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1 Introduction

The treatment of endogeneity in semiparametric models has been the subject of intense interest in recent

years. In particular, since Newey et al. (1999) in which the control function approach to endogeneity

in nonparametric models is established, triangular systems of equations have garnered a great deal of

attention see, inter alia, Geng et al. (2016), Ozabaci et al. (2014), Su and Ullah (2008), and Martins-Filho

and Yao (2012). The value of the control function approach is clear, providing a method of dealing with

endogeneity that minimizes the risk of model misspecification and is easy to implement. I use a control

function to handle endogeneity in a partially linear model. Accordingly, this model consists of D+1

equations; a single partially linear primary equation (1) with a mixture of endogenous and exogenous

regressors, as well as D fully nonparametric secondary equations (2) having only exogenous regressors.

Thus, consider the following triangular system of equations where a set of exogenous regressors enters the

primary equation (1) parametrically while allowing endogenous regressors to enter nonparametrically.

Y = β0 + Z ′β1 + h(X) + ε, (1)

X = m(W ) + V, (2)

E(V |W ) = 0, E(ε|W,X) = E(ε|V ). (3)

Y is a scalar random variable, X is a D dimensional vector of endogenous random variables in that

E(ε|Z,X) = E(ε|X) 6= 0. W is a q dimensional random vector, and Z is a p < q dimensional subvector

of W . ε and V are random disturbances. [β0 β′1]′ ∈ Rp+1 and h(·) are unknown parameters of interest.

m(W ) : Rq → RD is a vector of D real valued functions md(W ) where d ∈ {1, 2, . . . , D}.

Specifying a partially linear form for the primary equation has the distinct advantage of allowing

one to impose a parametric form for some regressors, when justified, while allowing others to be the

arguments of a much broader class of functions. Additionally, Robinson (1988) showed that in models

consisting solely of equation (1) and where E(ε|Z,X) = 0, his estimator for [β0 β′1]′, the finite di-

mensional parameter of central interest, is consistent and
√
n asymptotically normal. Furthermore the

asymptotic covariance matrix of the estimator for [β0 β′1]′ is equal to the semi parametric efficiency

bound while only making mild smoothness assumptions regarding h(X). In terms of model structure

this paper and Geng et al. (2016) can rightly be viewed as extensions of the model considered in Robin-

son (1988) to triangular models as both utilize identification strategies to develop an
√
n asymptotically

normal estimator for the finite dimensional parameter [β0 β′1]′ separate, in the sense of not depending

on, the estimation of h(X). Although Ozabaci et al. (2014) is primarily concerned with the estimation of

a fully nonparametric triangular system, they do shortly discuss a partially linear specification without
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providing a separate estimator for [β0 β′1]′ in the sense described above. Unfortunately a semiparamet-

ric lower bound for a model consisting of (1), (2), and (3) has yet to be established, hence no claim to

semiparametric efficiency can be made, but the estimator developed in this paper does achieve a kind

of Oracle efficiency, discussed below, by imposing an additive structure on h(X) and each component of

m(X).

The benefits of imposing an additive structure on nonparametric component functions are two fold.

Firstly, Yu et al. (2011) show that there are efficiency gains to be had by imposing additivity on h(X).

In this context, Manzan and Zerom (2005) can be viewed as an extension of the Robinson (1988) model

by separately identifying and estimating [β0 β′1]′, while assuming h(X) to be the sum of univariate

nonparametric functions. In fact, like Robinson, Manzan and Zerom (2005) showed that their estimator

for [β0 β′1]′, is
√
n asymptotically normal and semiparametrically efficient in the case of homoskedastic

errors. This paper, and Ozabaci et al. (2014), impose additivity on h(X) in an effort to realize these

efficiency gains while Geng et al. (2016) do not. Secondly, as pointed out in Linton and Neilsen (1995),

and Buja et al. (1989), additivity allows one to avoid the “curse of dimensionality” while sacrificing little

in terms of model flexibility. This “curse” refers to the case where the sum of univariate nonparametric

estimators converges at a rate equal to the slowest univariate estimator, while the rate of convergence

of a multivariate estimator is inversely proportional to the dimension of its argument. In the sense of

avoiding the curse of dimensionality one can draw distinctions between this paper, Geng et al. (2016),

and Ozabaci et al. (2014). Given that this paper and Geng et al. (2016) both develop estimators for

[β0 β′1]′ separate from the estimation h(X), the potential rate of convergence of h(X) is irrelevant where

it is of primary interest to Ozabaci et al. (2014). However imposing additivity on m(X) is of consequence

to all three models as each relies on the estimation of the residual vector V̂ = X − m̂(W ) in the esti-

mation of the primary equation. This paper and Ozabaci et al. (2014), avoid the “curse” by specifying

m(X) to be additive while Geng et al. (2016) do not. The importance of these restrictions manifest

themselves in Theorem 3 where I show that the asymptotic covariance matrix of the estimator presented

in this paper is unambiguously smaller than that of Geng et al. (2016). In fact my estimator is Oracle

efficient in the sense that the covariance matrix derived in this paper is equal to the covariance matrix of

the semiparametrically efficient estimator of Manzan and Zerom (2005), indicating that asymptotically

there is no penalty to estimating V̂ as a preliminary step in the estimation of [β0 β′1]′. I refer to this

estimator as Oracle efficient in a sense conceptually similar to, inter alia, Yu et al. (2008), and Horowitz

and Mammen (2004). These papers describe the estimation of a collection of functions to be Oracle

efficient if the asymptotic covariance matrix of an estimator for each component is the same as if all

other components in the model are known functions. This paper details the estimation of a collection of

functions, that I call Oracle efficient since the asymptotic covariance of my estimator for β1 is the same
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as if the other components to be estimated m(W ) are known functions.

In terms of estimation, both this paper and Geng et al. (2016) are based on the identification and

estimation procedure given in Manzan and Zerom (2005) requiring at least two steps for estimation. In

the first step estimation of m(X), Geng et al. (2016) use a kernel based Nadaraya Watson estimator,

where I use an additive B spline series estimator. In subsequent steps both Geng et al. (2016) and

this paper use kernel based estimators. In this way Geng et al. (2016) is a fully kernel based estimator

where the estimator in this paper is a mixture of series and kernel methods. Lastly due to the fully

nonparametric additive form of their model, Ozabaci et al. (2014) use two stages of series estimation.

The results of the Monte Carlo simulation presented in section 4 show that the estimator in this paper

outperforms the estimator of Geng et al. (2016), in all cases. In addition the Monte Carlo results show

that even in finite samples that properties of the estimator in this paper are very similar to those of

the “Oracle” estimator of Manzan and Zerom (2005) suggesting that even in finite samples there is very

little penalty to estimating m(W ).

Beyond the papers mentioned above there are two other alternative estimators accounting for endo-

geneity in a semiparametric setting; Ai and Chen (2003), and Otsu (2011). What distinguishes Ai and

Chen (2003), and Otsu (2011) from Geng et al. (2016), Ozabaci et al. (2014), and this paper are the

moment conditions upon which they are based. The sieve minimum distance estimator of Ai and Chen

(2003) and the empirical likelihood estimator of Otsu (2011) both make the assumption that E(ε|W ) = 0

in contrast to E(ε|W,X) = E(ε|V ) of equation (3). As discussed in Newey et al. (1999) neither set of

moment conditions is stronger than the other since (3) does not imply E(ε|W ) = 0 without additional

assumptions. These estimation procedures are shown to be semiparametrically efficient but are numer-

ical procedures with no closed form solution and are extremely difficult to apply empirically where the

estimator developed in this paper is straightforward to apply.

