng Va) | + |b2 1K2(§2(Vd)| + 1] |0§le2d(Zci)|)
(Va)
(Va)

vy |+1|ch,SiD
]+1}E[\9§3ng ¢ ]Vdj,s})

+  sup |9§X,V)E[gch\Vd]|E(|¢iuz‘|EUb21K§?z
X, VeGx,v

[
< B(|ovuil| Zes B by KENVa)| + b5 K5
[

+E(\¢iul \bQIK@

2]1

)| + b5 LS (Va

271

(V)| + [b5 L K52 (V)|

2j1

s)

$i|) + O E(éiu)

(WE (il B (1 Zes ) + OE (|osuil B[ K (Va)| + [b3 K5 (Va)
(1) + O(1)E(|piui|) + O(1) = O(1).

0
O

E[E(W44(i,5;0)15:) %] + B[E(Wis (i, 5;0)15:) ] + B[E (Wi (i, 5; )] 5:) ]

)’
[ (|¢Zul|{| by S (Va)| + by KV, d)|+1}|zcj| 51-)2}1/2

2]1 2]1

B[ (o[ K200 + o5 kv + 1] ot o] )]
S‘)2}1/2
)T

E{E(\@uﬂ[\b YRS (Va)| + b3 K d)]+1}EU9§ngj(c)’ Vdj,sz}

2]2

cjs

(
+ B|E(Igsuil |07 KS)Va)| + b3 K5 (Va) | + 1) (08,75 (Z.)
(

[|¢zu2|2 |ZCJ|E|:‘b2 1K(2) ‘ + ’b2 1K

2]z 2751

Vd’+1

Zej, S

"

+sup 03X V)E[0ZelVa) EloiuiPE([Jb KE Vo) + oz KS) V)| +1] | 55) }1/2

X,VeEGxv
= O(l)E[|¢iui|2E(|Z0j| Si)z} v
+0(1)E[\¢iui|2E<“b 1K2§Z (Va)| + |by 1K§?2 (Va)| + 1” Si)2]1/2

o)k [Whulﬂ K

= oB[lswi?] " + 0 E[lgw] " + o)
— 0(1) +0(1) + 0(1).

B[B(W44(,5:015))]"* + B[B(Wyas (i, 150)185)°) " + B[E(W 400, 53 0)1S;) ]2
= [ (o 5 K00 + 1 K0 +1] 71| 5,) ]
+ B [B (ol [0y KV + o KV +1] 0,08 0| 5,) ]
[t [l 152050 | + s <50 | 1] o )]
< swp o(X, V) E| 12 2E( b3 KS (Vo) + [0 K5 (Va)| +1] (Iui\|Zi>XuVi75j)’SJ)T/Z

X,VeGxv
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Sj)zr/z

(Va)| + 1} (Juil| Zs, Xi, Vi, S;)

Bl163,Q4 (o) B ([ bz K (vVa)| + o3 K

271 2351

(Va)| + 1}E(|Ui|’Zi7Xi7Vi, S5)

b o vz em( i kS0 + 17 K s)1"}

< O E||Ze;E([Joz" KS) (V)| + o KE) (V)| +1] | s, )2]1/2
+O(1)E[\0§ZjQ2J )| E([|b VS (Va)| + by K Vd)|+1” S) }1/2
+o(E|[B([|b K (Va)| + [b KL Vd)|+1” $;) }1/2

= O(V)E[|Z.;*] + O(1)[164,Q%;(c)*] +0(1)
=0(1) +0(1) + 0(1).

Where

1/2 . 1/2
+ E[¥ 1961, j; )?]

}1/2

E[‘I"li424(i7j§c)2}l/2 +E[\Il§l425(i,j;c)2]
_ 2 2[|—17-(2) —13-(3) 2 o
= E[¢i Ug “bz K2ji(Vd)} + |b2 K2ji(vd)| + 1] Z:
2[ [ -1 7-(2) TR 204 Ad 2]
+ B¢l o K (Va)| + b7 K55 (Va) | + 1] |0, 08 (0)]°]
1/2
B||guul*| b K5 (Va) | + b3 KE(Va)| + 1) [0, HE(Z20) |
2 ch,Si)ij] 1/2

+ B[B@2 2, X, Vi, 85) [0 KU Va)| + o3 K5 (Va) |+1} E(|04,Q4 (@) |Vig. s )]1/2

271 2]1

= sup |¢(X,V)|{E[E( 22, X, Vi, S;) (Ub LK)

Va)| + [0 K5 (Vi) +1]
X, VeGxv

2351

]Z

1/2
v osup |9§(X,V)E[¢Zc|vd]\E[E( 2 Z:, X, Vi, S5) ([|b21K§jZ (Va)| + b3 K (V) |+1] ] }
X, VeGx,v

2\ 1/2
= oy E(Z2) + o ([ KW + b KW +1] ) + 00y
= 0(b; ") +0(b;*) + 0(b;7?).

Consequently,

2)d 2)d
U1(4%4 + U1(4%5( ) + U1426(C (‘I'il424( )(i, 75 0)) + E(‘I’1425(Z jie) + E(‘I/1426 (i,5;¢))
2

) = ( )
+0p(n 1/2157[]5(‘1’1424 (i, 5 ¢) 51)2]1/2) Oy (n _1/2E[E(\111425 (i, 45 ¢)|S;) ] )
p (2B (B (W46 (i, js ) 51)2]1/2) ( TPE[B(W e |SJ)2] )
+010(Tfl/QE[E(‘I’M% ZvJ,C)\SJ)Q]l/Q [E(W406(i, 3 €) |S])2] )
( 2
b(n

1/21;

)? Y )+ Op(n _1E[‘I’1420(Z jic)?] /2>
1/2)

IE[\I/1426 (i, 45¢ 2]
= 0(1) + 0,(n"/?) + 0, (™10, /%) = 0(1).
In all,
Bhagaa(c) + Buazsa(c) + Biazea(c) = Op("_l/z){o (Lon)Uiyi(c) + Ube(c) + Ul(i)Q(é(c>}
= op(nfl/z)Op(EOn +2)= op(nfl/z).

Furthermore,

Bia2a(c) = Biag1a(c) + Buazaa(€) + Biaasa(c) + Biagaa(c) + Buazsa(c) + Biagsa(c) = op(n*/?).
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Now,

Buigs = (2D + 1)[(pz — fiz) B — (py — fiy)]n~" Z Piu;

< (2D +1) “NY — fy|+ max |uz, — iz, |Z B ” Y i
i=1

1<ce<p
c=1

= Op(Lon) (1 + ||ﬁ1”E)‘ Z@'Ui = Op(ﬁon)O(l)op(n_l/Q) = op(n_1/2),
i=1

Hence,

D D

By = (—1) ZB141d — 28142(1 + Biaz = Op(nil/z),
d=1 d=1

Thus in summary,
VnBi = B + VnBia + VaBis + VnBis = VnBii + 0p(1).

Consequently, v/nB; S N(0,%).

Zn‘l (2, — H5(2)] 6, [S4.(Y) — S4,(2)51]

MuiMci

n -t [Z’Vl - H’::,(Z) + H’TL(Z) - I:I:;(Z)]/(qsn + (%n - ¢n) [an(y) - S(lin(Z)ﬁl}

Y
Il
—

+n  HL(Z) - HA(2)] 6, [SE, (V) = SE.(2)81] + 0 [HE(Z) — HA(Z)] (¢, — ¢,) [SE.(Y) — S5,.(2)51] }

1l
WE

[Ba1a + Baza + Basa + Baaal.

[
Il
—

B22d = n_l [Zn - H:L(Z):I (ésn - ¢n) [Siln(y) an( )ﬁl]

n p
_ —122 H*(Z:)] (¢ — cbz)( (Y )-> [H Hf(zci)}ﬁlc)
c=1
< sup |¢>(X,V)—¢>(X,V)|[ sup |HE(Y;) — HA(Y))]
XVelxv X4€Gx,
s, sw |H{(Z !Zwle} n Yl - (@)

< 0p(Lon) Op (L1n) (1+[1B111£) Op(1) = Op (LonLin) = 0p(n~"7?).