The remainder of this paper is organized into 4 Sections; Section 2 details the relevant moment

conditions, identification, and estimation of my model. Section 3 gives all necessary assumptions, and

summarizes the asymptotic results for each step of the estimation procedure. Section 4 presents a Monte

Carlo study of this estimation procedure that demonstrates. Lastly section 5 is the appendix where

proofs of all Theorems and supporting Lemmas are given.
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2 Moment Conditions, Identification, and Estimation

2.1 Moment Conditions

E(ε|X) 6= 0 implies that ε is not orthogonal to the space of square integrable functions of X. The

approach taken to deal with this lack of orthogonality is a variation on the control function approach of

Newey et al. (1999). In particular, defining u = ε− f(V ), I assume,

E[ε|Z,X, V ] = E[ε|V ] = E[f(V ) + u|V ] = f(V ) + E[u|V ] = f(V ), and E[u|W,X, V ] = 0. (4)

Furthermore, I assume,

h(X) =

D∑
d=1

hd(Xd), f(V ) =

D∑
d=1

fd(Vd), and md(W ) =

q∑
a=1

mda(Wa). (5)

Consequently,

Y = β0 + Z ′β1 +

D∑
d=1

hd(Xd) +

D∑
d=1

fd(Vd) + u, (6)

Xd =

q∑
a=1

mda(Wa) + Vd, (7)

E(Vd|W ) = 0, E(ε|W,X, V ) = 0. (8)

The goal of this paper is to identify and estimate the parameters [β0 β
′
1]′ ∈ Rp+1 in such a way that neither

procedure requires any restriction on the functions h(X) and f(V ) beyond the standard identification

condition that E(hd(Xd)) = 0 and E(fd(Vd)) = 0 . The identification detailed in the following section is

a variation of the identification procedure developed in Manzan and Zerom (2005).

2.2 Identification

Let p(·) be the marginal/joint densities (provided they exist) of its random variable/vector argument

and define,

g(X,V ) =

D∏
j=1

p(Xj)

D∏
k=1

p(Vk), g(X−d, V ) =

D∏
j 6=d

p(Xj)

D∏
k=1

p(Vk), g(X,V−d) =

D∏
j=1

p(Xj)

D∏
k 6=d

p(Vk).

Furthermore as in Kim et al. (1999) and Geng et al. (2016) define an “instrument function” φ ≡

φ(X,V ) ≡ g(X,V )/p(X,V ) and related functions, θd1 ≡ θd1(X,V ) ≡ g(X−d, V )/p(X,V ) and θd2 ≡
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θd2(X,V ) ≡ g(X,V−d)/p(X,V ). Now, let A be any subvector of [ Y Z ′ ]′, let µA = E[φA], and define

Hd
1 (A) = E[φA|Xd], Hd

2 (A) = E[φA|Vd], (9)

H(A) =

D∑
d=1

[
Hd

1 (A) +Hd
2 (A)

]
, H∗(A) = H(A)− (2D − 1)µA. (10)

Furthermore, for all c ∈ {1, 2, . . . , p} define the following differences,

ζc ≡ Zc −H∗(Zc), ζ ≡ Z −H∗(Z), (11)

ρc ≡ Zc − E[Zc|X,V ], ρ ≡ Z − E[Z|X,V ], (12)

ηd1c ≡ E[Zc|X,V ]−Hd
1 (Zc), ηd2c ≡ E[Zc|X,V ]−Hd

2 (Zc), (13)

η ≡ E[Z|X,V ]−H∗(Z). (14)

The following lemma gives conditions for the identification of [β0 β′1]′ ∈ Rp+1.

Lemma 1. Parameters β0 and β1 are identified if either of the following sets of condition are satisfied.

i) E(hd(Xd)) = 0, E(fd(Vd)) = 0 for all d ∈ {1, 2, . . . , D} and either

a) E(ρρ′) > 0, or

b) E(ηη′) > 0.

ii) E(hd(Xd)) = 0, E(fd(Vd)) = 0 for all d ∈ {1, 2, . . . , D} and, E(φζζ ′) > 0

In addition to the conditions under which β0 and β1 are identified, I now state moment conditions implied

by identification, which are critical to the proof of
√
n convergence of the estimators for [β0, β

′
1]′.

E[φζc|Xd] = 0, E[φζc|Vd] = 0, (15)

E[φ(Y −H∗(Y ))|Xd] = 0, E[φ(Y −H∗(Y ))|Vd] = 0. (16)

2.3 Estimation

Motivated by the moment and identification conditions given in the previous sub-section, and the as-

sumption that {Yi, Xi,Wi}ni=1 is an i.i.d sequence (see Assumption A3), I now describe the estimation

procedure.

Step One: Obtain a B-Spline series estimate of m(Wi) with dth element

m̂d(Wi) = Bn(Wi)
′(B′nBn)−1B′nXdn. (17)
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where, Bn(Wi) =
[
Bln
n (W1i) Bln

n (W2i) · · · Bln
n (Wqi)

]′
is a (q(ln + 2k) × 1) vector of B-spline basis

functions, Bn = [Bn(W1) Bn(W2) · · · Bn(Wn)]′, and Xdn = [Xd1 Xd2 · · · Xdn]′. These

estimates will then be used to obtain residuals,

V̂di = Xdi − m̂d(Wi), and define V̂dn =
[
V̂d1 V̂d2 · · · V̂dn

]′
. (18)

Step Two: Obtain Rosenblatt kernel density estimates of p(Xi, Vi), p(Xdi), and p(Vdi) using observed

values Xi and estimated values V̂i. Let 1D be a (D×1) vector of ones, and define H = diag([h1 ·1′D, h2 ·

1′D]′),

p̂(Xdi) =
1

nh0

n∑
l=1

K0

(
h−1

0 [Xdl −Xdi]
)
, p̂(V̂di) =

1

nh0

n∑
l=1

K0

(
h−1

0 [V̂dl − V̂di]
)
, (19)

p̂(Xi, V̂i) =
1

nhD1 h
D
2

n∑
l=1

K3

(
H−1[(X ′l , V̂

′
l )′ − (X ′i, V̂

′
i )′]
)
, (20)

where K0(·) : R → R is a univariate Kernel with bandwidth h0. K3(·) : R2D → R is a multivariate

kernel with associated bandwidths h1 corresponding to the X arguments and h2 corresponding to the V̂

arguments. Next define,

ĝ(Xi, V̂i) =

D∏
d=1

p̂(Xdi)p̂(V̂di), ĝ(X−di, V̂i) =

D∏
j 6=d

p̂(Xji)

D∏
k=1

p̂(V̂ki), ĝ(Xi, V̂−di) =

D∏
j=1

p̂(Xj)

D∏
k 6=d

p̂(V̂k),

with which I obtain φ̂i ≡ ĝ(Xi, V̂i)/p̂(Xi, V̂i), θ̂
d
1i ≡ ĝ(X−di, V̂i)/p̂(Xi, V̂i), and θ̂d2i ≡ ĝ(Xi, V̂−di)/p̂(Xi, V̂i).

Step Three : Obtain Nadaraya Watson estimates of conditional expectation’sHd
1 (Zci), H

d
2 (Zci), H

d
1 (Yi),

and Hd
2 (Yi), i.e.

Ĥd
1 (Zci) = [(n− 1)b1]−1

n∑
l 6=i

K1[b−1
1 (Xdl −Xdi)]θ̂

d
1lZcl, (21)

Ĥd
2 (Zci) = [(n− 1)b2]−1

n∑
l 6=i

K2[b−1
2 (V̂dl − V̂di)]θ̂d2lZcl, (22)

Ĥd
1 (Yi) = [(n− 1)b1]−1

n∑
l 6=i

K1[b−1
1 (Xdl −Xdi)]θ̂

d
1lYl, (23)

Ĥd
2 (Yi) = [(n− 1)b2]−1

n∑
l 6=i

K2[b−1
2 (V̂dl − V̂di)]θ̂d2lYl, (24)

where K1(·),K2(·) : R→ R are univariate Kernels with bandwidths b1 and b2 respectively. Additionally,

6



µ(Zc), and µY are estimated with µ̂Zc = n−1
∑n
i=1 φ̂iZci and µ̂Y = n−1

∑n
i=1 φ̂iYi so that,

Ĥ(Zci) =

D∑
d=1

[Ĥd
1 (Zci) + Ĥd

2 (Zci)], Ĥ(Yi) =

D∑
d=1

[Ĥd
1 (Yi) + Ĥd

2 (Yi)], (25)

Ĥ∗(Zci) = Ĥ(Zci)− (2D − 1)µ̂Zc , Ĥ∗(Yi) = Ĥ(Yi)− (2D − 1)µ̂Y . (26)

Let Ĥ∗n(Y ) = [ Ĥ∗(Y1) Ĥ∗(Y2) · · · Ĥ∗(Yn) ]′, Ĥ∗n(Zc) = [ Ĥ∗(Zc1) Ĥ∗(Zc2) · · · Ĥ∗(Zcn) ]′

and Ĥ∗n(Z) = [ Ĥ∗n(Z1) Ĥ∗n(Z2) · · · Ĥ∗n(Zp) ] where Yn = [ Y1 Y2 · · · Yn ]′, and

Zn = [Z1 Z2 · · · Zn ]′ and let,

ζ̂ci = Zci − Ĥ∗(Zci), ζ̂i = Zi − Ĥ∗(Zi), ζ̂n = Zn − Ĥ∗n(Z). (27)

Step Four: Estimation of ( β0 β′1 )′ ∈ Rp+1.