By Lemma xxvi) and xxvii), Assumption and Markov’s inequality.

B23d(c) = 7171 [H:L(Zc) - I:I;;(ZC)] /¢n [Stlin(y) an( )Bl]

=0 YD H (Ze) = B (Zeo)|ou (B (V) = B (06) = 3 [ (Zet) — B} (Zei) e
i=1 c=1

< swp [H'(Z) - 0M(Z)I| _sw [HEY (V)]

XVeGxvy XdEGXd

(0]



P n
+ max sup ’H1 f(Zj)|Z‘Blc|}n_lz¢i
c=1 i=1

1<7<p X4€Gx,
< Op(LnL1n) (14 1181]|E)O(1) = Op(LnL1n) = 0p(n~"/?),
by Lemma [3| xxvi) and xxvii), Assumption and Markov’s Inequality.

Baia(e) = n™! [H},(Z.) ~ Hi(Z0)] (§0 — 6,) [S1.(Y) ~ S1.(2)51]
=0t D [ (Za) — H(Ze0)) (6 = 00) (H{ () = B (Y) = 7 [H{(Z) - ﬁf(Zd)}ﬂlc)
i=1

c=1
< swp QX V) =X V)| sup  |HN(Z) - BN(Z)||_sup  [HE(Y) - HE(Y)|
XVeGxy XVeGxv XdGGXd
+ max su H HYZ. C}
1<J<deeCI¥) | 1 1( J)|cz::1|51 |

= Op(ﬁn)op (ﬁOn)OP(ﬁln) (1 + ||51||E) - p(ﬁn)op<£0")OP(£1") - Op(nfl/Q)a
by Lemma [3| xxvi) and xxvii), and Assumption

B21d — n_1 [Zn - H:L<Z)] ¢n [S(Iin(y) - S?n(Z)Bl}

=t 3012 = H 2o (H() — B = 3 [H(Ze) ~ A{(Z)] )
= (-Dn~ "> [Zi = H*(Z:)| i (H{(Y:) — H{ (V7))
i=1

+Zﬂ1 n- Z (Z; — H*(Z:)] i [H{(Zei) — H{(Z.4))

= Bo11qd — E BieBoi2de-
c=1

Note that by Lemma El9iCaiK1ji(Xa)| Xai, ;] = K1ji(Xa)E[¢iCai| Xai] = 0. Furthermore, since by
Assumption {4 ' [02¢2 1 Xai] = p(Xa)2E[[04;]2¢%] X4s] is uniformly bounded so that we have by Lemma

C’L‘

sup ‘ -1 2": |:¢1Cazb Ky;i(Xq) — (¢iCaib1_lK1J’i(Xd))H =% <[log(n)]1/2> -

Xd'iEGXd i=1 nbl

Consider,

Boigdc(a) =n~t Z (Zai — H*(Zai)| i [HL(Z0i) — H(Zes))

=n"! Z@Cai{ (n—=1)b1]™ ZKUZ Xd)91J i — Hii(Zci)}

JF

n! Z(bzgaz n—1 bl ZKljz Xd |: elj - efj)ZCj + 9?3 (ch - E[ch|Xj’ ij])

i=1 VE)

+ 0 (B2 X, Vi) = H{(Zey)) + 08 (B (Z2) — H{(22))]

= [n(n—1)]7" Z (éiij - 9%)2@3‘ Z@CaibflKui(Xd)

j#i i=1

[l = DI YN diCaiby Kuji(Xa)08, e

i=1 j##i
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—+ [n TL — 1 Z qu Cazbl Kl]l(Xd)aljnlcy

i=1 j#i
7’L - 1 Zng Cazbl Kl]z Xd)‘g ( ( ) H?(Zcz))
=1 j#i
=[n-1" Z (éiij - 9§ij)chn_1 Z {(bigaibflKlji(Xd) - E(@CaibflKlji(Xd)ﬂ
j#i i=1
+ [n(n—1)] ZZ\II212113a [n(n —1)] ZZ‘I'21222]a
i=1 j#i i=1 j#i
+[n(n—1)] ZZ‘P212313a
i=1 j#i
S sup [F(X, V) —67(X, V)| sup ‘[nbﬂ_l > [cﬁiCaiKlji(Xd) - E<¢iCaiK1ji(Xd )‘ n—1]"
XVeGxvy XdieGXd i
n—ln n—ln n—ln
+ <2> ergfm(ivj;a) + <2> ZZFE%QQ(Z.?JI;CL) + <2> ergfﬁ(ivﬁa)
i=1 i<j i=1 i<j i=1 i<j

nb1

log(n 1/2 c c c
op(z:on)opq ”} 0,(1) + US(a) + U (a) + UL a)

— 2)dc 2)dc 2)dc
= o0p(n 1/2) +U2(1%1 (a) + U2(1%2 (a) + U2(1;3 (a),

by Lemmaxxi), and xxvi) where, ['9%5, (4, j; a) = V455, (i, j; )+ V5501 (4,4 a), D590 (i, j; @) = Wiio, (i, j; a)+
‘I’gfzz(i,ﬁ a), and Fgfz:s(ivj; a) = ‘I’gfzzs(i,ﬁ a) + ‘1’3523(]‘,1‘5 a)

E[‘I’gfm(ivj; a)|+E [\1'3522(1',]'; a)] + E[\I’gf%(i,j;a)]
= E[E($iCai| Xai, Sj)bl_lKlji(Xd)9iljpcj]
+E[E( iCail Xair S3) b7 K1ji(Xa)05 i)
E[E(¢iCail Xai, S) b7 K1ji(Xa)0%; (H(Zej) — H (Zei) )]

E[E(‘I’gﬁ1(i7j§a)|5i)2]1 E[E(\I/2122(z J; a)|5i)2]1/2 + E[E(‘I’zma(l VE a)|5i)2}1/2

— B[E(¢iCuiby "Kryi(Xa)0%, Epes | X5, V5, Si115:) ]2
+ E[Qf glE( 1K1]1(Xd)9137710] ‘S ) ]1/2
+ B2 E (b7 K ji(Xa)0%, (HH(Zey) — HY(Ze1))15:)°]?
=0+ Oy )E[¢7¢2]Y? + O ) E[62¢2 ]2
=0+ 0(b") + O(bY"),
by Lemma [§

E[E(Y,, (i, 5;0)|8;) ]+ E[E (V0 i, 5 )] 5;) ]2 + E[E (W4, j: )15;)°]

= E[E(E[$iCail Xai, S1b7  K15:(Xa)0%pe5157) ]
+E[ ( [¢1<M|Xdzu ]bl 1K1J2(Xd)9 nlcj|S) ]
+ B[E(E[¢iCoi| Xai, S, 107 K1ji (X0)0%, (HH(Zey) — HE(Zei))15,)°]

1/2

:O7

7

1Y 121

J#i



by Lemma

E[WL, (i, 5:0)?]"* + B[00, (1, 5:0)?] " + B0, (i, 55 0)?]

= E[E(¢7 2| Xai, S5) by 2 K15i(Xa)? (05 pes)]
[E (67 il Xai S5) by K1ji(Xa) 105 05)]
E[E($7¢21 Xai» S;) by 2 K1i(Xa)? (05,17 (HY (Ze;) — HY (Zei)?)]
< O(b; V) E[E (b, Kyju(Xa)?|S;) 16406512

1/2

1/2

+ (0 E[E (b K (Xa)?1S) 108,17
+ (7% L 2E[¢7Z.| X" E[E (b7 Kryi(Xa)?1S;) (0412

= 07 ) B[(00)°] " + 0 (b ) B0 0i)*] 1 + 0 (7%
O( —1/2) +O( —1/2) +O( —1/2)

Consequently,
d d d
Ui () + U335 (a) + UL (a)
= E[‘I’2121(Z J; a)] "‘E[‘I’gfzz(%%a)] E[‘I’2123(l J; a)]

+ 0 (n V2B [E(V85y, (1,5:0)[:)*] %) + Op (0™ 2 E[E (W, i j 51)2}” %)
Op (0 V2B [E (U554 (1, 550)[5:) "] /%) + Oy (0 V2B [E (W55, (i, j 63)2]” )
0, (V2B [E (W, (i, 5 a)[S;)°] ) + O, (V2B [E (W04 (i, s a)]S;)°] )
( ’ +Op(” E[‘I'2122(Z Jjia) ] /2)

n- E[\I'2121 iy J; a)Q]l/ )
+ 0, (n E[\ng (i,7;a) 2]1/2)
= 0,(n™"2) + Op(n b7 %) = 0, (n™1/?).

by assumption As a result,

_ 2)dc 2)dc 2)dc _
Baisae(a) = 0,(n™Y2) + USDI (@) + USiys () + Usihs (a) = op(n~1/2).