I regress φ̂
1/2

n (Yn − Ĥ∗n(Y )) on φ̂
1/2

n ζ̂n = φ̂
1/2

n (Zn − Ĥ∗n(Z)) and estimate β1 as,

β̂1 = [ζ̂
′
nφ̂nζ̂n]−1ζ̂

′
nφ̂n(Yn − Ĥ∗n(Y )). (28)

where φ̂n ≡ φ̂n(X, V̂ ) = diag({φ̂(Xi, V̂i)}ni=1), Lastly β0 is estimated by,

β̂0 = µ̂Y − µ̂′Z β̂1. (29)

3 Asymptotic Results

In this section, I study the asymptotic properties of [β̂0 β̂
′
1]′. To do so, I first define vector and matrix

norms that I will use throughout this paper. For m,n ∈ N, let A be a matrix of order (m × n), r be a

random vector of order (m × 1) whose elements have finite second moments, and c be a non stochastic

vector of order (m × 1). Define ||A|| =
√
trace(AA′), the Frobenius matrix norm, define the matrix

spectral norm ||A||sp = max1≤i≤m λi(AA
′)1/2 where {λi(AA′)}mi=1 the collection of all eigenvalues of

AA′. Define the inner product ||r||22 = E(r′r), and lastly define ||c||E = (c′c)1/2 the typical Euclidean

norm in finite dimensional space Rm.

3.1 Assumptions

Assumption A1: The B-spline basis functions used in step one satisfy the following: (i) Let {ln}∞n=1

be a nondecreasing sequence of natural numbers such that l2n/n = o(1). Let GWa
⊂ R be the compact

support of Wa, and without loss of generality. let GWa
= [0, 1]. For some k ≥ 3 let {tj}ln+2k

j=1 be a knot
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set 2 for GWa
. Now define the following functions

bj,1(Wa) =


1 if Wa ∈ [tj , tj+1)

0 if Wa /∈ [tj , tj+1),

and ωj,k(Wa) =
Wa − tj

tj+k−1 − tj
.

Now, define the normalized B-spline basis of order k ∈ N functions recursively,

bj,k(Wa) = ωj,k(Wa)bj,k−1(Wa) + (1− ωj+1,k(Wa))bj+1,k−1(Wa) and Bj,k(Wa) =
bj,k(Wa)

||bj,k(Wa)||2

where {Bj,k(Wa)}ln+2k
j=1 is a sequence of uniformly bounded, positive, twice integrable, compactly sup-

ported B-spline basis functions with which I construct,

Bn(Wai)
′ =

[
B1,k(Wai) · · · Bln+2k,k(Wai)

]

(ii) DefineQBB = E [Bn(Wi)Bn(Wi)
′], QnBB = n−1

∑n
i=1 Bn(Wi)Bn(Wi)

′, QdBBV = E
[
Bn(Wi)Bn(Wi)

′V 2
di

]
,

and QdnBBV = n−1
∑n
i=1 Bn(Wi)Bn(Wi)

′V 2
di. Assume that for n sufficiently large, there exist constants

cBl, cBh, cBV ∈ R+ such that

0 < cBl ≤ λmin(QBB) ≤ λmax(QBB) ≤ cBh <∞ and 0 < λmax(QdBBV ) ≤ cBV <∞

Remarks : Under these assumptions, by Theorem (6) de Boor (2001), for every n, there exists a

parameter vector αdln ∈ Rln+2k and a function mln
d (Wai) = Bln(Wai)

′αlnd such that,

sup
Wa∈GWa

|md(Wa)−mln
d (Wa)| = O

(
l−kn
)

Additionally, it should be clear that for any finite k, Bjk(Wa) has shrinking compact support 3 as ln →∞.

In particular,

Bj,k(Wa)


> 0 if Wa ∈ [tj , tj+k)

= 0 if Wa /∈ [tj , tj+k).

Assumption A2: For all, j ∈ 0, 1, 2, 3 (i) Kj(γ) : R → R is 4 times continuously differentiable,

(ii) Kj(γ) is symmetric about zero (iii) Kj(γ) is a kernel of order νj where
∫
Kj(γ)γαdγ = 0 for all

α = 1, 2, . . . , νj−1 and
∫
|Kj(γ)||γ|νjdγ <∞ (iv)

∫
Kj(γ)dγ = 1, (v) |K(α)

j (γ)||γ|5+a → 0 as |γ| → ∞ for

2 See de Boor (2001) for details of knot set construction
3 See de Boor (2001)
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some a > 0, where K
(α)
j (γ) is the αth derivative of Kj . (vi)

∫
|K(1)

j (γ)||γ|νjdγ (vii) for 2 ≤ m ≤ νj − 1,∫
K

(1)
j (γ)2γ2mdγ. (viii) Let γ1 = [γ11 γ12 · · · γ1D]′ ∈ RD, γ2 = [γ21 γ22 · · · γ2D]′ ∈ RD and define,

K3([γ′1, γ
′
2]′) ≡

D∏
d=1

K3(γ1d)

D∏
d=1

K3(γ2d).

Assumption A3: (i.) {Yi, Xi,Wi}ni=1 is an i.i.d sequence of random vectors distributed as (Y,X,W )

with finite first and second moments. (ii.) Densities; p(W ), p(Xd), p(Vd), p(X,V ) and p(X,V,W ) exist

and are bounded away from zero and infinity on their convex and compact supports. (iii) The parameter

vector [ β0 β′1 ]′ is an element of a bounded (w.r.t. the Euclidean norm) subset of Rp+1.

Remarks: (ii) implies that φi, θ
d
2i, and θd2i are uniformly bounded away from zero and infinity.

Assumption A4: Let α, b ∈ N and define Fb as a class of real valued f : Rα → R functions s.t. if f ∈ Fb

then: f is everywhere b ∈ N times continuously partially (provided α > 1) differentiable. f and all of its

derivatives are uniformly bounded. (i.) Let, p(W ), p(Xd), p(Vd) ∈ Fν0 , and p(X,V ), p(X,V,W ) ∈ Fν3 .

(ii.) Hd
1 (Zc), H

d
2 (Zc), H

d
1 (Y ), Hd

2 (Y ), E[Zc|X,V ], E[Y |X,V ] ∈ Fν12 , where ν12 = max(ν1, ν2).

Remarks: (i) is necessary for a sufficiently fast uniform rate of convergence of the Rosenblatt kernel

density estimators generated in step 2. (ii) is necessary for various Taylor expansions of those functions

in the proofs of the Theorems and Lemmas.

Assumption A5: (i) E(hd(Xd)) = 0, E(fd(Vd)) = 0, and Σ1 ≡ E(φζζ ′) is a positive definite ma-

trix. (ii) E(ζ2
c ) < ∞, E(u2|Z,X, V ) = σ2

u < ∞. (iii) Functions; E(ρ2
c |Xd), E(ρ2

c |Vd), E([ηd1c]
2|Vd),

E([ηd2c]
2|Xd), E(φ2ζ2

c |Xd), E(φ2ζ2
c |Vd), and E(φ2ζ2

c |W ) are uniformly bounded on their compact sup-

ports.

Remarks: (i) Ensures identification of [βo β′1]′. (ii) Provides upper bounds for conditional moment

used throughout the proofs of Theorems 1-3 , along with providing for the uniform convergence of several

terms in accordance with the results of Lemma 6.

Assumption A6: Let a, b, c, e, f, C ∈ R+, ν0, ν1, ν2, ν3 ∈ N and k ≥ 3 as defined in assumption 1. If,

ln = Cna, b1 = Cn−e, b2 = Cn−b, h0 = Cn−f , h1 = Cn−c, h2 = Cn−c.

Then constants {a, b, c, e, f, ν0, ν1, ν2} satisfy the following (i) 1/4 > a > 1/2k, (ii) b < 1/4 − a, (iii)

c < min
(

1/4(D + 1), (2k − 1)/(4k(D + 1)), (3k − 3)/16k
)

(iv) e < 1/2, (v) f < 1/2, (vii) For some

9



arbitrarily small ε > 0

ν0 = inf {x ∈ N : x > 1/4f} ,

ν1 = inf {x ∈ N : x > 1/4e} ,

ν2 = inf {x ∈ N : x > 1/4b} ,

ν3 = inf

{
x ∈ N : x >

(
4

[
min

(
1

4(D + 1)
,

2k − 1

4k(D + 1)
,

3k − 3

16k

)
− ε
])−1

}
.

Remarks : Assumptions (i) - (vi), are sufficient conditions for the rates of convergence derived in Lemma

3. Note that the conditions on h0, b1, ν0, and ν1 are set to ensure that uniform rates of convergence

of kernel estimators used in steps two through four are at least op(n
−1/4). These constitute minimum

requirements thus, if possible, some constants may be changed to improve a upon a minimum rate of

op(n
−1/4).

3.2 Theorems

For any collection of random variables {Mj}Jj=1 let GM be the cartesian product of the support of each

real random variable. By Theorem 1 in Newey (1997), under the Assumption A1 of this paper,

sup
Wa∈GWa

|m̂da(Wa)−mda(Wa)| = Op

(
ln√
n

+ l1/2−kn

)
≡ Op (Ln) .

Consequently, since V̂di − Vdi = Xdi − m̂d(Wi)−Xdi +md(Wi) =
∑q
a=1

(
m̂d(Wai)−md(Wai)

)
I have,

sup
W∈GW

|V̂d − Vd| ≤
q∑
a=1

sup
Wa∈GWa

|m̂da(Wa)−mda(Wa)| = Op(Ln). (30)

For notational simplicity set,

M1n ≡
[

log(n)

nh0

]1/2

+ hν00 , M2n ≡
[

log(n)

nhD1 h
D
2

]1/2

+ hν31 + hν32 , Mn ≡M1n +M2n, (31)

N1n ≡
[

log(n)

nb1

]1/2

+ bν11 , N2n ≡
[

log(n)

nb2

]1/2

+ bν22 , L0n ≡ Ln +Mn, (32)

L1n ≡ Ln +Mn +N1n, L2n ≡ Ln +Mn +N2n + b−1
2

[√
ln
n

+ l−kn

]
, Ln ≡ L1n + L2n. (33)

The following Theorem shows that the uniform rate of convergence of p̂(V̂di) to p(Vdi), is equal to

minimum of uniform rates of convergence of either m̂d(Wai) to md(Wai), or p̂(Vdi) to p(Vdi). Likewise the

uniform rate of convergence of p̂(Xi, V̂i) to p(Xi, Vi) is equal to minimum of uniform rates of convergence

of either m̂d(Wai) to md(Wai), Op(Ln) or p̂(Xi, Vi) to p(Xi, Vi), Op(M2n). Thus clearly if both M1n

10



and M2n dominate Ln the rate of convergence derived in Theorem 1 is the same as if m(W ) is a known

function. Furthermore the same holds true for the uniform rate of convergence of density ratios φ̂i, θ̂
d
1i,

and θ̂d2i.

Theorem 1. Under Assumptions A1 - A5,

sup
Xdi∈GXd

|p̂(Xdi)− p(Xdi)| = Op(M1n), sup
Vdi∈GVd

|p̂(V̂di)− p(Vdi)| = Op(Ln +M1n),

sup
Xi,Vi∈GX,V

|p̂(Xi, V̂i)− p(Xi, Vi)| = Op(Ln +M2n), sup
Xi,Vi∈GX,V

|φ̂(Xi, V̂i)− φ(Xi, Vi)| = Op(L0n),

sup
Xi,Vi∈GX,V

|θ̂(X−di, V̂i)− θ(X−di, Vi)| = Op(L0n), sup
Xi,Vi∈GX,V

|θ̂(Xi, V̂−di)− θ(Xi, V−di)| = Op(L0n).

Theorem 2. Under assumptions A1 - A6, µ̂Y − µY = Op(L0n), µ̂(Zc)− µ(Zc) = Op(L0n) and

sup
Xdi∈GXd

|Ĥd
1 (Yi)−Hd

1 (Yi)| = Op(L1n), sup
Vdi∈GVd

|Ĥd
2 (Yi)−Hd

2 (Yi)| = Op(L2n),

sup
Xdi∈GXd

|Ĥd
1 (Zci)−Hd

1 (Zci)| = Op(L1n), sup
Vdi∈GVd

|Ĥd
2 (Zci)−Hd

2 (Zci)| = Op(L2n),

sup
Xi,Vi∈GX,V

|Ĥ∗(Yi)−H∗(Yi)| = Op(Ln), sup
Xi,Vi∈GX,V

|Ĥ∗(Zci)−H∗(Zci)| = Op(Ln).

Remarks : The uniform rate of convergence of these estimators are the sum of the uniform rates of

convergence of m̂d(Wai), θ̂(X−di, V̂i) or θ̂(Xi, V̂−di), and a typical NW estimator, in each case except for

those terms where the conditional expectation is taken with respect to (w.r.t) V . In this case there is an

additional term b−1
2

(
[ln/n]1/2 + l−kn ) which results from having to take a Taylor expansion of the kernel

K2(·) evaluated at Vdl − Vdi. This additional term does slow down the rate of convergence. However, all

that is required is L0n = o(n−1/4) which, as shown in Lemma 3, is accomplished under Assumption 6 .

In the following I present the main theorem of this paper,
√
n asymptotic normality of β̂1 − β1,

Theorem 3. Under assumptions A1 - A6,

√
n(β̂1 − β1)

d→ N(0,Σ−1
0 Σ1Σ−1

0 )

where matrices Σ0,Σ1 have typical elements Σ0(a, c) = E [(Zai −H∗(Zai)φ(Xi, Vi)(Zci −H∗(Zci)], and

Σ1(a, c) = E
[
(Zai −H∗(Zai)φ(Xi, Vi)

2(Zci −H∗(Zci)
]
σ2
u where a, c ∈ {1, 2, . . . , p}

Remarks: Note that β̂1 is
√
n asymptotically normal with a covariance matrix equal to an identical

estimation procedure where m(W ) is a known function. This clearly indicates that asymptotically there

is no penalty, in terms of variance, to estimating m(W ) rather than observing it. Furthermore the

asymptotic variance of β̂1 is the same as the asymptotic variance derived by Manzan and Zerom (2005)
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which, as they point out in the case of homoskedastic errors, meets the efficiency bound derived by

Chamberlain (1992) for their model, where m(X) is observed. However I can make no claim to efficiency

for my model since such an efficiency bound does not currently exist in the statistical literature.

4 Monte Carlo Study

In this section I investigate the finite sample performance of [β̂1, m̂(W )] and compare it to the finite

sample performance of both [β̂1,G, m̂G(W )], and [β̂1,M ,m(W )] the estimator presented in Geng et al.