The proof of the order of Bsi14 is, mutatis mutandis, virtually identical to proof of the order of Bsiag,
thus one can conclude that, By114 = op(nfl/ 2). Furthermore, by Assumption

'4
Byia = Batia — Y _ BreBaraae < Op(n™2)(1+[|B1]|g) = 0p(n~"/?).

c=1
Consequently, By = 37 [Ba1a + Baad + Basa + Baaa] = 0p(n~1/?).
Bsg=n""! [z —H(2)]'$,[S5,(Y) — S4.(2)51]

—12 (2 = H(Zi) + H*(Z;) = H(2:)] (¢i + 01 — 6:) [S5(Y:) — S§(Z:)' 1]

- Z (Z: — H*(Z)] ¢ (Hz( )= > [H Flg(Zci)]ﬂlc)
+n Y (20— HY(Z) (di — o) (Hgm) — HY(Y;) = > [HY (Zei) — ﬁg(zci)]glc)
i=1 c=1
+n! Z [H*(Zi) — H" ()] (Hél(Yi) —H{(Y) = ) [HY(Zei) - F[g(zci)]ﬂlc)
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12 [H*(2:) = H*(2)] (6 — 0:) (HS(Y)) = HS(Y)) = Y [HS(Ze)) — HS(Ze)] e )

c=1

= B31q4 + Bszd + B33q + D344

Bsog =12y — H(2)] (¢, — ¢,,) [S9.(Y) — S4.(Z) 1]

n

=32 (2] 6 - o) (B - ﬁgmwz[Hﬁ%)—ﬁg(zd)]ﬂm)

c=1
< swp \¢(X,V>—¢(X,V>|[ sup [HY(Y) — HY(Y)]
XVeGxv VaeGy,
+ max sup |H } 1Nz, — HY (Z
1<;<p VdeCI:)v | 2 } Z wlv ; | (

S Op (»C(]n)op(£2n) (]- + ||Bl||E) p( ) = Op(£0n£2n) - Op( 1/2)7
by Theorems [1] and [2) Lemma [3| xxvi) and xxvii), Assumption and Markov’s Inequality.

Byaa(c) = n” ' [H(Z.) — H;,(Z.)]' 6, [S8,(Y) - S4,(Z )61]

=Y [ (Ze) — B (Ze)) 0n (HE(Y2) — B (V) = Y [HS(Ze) — B3 (Ze1)) e
< sup |HY(Z) - H(Z0)|| _swp [HE(Y) - HY(Y)]
XVeGxv Va€Gy,

p n
+max sup |HY(Z;) — HL(Z; ﬁc}n_l i
o, w1802~ 2] Yol 3o

< Op(LnL2n) (14 |B1]|E)O(1) = Op (L L2n) = 0p(n~1/?),
by Theorem [2} Lemma |3|xxvi) and xxvii), and Assumption

Byia(e) = n™! [H},(Z.) ~ H(Z0)] (90 — 6,) [S5.(Y) — S5.(2)51]
=737 [H (Ze) = (26 (s = 60) (HE(YV0) = (V) = 37 [H(Ze) — B (Ze1)] e
i=1

c=1

< sw BV -6 V) swp [HU(Z) ~ BY(Z)|| s |HE(Y) ~ BY(Y)
XVeGxy XVeGxvy VdeGVd

P
+ max sup |H2 ﬁg(Zj)|Z|51c|}
c=1

1<5<p Ve, ~
= 0p(£a)Op(L0n) Op(£20) (14 [1B1]|2) = Op (£a) Op (£on) Op (£20) = 0p(n~ /%),
by Theorems [[] and [2] Lemma [3] xxvi) and xxvii), and Assumption
Bsig=n"" [Z —H(2)] 0, [S5.(Y) - S5,.(Z )Bﬂ

,12 17— H*(Z @(HQ( Z Hg(Zci)]ﬁlc)
= (=Dt Y [Zi - H(Z)] o: (H5(Y:) — HE(Y7)

+) Bien 122 H*(Z:)) i [HS(Zei) — HY(Zes)]
c=1

p
= —Bsiia+ Y frcBsizde-

c=1
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1§
_n az_

Bsi24c(a

al)](m [HQ( )

Hg(Zm)]

=n! Zd)ic’”{ n—1)b]” Z Kaji Vd)GQJ ci Hﬁl(Zcz)}
=1

=00 Gicail(n — b)Y Koji(Va) [(égj — 0L) Zey + 02 (Zey —

i=1

J#i
E[Ze;|X;,V5])
i

+ ogj (E[ZC]"XJW VJ] - Hg(ch)) =+ egj (Hg(ch) - Hg(Zm))}

nt Z@Caz n—1)bs]” ZK2Jz Vdj Vdi)]cgji(c)
i=1 VE)
712¢ZCM n—1 b2 ZKQﬂ Vd)c2]z( )
i=1 YE)
n " GiCail(n — D037 K (V) (Vi — Vi) — (Var — Vi) | C(c)
i=1 J#
-t Z ¢2Caz n - 1 b3 -t ZKSZ Vd] Vdj) - (le - le)] ngz( )
J#i
- Zgzszcm (n =163 ST K (Va) (Vg — Vi) — (Vai — Vai)) ()
J#

- Z@C‘“ [24(n — 1)b5]~ ZK24) Va) (Vg — Vi) — (Vs — V)] "€ (0)
i=1 VE)

= [n(n —1)] zgz#jqzcm% Koji(Va)Cyj(c)
n(n —1)by] " zgg@cm 2 K3 (Va) iy (W) — ma(W;)] €3 (c)
+[n(n = 1)ba] Zlg@cm 2 K (Va) kg (Wi) = ma (W3)] C554(c)
+[2n(n — 1)63] Zlg@cm 3K (V) linly (Wi) = ma(Wi) — (il (W) — ma(W;))]"Chj(e)
+ [6n(n — 1)b3]~ 21;% 2 K5 (Va)lily (Wi) = ma(Wy) — (i (W;) = ma(W;))]°C4j4(e)
+ [24n(n — 1)b3] 12;@@@2 D)ty (W3) = ma(Wi) = (g (W) = ma(W;))] " C8:(0)

= Bs121dc(a) + Bs1224a(a) + Bs123dc(a) + Bs124ac(a) + Bs12s4c(c) + Bsi26de(a).

Note that proof of the order of Bsjo14. is, mutatis mutandis, virtually identical to the proof of the
order of Bajoge. As a result the arguments are not repeated here and one can conclude that, Bsjs14. =
op(n=1/2).