(2016), and the estimator of Manzan and Zerom (2005) where m(W ) is taken to be a known vector of

functions, respectively. I illustrate the differences between these estimators in terms of two data gener-

ating processes DGP ∈ {1, 2}, three values for a parameter θe ∈ {0.3, 0.6, 0.9} indicating an increasing

strength of the endogenous relationship between X and ε, and two sample sizes n ∈ {200, 400}. Consider

the following DGPs whose leading non nonlinear terms are the same, at least in part, as the functions

used in Geng et al. (2016), Su and Ullah (2008), Martins-Filho and Yao (2012), and Ai and Chen (2003),

DGP = 1 : Yi = β0 + Z1iβ1 + log(
∣∣X1i − 1

∣∣+ 1)sgn(X1i − 1)−X2i +

[
X2i

3

]2

+ εi,

DGP = 2 : Yi = β0 + Z1iβ1 +
exp(X1i)

1 + 3 exp(X1i)
−
[
X2i

3

]2

+ εi,

where I set β0 = 1 and β1 = 10. Both DGPs have identical secondary equations,

X1i = 1/2Z2
1i − 1/2Z2

2i − 2Z3i + V1i, and X2i = 3/2Z1i + 1/2Z2
2i + 1/3Z3

3i + V2i,

where {Wi}ni=1 = {Z1i, Z2i, Z3i}ni=1 is an i.i.d sequence with distributionW ∼ N(0, I3) and {εi, V1i, V2i}ni=1

is an i.i.d sequence with distribution,


εi

V1i

V2i

 ∼ N
0,


1 θe θe

θe 1 θ2
e

θe θ2
e 1


 .

To implement estimators β̂1, β̂1,M and β̂1,G, I use 3rd order B splines for my estimator m̂(W ) with knot

sequences chosen according to assumption 1, 6th order gaussian kernels and rule of thumb bandwidths

for Nadaraya Watson estimator m̂G(W ), I use 2nd order gaussian kernels and rule of thumb bandwidths

for all required density estimators in step 2, and I use 6th order gaussian kernels and cross validated

bandwidths for all Nadaraya Watson type estimators in step 3. Data for this study was generated using

500 iterations for each of the 12 unique combinations of (DGP, θe, n). The results of this Monte Carlo

12



exercise are summarized in Table 1, which lists the bias (B), the standard deviation (S), the root mean

squared error (R), and the median squared error (D), for each estimator. Also listed are the mean squared

error (M1), and (M2) for the estimation of m1(W ) and m2(W ) respectively. Note, that the Table and

Figures summarize only those estimated values within the 2% - 98% sample quantile range. Also note

that M1 and M2 values for β̂1,M are left blank as in this case m1(W ) and m2(W ) are taken to be known

functions. In addition to the results summarized in Table 1, Rosenblatt kernel density estimates for the

absolute error of all three estimators are shown in Figure 1 for a sample size of n = 200, and in Figure

2 for a sample size of n = 400.

The additive model presented in the paper is a restriction on the model developed in Geng et al.

(2016) who assume no additivity. As a result one should expect that the estimator in this paper will have

better finite sample performance for two reasons. Firstly, since both primary equations in this study are

additive functions, the estimator in this paper should perform better than Geng et al. (2016) regardless

of the degree of endogeneity or sample size as it is has a sharper specification. Secondly, as discussed

in the introduction, using an additive B spline estimator for m(W ) in this setting avoids the “curse

of dimensionality” relative to estimators that do not exploit additivity. Consequently, the estimators

for m1(W ) and m2(W ) in this paper should outperform Geng et al. (2016) who use Nadaraya Watson

estimators. Table 1 demonstrates that this is true, as in all cases the mean squared error for m̂(W ) is

smaller than m̂G(W ).

The structure of this Monte Carlo exercise is designed to demonstrate changes in the finite sample

properties of each estimator due to variations in data generating process, sample size, and degree of

endogeneity. As for variations in sample size, in Table 1 it is clear that increasing the sample size has the

expected effect since, in all cases, the bias, standard deviation, and mean squared error of each estimator

decline, supporting the consistency results derived for each. As the level of endogeneity increases one

should expect that the two disadvantages inherent in Geng et al. (2016) discussed above should be com-

pounded since comparatively poorer estimates m̂G(W ), due to a more general specification for m(W ),

are used in a second stage estimator β̂1,G which is derived using another more general specification. In

Table 1 and both Figures, one can see that this is the case as the negative effect that increasing levels of

endogeneity have on all estimates is disproportionately large on β̂1,G.
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Figure 1: Estimated Densities for Absolute Error of estimators of β1, n = 200
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Figure 2: Estimated Densities for Absolute Error of estimators of β1, n = 400
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Recall that the sole difference between estimators β̂1 and β̂1,M is whether m(W ) is a known or

estimated. In Theorem 3, I have shown that the asymptotic variance of β̂1 is identical to β̂1,M , a

property which I call Oracle efficiency in the somewhat atypical sense that I describe in the introduction.

The purpose of comparing β̂1 and β̂1,M here is to determine to what extent this Oracle property is evident

in finite samples. The findings presented in Table 1, and both Figures reinforce the Oracle efficiency

result derived in Theorem 3 as one can clearly see that the density of the absolute error of β̂1, and β̂1,M

are practically coincident in 9 of the 12 panels and the tabulated results are likewise very similar. This

is in some ways surprising as one would not expect the asymptotic Oracle efficiency of β̂1 to so clearly

manifest itself in finite samples. These results show that not only is there asymptotically no penalty to

estimating m(W ) but there is also very little penalty in estimating m(W ) in finite samples.

5 Summary and Conclusion

In this paper I have provided an asymptotic characterization of a estimator for the finite dimensional

parameter of the partially linear primary equation in a triangular system of equations constructed to

handle nonparametrically defined endogenous regressors using the control function approach. Theorem

3 shows that this estimator is consistent,
√
n asymptotically normal, and Oracle efficient. Additionally,

both Theorem 3 and the Monte Carlo exercise presented in the previous section show that in an additive

context, the estimator presented in this paper practically identical to the Oracle estimator of Manzan and

Zerom (2005) and is superior to the estimator developed in Geng et al. (2016). One extension requiring

further study is the asymptotic characterization of a nonparametric estimation procedure for h(X).
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6 Appendix

Adopt the following notation Sd1(Yi) ≡ Hd
1 (Yi)− Ĥd

1 (Yi), S
d
2(Yi) ≡ Hd

2 (Yi)− Ĥd
2 (Yi), S

d
1(Zi) ≡ Hd

1 (Zi)−
Ĥd

1 (Zi), S
d
2(Yi) ≡ Hd

2 (Zi)− Ĥd
2 (Zi), K1ji(Xd) ≡ K1[b−1

1 (Xdj −Xdi)], and K2ji(Vd) ≡ K2[b−1
1 (Vdj − Vdi)]

furthermore define,

Cd2ji = (θ̂d2j − θd2j)Zcj + θd2j(Zcj − E[Zcj |Xj , Vj ]) + θd2j(E[Zcj |Xj , Vj ]−Hd
2 (Zcj)) + θd2j(H

d
2 (Zcj)−Hd

2 (Zci)),

Cd1ji = (θ̂d1j − θd1j)Zcj + θd1j(Zcj − E[Zcj |Xj , Vj ]) + θd1j(E[Zcj |Xj , Vj ]−Hd
1 (Zcj)) + θd1j(H

d
1 (Zcj)−Hd

1 (Zci)),

C∗d2ji = (θ̂d2j − θd2j)Zcj + θd2j(Zcj − E[Zcj |Xj , Vj ]) + θd2j(E[Zcj |Xj , Vj ]−Hd
2 (Zcj)) + θd2jH

d
2 (Zcj),

C∗d1ji = (θ̂d1j − θd1j)Zcj + θd1j(Zcj − E[Zcj |Xj , Vj ]) + θd1j(E[Zcj |Xj , Vj ]−Hd
1 (Zcj)) + θd1jH

d
1 (Zcj).

Furthermore,

K
(m)
2ji (Vd) ≡ K(m)

2 [b−1
2 (Vdj − Vdi)] =

dm

dmγ
K2(γ)

∣∣∣
γ=b−1

2 (Vdj−Vdi)
,

K
(4)
2ji(Ṽd) ≡

dm

dmγ
K2(γ)

∣∣∣
γ=λb−1

2 (V̂dj−V̂di))+(1−λ)b−1
2 (Vdj−Vdi))

,

DdK3ji ≡ DdK3[H−1{(X ′j , V ′j )′ − (X ′i, V
′
i )′}] =

∂

∂γ2d
K3[(γ′1, γ

′
2)′]
∣∣∣
(γ′1,γ

′
2)′=H−1{(X′j ,V ′j )′−(X′i,V

′
i )′}

,

DkdK3ji ≡ DkdK3[H−1{(X ′j , V ′j )′ − (X ′i, V
′
i )′}] =

∂2

∂γ2d∂γ2k
K3[(γ′1, γ

′
2)′]
∣∣∣
(γ′1,γ

′
2)′=H−1{(X′j ,V ′j )′−(X′i,V

′
i )′}

,

DmkdK3ji ≡ DmkdK3[H−1{(X ′j , V ′j )′ − (X ′i, V
′
i )′}] =

∂3

∂γ2d∂γ2k∂γ2m
K3[(γ′1, γ

′
2)′]
∣∣∣
(γ′1,γ

′
2)′=H−1{(X′j ,V ′j )′−(X′i,V

′
i )′}}

,

DqmkdK3ji ≡ DmkdK3[H−1{(X ′j , V ′j )′ − (X ′i, V
′
i )′}] =

∂4

∂γ2d∂γ2k∂γ2m∂γ2q
K3[(γ′1, γ

′
2)′]
∣∣∣
(γ′1,γ

′
2)′=H−1{(X′j ,V ′j )′−(X′i,V

′
i )′}

.

Furthermore,

Sd1n(Y ) =
[
Sd1(Y1) Sd1(Y2) · · · Sd1(Yn)

]′
, Sd2n(Y ) =

[
Sd2(Y1) Sd2(Y2) · · · Sd2(Yn)

]′
,

Sd1n(Z) =
[
Sd1(Z1) Sd1(Z2) · · · Sd1(Zn)

]′
, Sd2n(Z) =

[
Sd2(Z1) Sd2(Z2) · · · Sd2(Zn)

]′
,

K1i(Xd) =
[
K11i(Xd) K12i(Xd) · · · K1ni(Xd)

]′
, K

(m)
2i (Vd) =

[
K

(m)
21i (Vd) K

(m)
22i (Vd) · · · K(m)

2ni (Vd)
]′
,

DdK3i =
[
DdK31i DdK32i · · · DdK3ni

]′
, Md = [md(W1) md(W2) · · · md(Wn)]′,

Mln
d = [mln

d (W1) mln
d (W2) · · · mln

d (Wn)]′, M̂ln
d = [m̂ln

d (W1) m̂ln
d (W2) · · · m̂ln

d (Wn)]′,

and I(−j) is an identity matrix of appropriate dimension with the jth diagonal entry set to zero. Also,

ζ̇c = diag({ζci}ni=1), Θ̇
d

1n = diag
(
{θd1i}ni=1

)
, Θ̇

d

2n = diag
(
{θd2i}ni=1

)
,

ṗ(Xd)
−1 = diag

(
{p(Xdi)

−1}ni=1

)
, ṗ(Vd)

−1 = diag
(
{p(Vdi)−1}ni=1

)
, u̇n = diag

(
{ui}ni=1

)
,

η̇d2c = diag({ηd2cj}nj=1) η̇d1c = diag({ηd1cj}nj=1) ρ̇c = diag({ρci}ni=1)

Ḣd
2(Zc) = diag({Hd

2 (Zci)}ni=1) V̇ d = diag({Vdi}ni=1) V̇dj = VdjIln

Also conditioning on Si indicates conditioning on everything indexed by i and conditioning on S−i indi-
cates conditioning on everything not indexed by i.

Proof of Lemma 1

Part i) By Assumption A5

E

[
φ

(
D∑
j=1

hj(Xj) +

D∑
j=1

fj(Vj)

)∣∣∣∣∣∣Xd

]
=

D∑
d=1

E(φhd(Xd)|Xd) +

D∑
j=1

E(φfd(Vd)|Xd)
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= hd(Xd)

∫
g(X,V )

p(X,V )

p(X,V )

p(Xd)
d(X−d, V ) +

∫  D∑
j 6=d

hj(Xj) +

D∑
j=1

fj(Vj)

 g(X,V )

p(X,V )

p(X,V )

p(Xd)
d(X−d, V )

= hd(Xd)

∫
g(X−d, V )d(X−d, V ) +

D∑
j 6=d

∫
hj(Xj)g(X−d, V )d(X−d, V ) +

D∑
j=1

∫
fj(Vj)g(X−d, V )d(X−d, V )

= hd(Xd) +

D∑
j 6=d

E[hj(Xj)] +

D∑
j=1

E[fj(Vj)] = hd(Xd).

In a similar manner, E
[
φ
(∑D

j=1 hj(Xj) +
∑D
j=1 fj(Vj)

)∣∣∣Vd] = fd(Vd). Additionally note that,

E[φ(Y − Z ′β1)] = µY − µ′Zβ1

= β0E[φ] +

D∑
d=1

E[φ hd(Xj)] +

D∑
d=1

E[φfd(Vj)] + E[φε]

= β0

∫
g(X,V )

p(X,V )
p(X,V )dXdV +

D∑
d=1

∫
hd(Xd)

g(X,V )

p(X,V )
p(X,V )dXdV

+

D∑
d=1

∫
fd(Vd)

g(X,V )

p(X,V )
p(X,V )dXdV + E[φE(ε|Z,X, V )]

= β0 +

D∑
d=1

E[hd(Xd)] +

D∑
d=1

E[fd(Vd)]

= β0.

As a result, provided µY and µZ exist, β0 is identified whenever β1 is. Next consider,

Hd
1 (Y ) = β0E[φ|Xd] + E[φZ|Xd]

′β1 + E

φ
 D∑
j=1

hj(Xj) +

D∑
j=1

fj(Vj)

∣∣∣∣∣∣Xd

+ E[φE(ε|Z,X, V )|Xd]

= β0 +Hd
1 (Z)′β1 + hd(Xd).

and,

Hd
2 (Y ) = β0E[φ|Vd] + E[φZ|Vd]′β1 + E

φ
 D∑
j=1

hj(Xj) +

D∑
j=1

fj(Vj)

∣∣∣∣∣∣Vd
+ E[φE(ε|Z,X, V )|Vd]

= β0 +Hd
2 (Z)′β1 + fd(Vd).

Combining these statements gives,

H(Y ) =

D∑
d=1

[
Hd

1 (Y ) +Hd
2 (Y )

]
,

= 2Dβ0 +

D∑
d=1

[
Hd

1 (Z)′β1 +Hd
2 (Z)′

]
β1 +

D∑
d=1

[hd(Xd) + fd(Vd)]

= 2Dβ0 +H(Z)′β1 + h(X) + f(V ).

Next, recalling that β0 = µY − µ′Zβ1,

H∗(Y ) = H(Y )− (2D − 1)µY

= 2Dβ0 +H(Z) + h(X) + f(V )− (2D − 1)µY
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= β0 + (2D − 1)µY − (2D − 1)µ′Zβ1 +H(Z)′β1 + h(X) + f(V )− (2D − 1)µY

= β0 +H∗(Z)′β1 + h(X) + f(V ).

Now, subtracting the above from equation (6) gives,

Y −H∗(Y ) = (Z −H∗(Z))′β1 + ε.

Lastly, premultiplying both sides by Z −H∗(Z), and taking an expectation gives,

E
[
(Z −H∗(Z))(Y −H∗(Y ))

]
= E

[
(Z −H∗(Z))(Z −H∗(Z))′

]
β1 + E

[
(Z −H∗(Z))E[ε|Z,X, V ]

]
= E

[
(Z −H∗(Z))(Z −H∗(Z))′

]
β1.