Note that by Lemma, Assumptions [d and Assumption

E[¢iCai K (Va)] = E[KS)(Va)E(¢iCailVais S5)] = 0,
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E[HY(Zei)$iCai K51 (Va)) = E[H(Zei) K55 (Vi) E($iCail Vai, S7)] = 0,

and,

sup E[‘d)zgaz’ de} = O(l)a

Vai €Gvy

2
sup  E[|HY(Zei)¢iCai| Vi) < sup HY(Zu)® sup E[|¢7¢|Vai] = O(1).
Vai€Gvy, Vai €Gvy Vai €Gvy

Consequently, by a trivial modification of Lemma [6]

" 0 o - log(n)]"/*
e o i - o] -0 (5]
sup |[nt3)- 1§nj[ HE(Zet)onCai K§3) (Va) — B (H3(Ze)oiai K5 (Vi) ) || = © [log@]l/z ~
V4 €Gv, ’ i=1 e e g nbg
Consider,

Bsi224c(a) = [n(n — 1)bg] ™ Z > ¢iCaiby VRS (Va) [y (W) — ma(W;)] €44 (c)

b
=<n—1>-1;[mgﬂ<wj>—md< g ) 1;:[«;@” V) - B(6: K]
= S0 ) a0, g{ 20065 Vi) — (200Gl 5) V)
< sup [y (W) = maW)] sup |in] 1122[@@“ $/Va) = B(0iCui <) (Ve >)H<n—1>—1;|c%;f|
+nggw[mst<w>—md<w>] ey [nbi]lé[ $(Ze)$iCuil5;) (Va) = B(H3(Ze)9iCui 3} (Va) ) ||

") Sreouo ([5])

-1 log(n) 1z hd ¥ d -1 -
< Op(Lnby )0y {1+ sup [05;(X, V) — 05,(X,V)|n Z|ch|

XVeGxv j=1

WY 108 el T 108+ 0 105, HS (Ze)| |
j=1 j=1 j=1
= Op(n_1/2)0p(1) = op(n_1/2),
by Theorem [1} Lemmas [3| vi) and xxiv) and [6] and Markov’s Inequality.

Bsiasac(a) = [n(n — 1)bs) 122¢ Caiby VK55 (Va) ity (Wi) — ma(Wi)] C(c).
i=1 j#i

Recall that by assumption

lim K()() =0, and lim K(l)() = 0.

Y—00 Y—r—00

Thus,

Eby K (Va)0d6iCai HYD (Zei) b3 (Vg — Vai)]|S—;]
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= 6.5 (Ze0) [0 K V)7 (Vi = Vadla (X, Vo055 V)79, V)X
= ¢iCuiH (2. )/b21K§]2(Vd)[b51(Vdj —Vdi)]dVdj/Q(Xjandj)dedjde
_¢l<azH(1 cz /b 1K )de'Y
= ¢i<aiH§1 (Zci){ lim KQ( )(7)7— lim K( /Kg d’y
Y—0o0 Y——0o
= —¢iCai B3 (Zes).
Eliminating the E[Z;|X;, V] terms from C§};(c) one has,

33123dc( ) n -1 b2 Z Z ¢z<az 1K2;2 )[mdn (Wz) - md(W )] C%j’b( )

i=1 j#i

TL -1 b2 Z Z¢1Caz 1K2;Z )[ dn (WZ) - md(WZ)] (égj - ng)zcj

i=1 j#i

+ [n(n — 1)b] Zz@cm > K (Va)lily (W3) = ma(Wi)] 03, (Ze; — HE(Ze5)

i=1 j#i
1
n* 1 b2 1ZZ¢1CM 1K§72 )[ (Wl) *md(m)}egj (Hg(ZCj) *Hg(Zci))
i=1 j#i
= B31231dc(a) + B312324c(a) + B312334c(a).

Bsiasiac(a) = [n(n — 1)ba]~ Z Z PiCaiby 1K§;Z )[ r(Wi) = md(Wi)] (égj o ng)ch

i=1 j#i
< sup |05(X,V) = 05(X, V)| sup i (W) = ma(W)|
XVeGx,v wWeGw
x sup [(n—1)bo) ™M by K (Va ‘12\@4@1
VdiGGVd i

= 0p(L0on) Op(Ln)Op(b3 1)0y(1) = Op(LonLnby ') = op(n—l/Q).
by Theorem [I] and Lemma Note that,
| = BIKS) (Va)p(Vay) ™65 (Ze; — HE(Zey))]
B[ ) E (¢ Zej — d5HS (Zej)|Vay, Vai)]
=E[K§L<Vd>p<vdj> HH3(Ze) — H3(Zej) Bl Vg, Vas))]
Bl )"

UH(Zer) (L [ 90, Vp(X, V) DG, V3 )p(Vig) X V- )]

B[KS)(Va)03; (Zej — ch)

= E[Ké}z(Vd)P(Vdj)_lHﬁ(ch)(l - /Q(vavfdj)dededj)]

By Assumption Aj| FE(|Z.; — Hg Z:i)|?|V4i) = O(1). Then by Lemma
J J lj

sup
Vai€Gv,

(0 = D87 D (K)o, [ Ze; — HS(Zey)] — B(KSHVa)6 [ Zey — HS(Zey)] ) || = Oy G(;Og(ln))b%} 1”) |

i
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Consider,

Bsia3aac(a) = [n(n — 1)by] Z Zd)zCazbz 1K2JZ Wl (W) — md<Wi)]agj (Zej — HY(Zey))

i=1 j#i
*Zqﬁzcaz — ma(W))][(n — 1)03) 7" K (Va)0d, [ Zey — HY(Zey)
J#i
< sup |[(n—1p)! Z[Kéjxvd)egj[ H§<ch>]—E(K§;<vd>92j[ - H3(Z5))]|
Vai€Gv, £
(W) - W)ln~! iCai
stellgw}md ) = ma(W)|n ;Iécl

og(n 1/2 oo(n 1/2
~0, ([(;{i))bg} ) 0,(L)0y(1) = Op(Lb3 1O, Q(rlf(n)bJ ) oy (112,

by Lemmas [3|x) and xxvii) and @, and Markov’s Inequality.

Bai23zac(a) = [n(n — 1)bo] - ZZ%Z > LK) (Va)linky (W) — ma(W3)] 04, (HS(Zeg) — H (1))
i=1 j#i
*12@@2 il (Wi) = ma(W)][(n — D037 S K (Va)03; (HE(Zeg) — HY(Z.r)).
J#i

For some A € (0,1), let Hé"z)d(Z ) = . Consider,

Kt Zei| V.
av2v,. 2Vd [¢] CJ| d]] VdJ:)\Vdij(l*/\)Vdi

[(n— 1031 K (Va)od, (HE(Zey) — HY(Z0))
JF#i

vo—1
[(n = 18371 D K{)(Va)os, (Z (m) " HY™ N Ze) (Vig — V)™ + () HE D (Z0i) (Vi — vdn”z)

J# m=1
V271
= 3" (m)THI N Za) (0 - )by TS by RS (Va) 0% by (Vi — Vi)™
m=1 Ve
+ ()M — by Y D H N (Za)by RS (Va)od, [y (Vi — V)]
JF#i
vo—1

(ml) T AG (0) + () TTAZ (o).

3
5

m m)d m
A () = HY(Ze)[(n — 1)L 713 by LS
J#i

Note that for 2 < m < vy — 1, one has by Assumption

Va)0s;[b5 ' (Vg — Vi)™
B (b K} (Va)263, b (Vi — V. .)]Qm(v )
2 25:\Vd) V2592 dj di di
= /bz LK (V)2 (b3 (Vg — Va) 279X, Ve )p(X;, V) " (X5, Vi) d XV
/blez(;Z(Vd)Z[bEI(Vdj —Vdi)]deVdj/g(Xj’Vfdj)dede

= [5Gy [ KD = 00),

and,

E(b IKSZ(Vd)% (b5 (Vaj — Vdi)]m‘vdz’)
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= [ b KD (Vi = Va9 Vo I (X5, V) (X, V)X,
= [ KUV Vi = Vil "V [ 905, V-)aX,a;

= /bilKél)(v)vm@oh:/Kél)(v)vmdv

= lim Kp(y}y™ — lim Kp(y)y™ - m/Kz(v)wm’ldv =0.

Recall that m > 2 and note that,

E[ (1= 101 Y0 KV 7 (Vs — Vi) |

JF#i
d 3— 2m -1 (1 N2m
SXVVSggXYV‘Gz(X, V)[ltn = 1%, ;E( Ky (Va)?05; (b5 (Vg — Vas)] )
2
+[(n — 1?32t ZZE[E( 2 L) (Va)od, by (Ve — Vdi)]M‘vdi) }
J#i g7#i
977

= O([(n — 1)b§72m]*1) < O(bg(n — 1)*1).
Furthermore by Markov’s Inequality,

m 1/2 _
[(n = 1By ™71 by S (Va)od, b3 (Vo — Vi)™ = 0,6y (n — 1)"/2) = 0,(n~1/?).
e

and by Assumption

= HY™(Zeo)[(n — 1B ™71 S by RS (Va)od, b3t (Vi — Vo)™

2]1
J#i
< sup [HE(Ze)]|[00 = 1RE Y b K (Va6 o (Vg — Vo)™
Vd,jeGVd i

= 0(1)01)(”_1/2) = 01)(”_1/2)-

Note that,

(|t KLV o o™ Vi — Va |

2_]1

5)

/|b YRS (Va) |63 (Vi — Vo) | 9(X 5, Ve )p(X5, V) ™ (X5, Vi) dXdV;

24i
/ |5 LS (Vi) || (Vi — Vo) | Vi / 9(X;, Vg )dX;dV_y,
=051 [ K012 *bady = 0.
Consequently by Markov’s Inequality,

by 1K§j2 (Va) |02, |65 (Vg — Var)|”> = Op(1).

As a result by Assumption Af]
A (e) = [(n— 1)y )71 Y~ HY™ " (Zea)by Ky} (V)03 (Vg — Vi)
J#i

< sup [HSPNZe)|[(n - 00y oy K (Va) 0% |63 (Ve — V)|
Vaj, Vai €Gv, J#i
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= Op(b?_l)'

Consequently,
[(n — 1)b3)7 S K (Va)03,; (HS (Zej) — HY(Zer))
J#i
= B Ze)n — 1)1 D0 by KV, 7 (Vig — Vao)] + Op (05 7) + 0, (n1/2).
J#i

Furthermore by Lemma [3| vi) and xxiii) and Markov’s Inequality,

B312334c(a) = =n"" Z bi Caz = ma(W; )] [(n - 1)b§]_1 Z Ké;z(vd)egj (H2 (Z ) — Hg(Zci))
JFi

n! Z i Cailily (Wi) — ma(Wi) | H{D (Zea) [(n — D)oo 7+ K33 (Va)0d; b3 (Vi — Vo))
i Jj#i

+ sup [ (W) — ma(W)[[(Op(b52 ™) + 0p(n~1/?)) ‘IZ\MCZ
wWeGw

n(n — 1)bs) 12 > 6 K (Va) 03 HED (Zeo) b3 (Vag — Vai) [l (W) — ma (W)
i=1 j#i
+ Op(Lnby )0, (b52) + Op(Ln)oy(n~/?)

= B319334c(@) + Op(” 12,

B s1233ac(a) = [n(n = 1)ba] ™ 3" 6iCai K35 (Va)0d, HSD (Zea) b3 (Vi — Vao)|[ma (W) — inly (W)

i=1 j#i
n(n — 1)by]~ ZZ¢ Cas K35} (Va) 08, HSD (Zas) by ' (Vg — Vo)l (W) — ml (W5)]
i=1 ]751
+ [n(n — 1)bg]~ ZZ@CM S (Va)0d, BV (Ze) (03 (Vi — Vaa)[mly (Wi) — ma (W)
i=1 j#i

n(n —1)bg] ™" Z > 6iCai K (Va) 0 HY D (Zei) b3 (Vag — Vai) [l (Wi) = ma(W3)]

i=1 j#i
n(n —1)by]” ZZ@CM S (V)03 HSD Y (Zea) b3 (Vg — Vi) B (W) Qlyn ™' B, Vg
i=1 j#i
bl — 08 S GG KN Va)O%, HOM 2o b (Vi — Vi [ Bo (W) Q5 B, (MY — M)
i=1 j#i

n(n — 1)bs]” Zzazcm K3 (Va)od SV (Ze) 03 (Vi — Vad)|Bu(Wi) (Qnhs — Q) ' B,V
i=1 j#i

n(n — 1)by] IZZMMKSZ V)03, HSV (Zeo) b3 (Vo — Vi) B (Wi) (@b — Q)™ "Bl (MY

i=1 j#i
= Rldc(a) — R2dc(a) + Rgdc(a) — R4dc(a) + R5dc(a).

Rige(a) = [n(n —1)] Z S biaiby K5 (V)03 HD (Zei) by (Vi — Vo) [mly (We) — ma(W3)]
i=1 j#i
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-1 n
n(n —1)] 2%:\1# i,jra,c) ~ (Z) SN rdG,jiace) = U a,c).
7 JF

i=11i<j
where T'¢(i, j; a,c) = V(i, j;a,c) + ¥{(4,4;a,c).
E(W(i, 53 0,0)) = B(#iCuiby K55 (V)0 B (Zeo) 07 (Vi — Vi)l (W3) = ma(W5))
= B((0iCui, HSV (Zet) lmly (Wi) = ma(Wa) B b K§) (Va) b3 (Vi — Vi)
< s fmiy (W) —ma(W)] sup [HyP(Zo)|E(0:GuiD EO3) = O,").

s)

VdeGVd

BE(1(i,5:0,)[5:)")"* = B|E(éiCuibs "KL (Va) 03, HSV (Zeo) ™ (Vg — V)l
= E[62¢ Imly (W) = ma(W) " HSV(Z0)2 B (b3 K

251 (Va) b3 ' (Vg — Vas)]
< sup |mb (W) —ma(W)| sup [HSDU(Z.)|E[62¢2]"° = 0(1;%).
WeGw Va€Gv,

my (W;) = ma(W;)]

S’i)j 1/2
271/2
5:) |

E[E(W4,j;a,0)|S,)°]* = B [(@gme1K§;z(Vd)egjﬂg”d(zm)[bg (Vg — Vi)l [mi (W) — md(W)HSj)T/Q

< sup |mlp (W) = ma(W)] sup |H<”d (Zo)| sup  O4(X,V)
wWeGw Vi€

VeGxv
211/2
;) |

sjﬂ ok,

[E( [164Carl[Vas, 55105 \K552<vd>||b;1<vdrvdi>|

< 0 BB (b7 K5 (V)b (Vi — Vo)

B(W(i,jia,0)?)""* = B(63¢07 KL Vo 08, D (22107 (Vi — V) Pty (W) = ma(w)]?)

< sup |mlp (W) —mg(W)| sup |HDY(Z.)]

sup 04X, V)
WeGw Va€eGv,

XVeGxvy
1/2

x B934 B by K (Va)* by (Vi — Vai)?[S1] )
= 010, /) B(03¢2) "

=01 %b, %),
Consequently by Assumption Aff]

Ruge(a) =~ UP(a,¢) = E(W4(, jia,¢)) + Oy (n"V2E[E(VL(i, j; a,0)[5:)*]/*)
+ 0, (n V2 E[E(YY(i, j;a,¢)|S;)°]"?) + 0p (n E(WG, i a, )?)?)
= O(I7%) + 0 (021 %) + 0, (™10 (1; "0, V%))

n = Op(nil/z)'
Note that,
(I1tn = 1720505 K (Va) 6, G (Zeo) 03 (Vs = V)| Bal )
= B(|ltn = 1)7" Y Ba (W) HE (Zei) b K55 (V)05 07 (Vi = Va3
i#j
B(105,1205 (0 = 1)72 3 Bu(Wa) Ba(Wo) [giCa2H (Zes)b3 K55} (Va)2[b3™ (Vi = Vo))
i#£j
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+ B(105120n = )72 30" Ba(Wa) 6iei S (Zei)b K5 (Va2 b7 (Vi = Vi)
i#j 97
gFi
d _
X Bn(Wg)ngCcsz(l) (Zeg)bs 1K§;;(Vd)2[b2l(vdj *Vdg)])
< sup O5(X, V)’ sup  B[Q*QVa,W] sup HyY(Z.)?
X, VeGxv Vd;WEGVd,W VdEGVd

X {b21(n —1)~2 ZE(Bn(Wi)’Bn(WZ-)E[% VK (Va)? by (Vg — Vdi)]Q‘WiD

i#£j
S, WZ} }

X [Bo (W) [ B3 K5 (Vi) 105 (Vig = Vag)1[S—0, W)