Hence, if E
[
(Z − H∗(Z))(Z − H∗(Z))′

]
is positive definite, then β1 is identified. Now by A3(i) Z ∈

L2(Ω,A, P ) so that by that projection theorem Z − E[Z|X,V ] is orthogonal to the space of square
integrable functions of X,V . In particular E[Z|X,V ]−H∗(Z), as a result,

E
[
(Z −H∗(Z))(Z −H∗(Z))′

]
= E [(Z − E[Z|X,V ] + E[Z|X,V ]−H∗(Z))(Z − E[Z|X,V ] + E[Z|X,V ]−H∗(Z))′]

= E [(Z − E[Z|X,V ])(Z − E[Z|X,V ])′] + E [(E[Z|X,V ]−H∗(Z))(E[Z|X,V ]−H∗(Z))′]

= E [ρρ′] + E [ηη′] .

Consequently β1 is identified if either, E [ρρ′] or E [ηη′] is positive definite. Part ii)Recall that,

Y −H∗(Y ) = (Z −H∗(Z))′β1 + ε

and note that for any measurable function L(X,V ) : RD×RD → R, E (L(X,V )ε) = E (L(X,V )E[ε|Z,X, V ]) =
0. As a result, if we let L(X,V ) =

√
φ(X,V ),

√
φ(X,V )(Y − H∗(Y )) =

√
φ(X,V )(Z − H∗(Z))′β1 +√

φ(X,V )ε. Then, premultiplying by (Z −H∗(Z))
√
φ(X,V ) and taking expectations,

E
[
(Z −H∗(Z))φ(X,V )(Y −H∗(Y ))

]
= E

[
(Z −H∗(Z))φ(X,V )(Z −H∗(Z))′

]
β1 + E

[
(Z −H∗(Z))φ(X,V )E[ε|Z,X, V ]

]
= E

[
(Z −H∗(Z))φ(X,V )(Z −H∗(Z))′

]
β1

= E[ζφζ ′]β1.

Consequently if E[ζφζ ′] is positive definite then β1 is identified.

Lemma 2. E[φ(Zc − H∗(Zc))|Xd] = 0, E[φ(Zc − H∗(Zc))|Vd] = 0, E[φ(Y − H∗(Y ))|Xd] = 0, and
E[φ(Y −H∗(Y ))|Vd] = 0.

Proof. Let A be any of the real valued random variables in [ Y Z1 Z2 . . . Zp]
′, and recall from Lemma

1 that E[φ|Xd] = 1 and E[φ|Vd] = 1.

E[φ(A−H∗(A))|Xd]

= E[φA|Xd]− E

φ
 D∑
j=1

Hj
1(A) +

D∑
j=1

Hj
2(A)

∣∣∣∣∣∣Xd

+ (2D − 1)E[φA]E[φ|Xd]

= Hd
1 (A)−Hd

1 (A)E[φ|Xd]−
D∑
j 6=d

∫
g(X−d, V )

p(X,V )
E[φA|Xj ]p(X,V )dXdV
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−
D∑
j=1

∫
g(X−d, V )

p(X,V )
E[φA|Vj ]p(X,V )dXdV + (2D − 1)E[φA]E[φ|Xd]

= Hd
1 (A)−Hd

1 (A)−
D∑
j 6=d

∫
E[φA|Xj ]p(Xj)dXj −

D∑
j=1

∫
E[φA|Vj ]p(Vj)dVj + (2D − 1)E[φA]

= (2D − 1)E[φA]−
D∑
j 6=d

E[φA]−
D∑
j=1

E[φA] = 0.

Similarly, E[φ(A−H∗(A))|Vd] = 0.

Lemma 3. Under Assumption A2

i) l−kn = o(n−1/2),

ii) ln/[
√
nb2] = o(n−1/4),

iii) ln/[n(hD1 h
D+2
2 )1/2] = o(n−1/2),

iv) l−kn /b2 = o(n−1/4),

v) ln/[nb
3/2
2 ] = o(n−1/2),

vi) Ln/b2 = o(n−1/4),

vii) L4
n/b

5
2 = o(n−1/2),

viii) log(n)1/2Ln/b
3/2
2 = o(1),

ix) Ln/b
2
2 = o(1),

x) log(n)/[(n− 1)b32] = o(n−1/4),

xi) Ln/h2 = o(n−1/4),

xii) L4
n/h

8
2 = o(n−1/2),

xiii) hν00 = o(n−1/4),

xiv) log(n)/[nho] = o(n−1/2),

xv) M1n = o(n−1/4),

xvi) hν31 + hν32 = o(n−1/4),

xvii) log(n)/[nhD1 h
D+2
2 ] = o(n−1/2),

xviii) M2n = o(n−1/4),

xix) ln/[nh
D
1 h

D+2
2 ] = o(1),

xx) bν11 = o(n−1/4),

xxi) log(n)/[nb1] = o(n−1/2),

xxii) N1n = o(n−/4),

xxiii) bν22 = o(n−1/4),

xxiv) log(n)/[nb2] = o(n−1/2),

xxv) N2n = o(n−1/4) ,

xxvi) Mn,L0n = o(n−1/4),

xxvii) L1n,L2n,Ln = o(n−1/4).

Proof. Note, in the following let ε > 0 be an arbitrarily small real number, and for a sequence of positive
real numbers {an}∞n=1 and constants z, C ∈ R+, an ∼ nz means that 0 < an/n

z ≤ C <∞ for all n ∈ N.

Part i) : By A6: a > 1/2k, let a = 1/2k + ε,

l−kn n1/2 ∼ n−akn1/2 = n−k(1/2k+ε)+1/2 = n−kε = o(1).

Part ii) : By A6: b < 1/4− a, let b = 1/4− a− ε,

ln(n1/2b2)−1n1/4 ∼ nan−1/2n1/4−a−εn1/4 = n−ε = o(1).

Part iii) : By A6: c < 1/4(D + 1) let c = 1/4(D + 1)− ε,(
ln/[n(hD1 h

D+2
2 )1/2]

)
n1/2 =

(
ln/
√
n
)(

[nhD1 h
D+2
2 ]−1/2

)
n1/2

∼ o(1)n−1/4n−1/2+(D+1)(1/4(D+1)−ε)n1/2

= o(1)n−3/4+1/4+1/2−(D+1)ε = o(1)n−(D+1)ε = o(1).

Part iv) : By A6: a > 1/2k, b < 1/4− a, let b = 1/4− a− ε and a = 1/2k + ε,

l−kn b−1
2 n1/4 ∼ n−akn1/4−a−εn1/4 = n−k(1/2k+ε)n1/2−a−ε = n−a−(1+k)ε = o(1).
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Part v) : By A6: a > 1/2k, b < 1/4− a, let b = 1/4− a− ε and a = 1/2k + ε,

ln(nb
3/2
2 )−1n1/2 = (ln/n

1/2)(n1/2b
3/2
2 )−1n1/2 = o(n−1/4)b

3/2
2 ∼ o(1)n−1/4n1/4−a−ε

= o(1)n−a−ε = o(1).

Note, the second equality is due to (ii).

Part vi) : By A6: a > 1/2k, b < 1/4− a, let b = 1/4− a− ε and a = 1/2k + ε,

Lnb
−1
2 n1/4 = lnn

−1/2b−1
2 n1/4 + l1/2−kn b−1

2 n1/4

∼ nan−1/4nb + l−kn na/2nbn1/4

= na−1/4+1/4−a−ε + o(n−1/2)na/2+1/4−a−ε+1/4

= n−ε + o(1)n−1/2n1/2−a/2−ε

= n−ε + o(1)n−a/2−ε = o(1).

Note, the third equality is due to (i).

Part vii) : By A6: a > 1/2k, b < 1/4− a, let a = 1/2k + ε and b = 1/4− 1/2k − ε,

L4
nb
−5
2 n1/2 = (Ln/b2)4b−1

2 n1/2 ∼ o(n−1)nbn1/2 = o(1)n−1/2n1/4−1/2k−ε = n−(1/4+1/2k+ε) = o(1).