+(n =123 S B([Ba (W) B by KL (Vi) b5 (Vi — Vi)
i) g#i
g#i

= O([(n = )2 ) B(Bu (W) B(Wi)) + E([Ba(Wi)'[[Bu(Wy)|) = O(Inl(n = 1)b2] ™) + 0(1) = O(1).
Consequently by Assumption 1, and Markov’s inequality,
[1(n = 1) 705,05 K5 (Va) &, G HL " (Zei) by (Vg = Va) Bl [ = O, (1).
Consider,

Rsgc(a) — Rage(a) + Rsac(a)

= (= D)3 KLV HS 2o (Vi — Vi B (W) Qi B, (MY — ML)
i=1 j#i

n(n—1)by]~ ZZMMKSZ Va)03, HSV N (Z2) (b3 (Vag — Vi) Bu(W3) (Qrib s — Q) 1Bl Vy
i=1 j#i

+ [n(n — 1)ba]~ ZZ¢ <CHK§;1 Va) eng(l (Zei)[b3 ' (Vay = Van)IBa (W) (@r 55 — Qpp)n™ ' By, (Mg — My)
i=1 j#i

-1Z{||n—1 0,0y K (Va) 6. LB (Ze) 03 (Vg — VBl 6] Q b lplln ™ B, (MY — M) [

i . e L
+ 11 = 1710565 K (Va) 6 HY (Ze) b3 (Ve = Va)IBull6l|Qups — Qillsplin™ B, Val s
11 = 1) 705,63 K (Va) GV (Zei) 03 (Vs = Va) Bull11Qrhis — Qleolin ™" B, (Ml — M) |1 |

712{ b(1%) + 0(1)0, (lﬁ) Op (M 1/2) +0M)0, (&,;) Op(1:)}

= op(n_l/Q).

Note that,

B,(W;))Qzpn 'BLV,
ln+2k 1 +2k

Y Z Z Qi (le = 1)(ln + 2K) + L [g = 1)(Ln + 2k) + J) BL(W, ZBJ o)V
e; g; ln+2k 1,42k
=>>. > Z Qb (le = 1l +2k) + L, [g — 1)(Ln + 2k) + J) BL(Wei)n™ By (Woi) Vs

e=1g=1 J=1 =
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+>.) > Qpplle =1l +2k) + L, [g = (I + 2k) + J) BL(Wei)n ™" By (W) Vi

a4 q la+2kl,+2k
+>.D Qpp (le = ln +2k) + L, [g = 1](In + 2k) + J) BL(Wei)n ™" Y By (Wye)Var
e=1g=1 J=1 L=1 t#1
t#j
adopt the following notation,
q ln+2k 9 g lnt+2kl,+2k
> D Qpleg L )= Qpp([e = 1(ln +2k) + L, [g = 1](In + 2Kk) + 7).
e,g L,J e=1g=1 J=1 L=1
Consequently,
q l,+2k
B, (W)Qppn 'B,Va=>_ > Qpple.g, L, J)BL(Wei)n™ ' B;(Wyi)Vai
eg9 L,J
q ln+2k
+3° Y Qpple,g. L, J)BL(Wei)n ™' By (Wy;) Vs
e,g L,J
q ln+2k
+> > Quple,g, L, N)BL(Wei)n™ Y By (W) Var-
e,g L,J t#i
t#j
As a result,

Raac(a) = [n(n — 1)bs] ZZ@M&L 0% H Y (Zey) by (Vi — Vi) B (Wi)' Qin ' BL Vg

i=1 j#i
q ln+2k
=Y. > Qppleg L)
e,g L,J

d _
x {In*(n — 1) ZZ¢ Caiby " K35 (Va)0d, HSD (Ze) b3 (Vi — Vai)) BL(Wei) By (Woi) Vi
i=1 j;él

+[n = Z > biCaiby K3 (V)03 HID (Zei) by (Vi — Vi) | BL(Wei) By (W) Vg
i=1 j#i

+[n*(n— 1) Z SN 6iCaiby K (Va)s, HS (Zes) b3 (Vag = V)| BL(Wes) By (W) Var }

i=1 jF#i t#i
t#j
q lo+2k
*ZZQBBGQ’LJ){ (n—1)] 122\11211‘7aceg,JL)
e,g L,J i=1 j#i
+ [n2(n —1)]” ZZ\IIZQz]aceg,JL)
i=1 j#i
+ [n?(n —1)] ZZZ\II%ZJ,taceg,JL)}
i=1 j#i t#i
t#]
q ln+2k -1 n
=3 S @bteot i (5) L th e
e,g L,J =1 i<y
-1 n
+n—1(’;) >N rd(ijia.coe,g, L)
i=1i<j
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-1 n
- (Z) 2.2 2 ng(i,j,t;a,c,e,g,LL)}
i=1i<j i<j<t
q lp+2k
=3 3 @bleg L N0 UR e 0,00, ) 0 UR asere,9,0, D) + U (000, 0, 1)
e,g L,J

where V4, (i,5;a,c,e,9,J,L) = V3 (i, j;a,c,e,9,J, L) + ¥4 (5, 4;a,¢,e,9,J, L), ¥4y(i,5;a,¢c,e,g,J,L)
U, (i, j;a,c,e,9,J, L) + V4 (4, i5a,¢c,e,9,J, L) and T'%(i,5,t;a,¢c,e,g,J, L) = V,(i,j, t;a,c,e,9,J, L)
V. (i,t,55a,¢,e,9,J, L) + V(4,0 t;a,c,e,9, J, L) + W (4, t,i5a,c,e, g, J, L) + W4 (¢, j;a,¢c,e,9,J, L)
qjg3(t7j’i;a7caevga J,L)

+ + |

E(V4,(i,j;a,c,e,9,J,L)) + E(\Ilgz(i,j; a,c.e,g,J,L))
= B((iCuiby K3 (V)05 HS (Zei) b3 (Vag = Vi) BL(Wei) By (Wyi) V)
+ B(01Caiby KGN (Va)od HSV (Ze) b (Vig = V)| BL(Wei) By (W) Vi)
i)
+ E(@cm»J_L?L(Wei)E[b2 VK (V)03 HSDN (Zeo) b (Vi — Vai) 1By (W) (Vg — Via + V)
= (6.6 HS" (Z2) BL (Wei) By (W) Vas
o+ B(6:Gas S (Ze) BL(Wei) By (Woy) E [ KS) (V)08 b3 (Vig = Vi) 2| W, ] )
+ E((bicaiHél)d(Zci)BL(Wei)BJ(ng)VdiE[bQ K (Vo [y (Vg — Vo)W, SD
= 0(1;") + Ob) B (|0iGai HS (Ze) | BLOW) | E[ 1B (W)l [Si] )
OB (16:€ui H " (Zet) | BL (W) Vi | B [ | B (Wy)| ] )

= 0(1") + O ) B (16 HY ™ (Zes) | BL(Wer)) + O ) (161G HY ™ (Zes) | BL(We) | Vi
=0, N +0(1;%by) + O(1,2) = O(1;1) + O(1,2).
By Lemma 3]

(d)sz oz u)BL(Wei)BJ(ng)VdiE[b K (Va)od; [y (Vi — Vao)]

5)

1/2 1/2

E[E(\Ilgl(imj;aacaemga JvL)|SZ)2] + E[E(\I’gQ(i?j;a7caeagv J7 L)|Sz)2]

= E<¢?CgiH2(1)d(Zci)2BL(Wei)zBJ(ng)2Vd2iE [b VRS (Va) s, b3 (Vi — Van)]

Sir)l/z

+ B3¢ (Zes 2 BL(Weai) *E b3 K3 (Va)o, 105 (Vig = Vas) | Ba(Wo3) (Vas = Vai + V)

Si} 2> 1/2

1/2
= B3¢ H (Za)* BL(Wer) 2By (Wi 2V2 )

+ E((bzngiHQ(l)d(Zci)QBL(Wei)2{E [BJ(ng)E( 271 (Vd)92] [b (Vd] de ‘Wza Si )

]

+ Vd,-E[BJ(ng)E(b 1K§;Z(Vd)9zj b5 (Vi — Vas)]

11"

Wi, 5¢>

1)

= 0(1) + B(03CE H (Ze) BL(Wei*{ O(2) E 1B (W)

|+ omIValB|1Bs (W)

1/2
= 0(1) + 00 /) B3¢ H{ ™ (Z:) BL(Wei) V)
=0(1) +0(;'%).

By Lemma [§

E[B(W4,(i,jia,¢,6,9,,1)18:) 1% + B[E(W (i, jsa,c,e,9,4, )] S:)°]
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Sj]2)1/2
Sj}2>1/2

— B(B[6iGuits KUVa)O4, Y (Z0) 67 (Vi — Vi BL(Wot) B (W) Vi

E(E[0:uiby K5 (V)03 HE (Zeo) 03 (Vig = V)| BL(We) By (Wo3)Vay

< sup B(X, V) Ze X, VYVHD (V)]
Z.,X,VeEGz . xv

Sj,Wi)’Sj:|2>1/2
SJ,W)|S]2 1/2}
= 0 B(B1Be W BsWo E(Val W)[5,] ) + 0B (BB (v W) E[Brwe] )

= OME(B[IBLWe)IBs (W)l S] 2) Y O(Z;I/Z)E(BJ(ng)z)lp
=0(1) +0(;1?).
By Lemma [§]

x A B(E[BLWa) By (Wyi)Vas B (b7 K5 (Va) 03,57 (Vi — Vi)

+ BBy (W) VEE | BL(Wai) B (b KS) (V) [ (Vag = Va)]

E[E(\I’gl(i7j;aac7e7ga JvL)|SZ)2] Y2 + E[E(\I/gQ(i?j;a7caeagv J7 L)|Sz)2] 1z

3 1/2
— B (03207 K ) (Va2 032 B (Zeo) 203 (Vg — Vo) 2BL(Wei 2By (Wi V)

B 1/2
- E(@?cm K (V21082 B (Ze) 203 (Vig = Vas) P BL(Wei 2By (W5 )2VE)

242 27,2 rp(1)d 2p 2 (D) 2pd -1 2 1/2
< swp O30 V)B(03CE BLWe) 2By (Wys VA (Z0) B b3 2 K5}) (Va) 203,107 (Vig — V)| Si] )
X, VeGxv
+ sup O3(X, V) sup [o(X,V)C(Ze X, V)HS (Vo))
X,VeGxv Z.,X,VeEGz,xVv

K

1/2
B BLWes 2By (W5 V3 B b K (Va) 05, 1b3 ™ (Vi — Vao) 2| Wi, 5] )

= 003" (62 B W By Wy VR HS 207) "+ 003 ) [B(Buwe?) B (By w2 [vi W] )]

1/2
= 0(b; ') + 0(0; ).

= 005" + 006, ) B (B (Wy;)?)
By Lemma [§] Consequently,
Ug)d(a, c,e g, J, L) + Uég)d(a, c,e,g,J,L)
= E(\Ilgl(i,j; a,c,e,g,J, L)) + E(\I!gQ(i,j; a,c,e,qg,J, L))
+0, (n_1/2E[E(\Ing (i,7;a,c,e,9,J, L)\Si)Q] 1/2) + 0, (n_l/zE[E(\I/gg(i,j; a,c,e, q,J, L)|Si)2] 1/2)
+ 0, (n_l/zE[E(\I/gl (i,4;a,¢c,e,g,J, L)\Sj)2] 1/2) + 0, (n_l/QE[E(\II%(i,j; a,c e qg,d, L)|Sj)2] 1/2)
+ 0y (nilE[\Ilgl(i,j; a,c,e,g,d, L)z] 1/2) + 0, (nilE[\I’gQ(i,j; a,c,e, g, J, L)Q] 1/2)
= 00 ") + 0, + Op(n™ V%) + 01 *0™V2) 4 0y (0710, 17%) + Op(n ™10, )
= Op(lil)-
By Lemma [3]

E(\Ilsl%QB (i7ja t; a,ce,qg, J> L)) = E(QbiCm 1K2(;Z(Vd)ong(l)d(Zcz)[bgl(vdj - Vdi)]BL(Wei)BJ(Wgt)th)
— B (6iCaiby K3 (Va)03; HED (Zei) 03 (Vay = Vi | BL(Wei) By (W) B (Vae| Wi, S-1) )
=0.

E[E(\I/g?)(i’j,t;a,’ ¢é69, Ja L>‘S'J 2)1/2
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291/2
B[ B(6:Coib KV 0y HE (Ze0) b5 (Vi — Vi) B (Wei) By (W) V| :) |

1/2
B (01Caibs K3 (Va) 03y HSD (Z2) b (Vi — Vi BL(Wo) By (Wi E (Vi Wi, S—0)[5:) |
0

E[E(Wy(i.j. t:a,c.0,9.7.)|5,]%)

2j1

/
= BB (6:Cubz KV, BV 20 (Vs = Va BL(We) By (W) Varl ;) |

= B[B(00Cuby KNV, HEV Z) 67 (Vi — Vi) B (Wet) By (W, ) E(VirlWe,5-0)1,) ]

2j1

=0.

B[E(Vy(i.j.t:a,c.e,9.0,1)[51]")

[E<¢iCaz 1K2;2(Vd)923 M Zei) by (Vi — Vdi)]BL(Wei)BJ(W‘?t)th|St)2}1/2
:E[BJ(Wgt)QVdZt (dhCaz U Z0)Br(We; )E[b 2JZ(Vd)QQJ[b 1(Vdj—Vdi)]|S—i:||St)2:|1/2
1/2
BB, (W, PVAE (6.6 (2) BL(We) |51 |

= O(1;*%) BBy (W 2E(VE| W) | v 012 E | By(Wy)?| 0@z,
By Lemma g
E[E(W(i, 4 t:a,c,e,9,J, L) S_i]%) "
= B[B(616uits KE) Vo, H (Zeo)lbs (Vi = Vi BuOWer) By Wy Vel ) ]
< swp O5(XV)  sup o [$(X,V)C(Ze, X, V) HED (V)]

X,VeGxv Ze, X,VEGz . xVv

S_i>2}1/2

% B[By(Wyn) (Vi W, S-0) B(|1BL(Wei) | by K5 (Vi) b3 (Vay — Vi)

Wi, S_Z}

- O(l)E{BJ(Wgt)zE(\BL(Wei) _iﬂ v O ) E[B,(W,)?]"? = 0(1;/2).

E[E(\I’Sg(i jtasc.e.g,0,L)]85]%) "

241/2
— B[ B(0iGuibs " K3 (V)0 H (Ze) b3 (Vag = Vi) BL(Wet) By (W) Var| S5 )|
2,2 pr(1)d 2 2 21,2 17-(1) d -1 /2
= B3 B (Zui P BLW.s 2By (Wt PV E (b3 K (Vo 107 (Vay = Vai)l|S— ) |

2j1

2 2 (Dd 2 2 2 2 1/2
—E (;5 HONZ )2 BL(Wei) 2By (Wyy) E(th}wt,s,t)]

1/2

= B[ 62 H (22 BLW.i) 2 B(By (Wyn)*[S-1) |

1/2
o E[(b?C'fiHél)d(Zci)QBL(Wei)ﬂ =0(I;1?).

By Lemma [§

E[E(\I/g3(i7j’t;a’c,e’g’ Ja L>‘Sft]2)1/2
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/
BB (61Cuits KV, B Zeo) o3 (Vig — V1B (W) By Wy Varl5 -0 ) |

/
E[E(@-gm 2 K (Va)0d, BV (Ze) by (Vi — Vi) | BL(Wei) By (W) E (Var|[We, S—1) | S )Tz
0

.. 1 2 _
E[\I/gf)(z?.]at;aac7eaga JvL) ] / (¢2Ca’t 2K2;Z( d)2[ogj]2H2(l)d(ZCi)2[b2 1(Vdj - Vdi)]ZBL(Wei)2BJ(Wgt)2Vth)

< swp (X, V)V
X, VeGxv

x B(02CHEV (2o BL(Wei) 2B b3 K5 (V) 21032105 (Vi = Vi) 2| S5 | B[ By (W) *E (Vi [ W, S-)

= 003" ) B (62 (20 B (W 2B By W[5 ])

)

1/2
= 005, ) B2 B 20 B (We)?) = 01/, 2)
By Lemma, As a result.
Uy (a,¢,e,9,J, L)
= B(U(i.4.tia,ce,9,J, L)) + Op(n~V2E[E(Wy (i, . tra,c.e,9, 0, )] S1]*) %)
+Op(n_1/2E[E(\I/2 (1,5, t;a,¢,e,9,J, L) ’S] 1/2) +Op(n_1/2E[E(\IJ2 (i,5,t;a,¢,e,9,J, L) ’St] 1/2)
+0,(n " E[E(W(i, 4, t;a,c,e,9,7,1)[S-.]*) ) + O, (0 E[E(Ws(i, j t; a,c e, 9, T, L)|S-5] ) ?)
+ Oy (W E[E(Vy (i, . tra, ¢ 0,9, 0, L)[S—e]) /) + 0, (0= 2E[Wiy(i. j. tra, ¢, e, 9, J, L)?] %)
= 0y (1**n™1%) 4 Op(n™11;%) + O (1120, M%)
— Op(l;3/2n_1/2).
In summary,

q ln+2k

Ragc(a Z Z Qpyle g, L, J){ 1Uz(f)d(a,c,e,g,J, L) +n_1U2(§)d(a, e e qg,d, L) +U2(g)d(a,c,e,g,J, L)}
e,g L,J

_ _ d
< 1q(ln+2k)QBqu(ln+2k) 12%)2(1 {n 1U2(f) (a,c,e,g9,J,L) +n~ 1U2(2) (a,c,e,g9,J,L) + U2(§’) (a,c,e,9, J,L)}

1<J,L<l, 42k

< Lo + 2%) Pawin (Q55)] ~ H{Op(n71151) + O, (™ V/21,%/%))
= Op(n™21;1%) = 0,(n™1/2).

by assumption Al Futhermore,

Bs1933dc(a) = Bi123340(a) + 0p(n”'/?)
= Rige(a) — Roge(a) + Raae(a) — Ruac(a) + Rsac(a) + 0p(n~/?)

= Op(n_1/2)7

and,

Bsiagac(a) = Bsi2siac(a) + Bai2szae(a) + Baiassae(a) = op(n~ /7).

Bsi244c(a) + B3i2sdc(c) + B3i2ede(a)
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(2n Z 3" Giaiby K (Va) linly (W) — ma(W3) — (il (W) — ma(W;))]*Cj(c)

i=1 j#i
+ [6n(n — 1)63]” ZZ(szmbg VRS (Va) il (W) — ma(Wy) — (il (W) — ma(W;))]*C4.(0)
=1 j#i
+ [24n n—1 b5 Z Z ¢1Caz 2]1 [ (Wl) - md(Wi) - (mldn (Wj) - md(Wj))]4ngi(C)
i=1 j#i
< [Qb2 Wsup ’m (W) — md(W)| n(n —1)] ZZ ’¢ Caibsy lng Vd)czﬂ( )’
€eGw i=1 j#i

+ [20;" sup |mfi(W) — md(W)’ n(n —1)] ZZ |$iCaibs 1K2ﬂ (Va)Csj:(c)]
WeGw i=1 ];é’L

+ [2b2_1 sup |mfjn(W) - md(W)HSbZ_1 n - 1 ! ZZ |¢z<az 2]1 Vd 2]2( )|

WeGw i=1 j#i
= 0, (Lt ') In(n 1>]1ang¢wil|b K (Va0
i=1 j#i
+Op([Lnb§1]3)[ (n—1)] z}gmilwzlfff?i (Va)||Ca;:(0)]
=i
+ 0, ([£4837) ) [n(n — 1) 1§;§I¢zuzllczﬂ
=

Note that the proof of the order of B3j244c(a) + Bs12s4c(¢) + B3126dc(a) is, mutatis mutandis, (exchanging
u; for (,;) practically identical to the proof of the order of Bi4o44(c) + Biazsa(c) + Biazea(c). Thus the
arguments will not be repeated here. As a result, one can conclude,

B3124d0(a‘) + BSl25dc(C) + BSI26dc(a) = OP(H_1/2),
Furthermore,
Bsi2de = Bsi21de + Ba122de + Ba123de + Ba124de + Bs12sde(¢) + Baiagae = op(n~?).

Note that the proof of the order of Bsj14 is, mutatis mutandis, (exchanging Z.; for Y; ) practically
identical to the proof of the order of B Bs3ja4.. Thus will not be repeated here. As a result, one can
conclude,B3i14 = op(n_l/z). Consequently,

p p
Bsi1q4 = B311a — Zﬁchglzdc < op(n )1+ Z |Brel] = op(n~1/2) [1+|81]|E] = op(n™"?).
c=1

Also, B3 = Ed 1 [Bs1da + Bs2q + Bssq + Bsaa n~1/2). Now note that,

] =
By= (2D —1)n"'[Z, — )] ¢ ( —fg| B — [y — ﬂy})
)] ¢, ( — bz B = [y — ﬂYD
+ 2D~ )0 2y~ H2)] (D, — 6,) (12— o)1 — [y — ]
+ (2D - )~ [H;(2) — H(2)]) 6, ([ — ie2] B — [y — iy])

+ (2D = )0 [H;(2) - B(2)] (b — 6,) ([ — 2] 81 = [y — iay])
= (2D + 1) [By1 + Baz + Byz + Bua].

=(@2D-1)n"'[Z,-H(Z
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Note that by Lemma

B Y6t
i=1

i=1 j#i

Consequently by Markov’s Inequality, [n=" Y"1 ¢i<ci| = 0,(n1/?).

B =072, B(2)] 6, ([ — iag) B — [y — o)

p
=n 1Z[Z H* 1(2 MZJ MZJ 517 [MY_ﬂY])
Jj=1

i=1

‘Zp: 7;]B1j — lwy — iy H Z@Cz
=1

= 0p(Lon)0p(n~ ) (1 + (181l E) = 0p(n _1/2)

By Theorem [2| and Markov’s Inequality,
Biz =07 [Zo = HL(2D)] (&, — 6,) ([102 — 2] 61— [y — iny])

=n! Z [Z: — H*(Z:)] (i — 1) (Z [z, — fiz;] By — [y — MY])

P
<Y [nz, — iz, ] By — [y — fiy]
1

= 0p(L5,)0,(1) (1 +1181llE) = 0p(n~"?).

By Theorem [ and [2} and Markov’s Inequality,

Bis ="' [H;(2) - H, (Z)]/%([u — iiz) By — [y — o))

n p
=n 12 [H*(Z ¢Z<Z ,UZ 51; [MY —ﬂY])
i=1 j=1
p n
_n * N frx ) —1 .
<[22 [ i)y = o uywws;g” (20~ H(Z)n ™ 3o

Op(Lon)Op(L) (1 + 181l ) = 0p(n~'?),
By Theorem [2] and Markov’s Inequality,
Bu =0~ [H;(2) - H,(2)] (6, — ¢,) ([ — iiz)B1 — [y — o))

p
—12 H* * (Z sz MZJ 61] [/'[/Y_/:)’Y]>
j=1

P
< |2 lnay ] - oy = vl| s [SXV) = o(X V)| swp [HY(Z
i=1 X,VeGxvy X, VeGx,v

= 0p(L3)0p(La) (1 + 1181l ) = 0p(n™"/%),
by Theorem [I] and Consequently,

B4 = (2D — 1) [B41 =+ B42 =+ B43 + B44] = Op(’l’Lil/Q).
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sup (X, V) = ¢(X,V)|[n ™" |Gl
=1

)7 722E gf)z(fl n(n — 1)] 1ZZE Ccz (ZSJCCJ) =0(n 71)'

— H*(Z;)|



In summary,

VnB = \/nBy + /By + /nBs + /nBy = v/nB; + 0,(1)

Hence, by the Cramer Wold Device,

V(B = B1) = ANnB 5 N(0, 555,55 ).
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