Part viii) : By A6: a > 1/2k, b < 1/4− a, let a = 1/2k + ε and b = 1/4− 1/2k − ε,

log(n)1/2Lnb
−3/2
2 = log(n)1/2

(
Lnb

−1
2

)
b
−1/2
2 ∼ o(n−1/4) log(n)1/2nb/2

= o(1) log(n)1/2n−1/4+1/8−1/4k−ε/2

= o(1) log(n)1/2n−1/8−1/4k−ε = o(1),

by L’Hôpital’s Rule.

Part ix) : By A6: a > 1/2k, b < 1/4− a, let a = 1/2k + ε and b = 1/4− 1/2k − ε,

Lnb
−2
2 = (Lnb

−1
2 )b−1

2 = o(n−1/4)nb = o(1)n−1/4n1/4−1/2k−ε = o(1)n−1/2k−ε = o(1).

Note, the second equality is due to (vi).

Part x) : By A6: a > 1/2k, b < 1/4− a, let a = 1/2k + ε and b = 1/4− 1/2k − ε,

log(n)[(n− 1)b32]−1n1/4 ∼ log(n)n−3/4n3b = log(n)n−3/4+3/4−3/4k−3ε = log(n)n−3/2k−3ε = o(1),

by L’Hôpital’s Rule and since for n ≥ 2, 1/2 ≤ (n− 1)/n ≤ 1.

Part xi) : By A6: a > 1/2k, b < 1/4 − a, and c < (2k − 1)/4k(D + 1), let a = 1/2k + ε, b =
1/4− 1/2k − ε = (2k − 1)/8k − ε and c = (2k − 1)/4k(D + 1)− ε ≤ (2k − 1)/8k − ε,(

Ln/h2)n1/4 = (Lnb
−1
2 )b2h

−1
2 n1/4 ∼ o(n−1/4)n−bncn1/4 ≤ o(1)n−(2k−1)/8k+ε+(2k−1)/8k−ε = o(1).

Part xii) : By A6: c < 1/4(D + 1) let c = 1/4(D + 1)− ε(
L4
n/h

8
2

)
n1/2 =

(
Ln/h2)4h−4

2 n1/2 ∼ o(n−1)n4cn1/2 = o(1)n−1/2+4/4(D+1)−ε < o(1)n−ε = o(1).

Part xiii) : By A6: νo > 1/4f let ν0 = 1/4f + ε,

hν00 n
1/4 ∼ n−f(1/4f+ε)n1/4 = n−1/4−εf+1/4 = n−εf = o(1).

Part xiv) : By A6: f < 1/2 let f = 1/2− ε,

log(n)n−1h−1
o n1/2 ∼ log(n)n−1/2nf = log(n)n−1/2n1/2−ε = log(n)n−ε = o(1).
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By L’Hôpital’s Rule.

Part xv) : By xii) and xiii), M1n =
[

log(n)
nh0

]1/2
+ hν00 = o(n−1/4) + o(n−1/4).

Part xvi) : By A6: ν3 > 1/4c let ν3 = 1/4c+ ε,

hν31 n
1/4 + hν32 n

1/4 ∼ n−cν3n1/4 = n−c(1/4c+ε)+1/4 = n−cε = o(1).

Part xvii) : By A6: c < 1/4(D + 1) let c = 1/4(D + 1)− ε,

log(n)n−1h−D1 h
−(D+2)
2 n1/2 ∼ log(n)n−1/2n2(D+1)c = log(n)n−1/2+2(D+1)(1/4(D+1)−ε)

= n−1/2+1/2−2(D+1)ε = n−2(D+1)ε = o(1).

Part xviii) : By (xiv) and (xv), M2n =
[

log(n)

nhD1 h
D
2

]1/2
+ hν31 + hν32 = o(n−1/4) + o(n−1/4).

Part xix) : By A6: a > 1/2k, and c < (2k− 1)/[4k(D+ 1)], let a = 1/2k+ ε and c = (2k− 1)/[4k(D+
1)]− ε,

lnn
−1h−D1 h

−(D+2)
2 ∼ nan−1n2c(D+1)

= n1/2k+ε−1+2(D+1)(2k−1)/[4k(D+1)]−2(D+1)ε

= n1/2k−1+1−1/2k−(2D+1)ε

= n−(2D+1)ε = o(1).

Parts xx) - xxv) : Proofs follow, mutatis mutandis, from parts xix ) - xxiv) are mutatis mutandis
virtually identical to the proofs of parts xii) - xiv) please consult them.

Parts xxvi) & xxvii) By the above results,

Mn = M1n +M2n = o(n−1/4), L0n = Ln +Mn = o(n−1/4), L1n = Ln +Mn +N1n = o(n−1/4),

L1n = Ln +Mn +N2n + b−1
2

(√
ln
n

+ l−kn

)
= o(n−1/4), Ln = L1n + L2n = o(n−1/4).

The following is Lemma B.1 of Ozabaci (2015), I include it here for completeness.

Lemma 4. Under Assumption A1

i.) ||Qn,BB −QBB ||2 = Op(l
2
n/n).

ii.) λmin(QnBB) = λmin(QBB) + op(1).

iii.) λmax(QnBB) = λmax(QBB) + op(1).

iv.) ||Q−1
nBB −Q

−1
BB ||sp = Op(ln/n

1/2).

Proof. Here I state Weyl’s Inequality (Bernstein (2005) Thm. 8.4.11) and all relevant conclusions are
drawn from it. Let A,B be matrices of order (m × m), where {λi(A)}mi=1 and {λi(B)}mi=1 be partial
orderings of the eigenvalues of A and B respectively where, λ1(A) ≥ λ2(A) ≥ · · · ≥ λm(A) and λ1(B) ≥
λ2(B) ≥ · · · ≥ λm(B). Then for any h ∈ {1, 2, . . . ,m},

λh(A) + λm(B) ≤ λh(A+B) ≤ λh(A) + λ1(B).

Note also that for a symmetric matrix A, |λmax(A)|2 = λmax(AA′) ≤ ||A||2 and that {−λi(A)}mi=1 are
the eigenvalues of −A. Accordingly, λmax(−A) = λmin(A), λmin(−A) = λmax(A) with this the following
conclusions are drawn,

if λmin(A) ≥ 0 then λmin(A) ≥ −λmax(A) = −|λmax(A)| ≥ −||A||,
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if λmin(A) ≤ 0 then 0 ≤ −λmin(A) = λmax(−A) ≤ || −A|| = ||A||.

Consequently 0 ≥ λmin(A) ≥ −λmax(−A) ≥ −||A||.

Part i.) : Let
∑
a,c,L,J ≡

∑q
a=1

∑ln+2k
L=1

∑q
c=1

∑ln+2k
J=1 , by Assumptions A1.ii and A3.i,

E
(
||QnBB −QBB ||2

)
= E

(
||n−1

n∑
i=1

Bn(Wi)Bn(Wi)
′ − E[Bn(Wi)Bn(Wi)

′]||2
)

=

q∑
a=1

ln+2k∑
L=1

q∑
c=1

ln+2k∑
J=1

E

[n−1
n∑
i=1

BLk(Wai)BJk(Wci)− E [BLk(Wai)BJk(Wci)]

]2


=
∑

a,c,L,J

n−2

{
n∑
i=1

E
(
BLk(Wai)BJk(Wci)− E

[
BLk(Wai)BJk(Wci)

])2

+

n∑
i=1

n∑
l 6=i

E
(
BLk(Wai)BJk(Wci)BLk(Wal)BJk(Wcl)−BLk(Wai)BJk(Wci)E

[
BLk(Wal)BJk(Wcl)

])

−
n∑
i=1

n∑
l 6=i

E
(
E
[
BLk(Wai)BJk(Wci)

]
BLk(Wal)BJk(Wcl)− E

[
BLk(Wai)BJk(Wci)

]
E
[
BLk(Wal)BJk(Wcl)

])}

=
∑

a,c,L,J

n−2
n∑
i=1

E
(
BLk(Wai)BJk(Wci)− E

[
BLk(Wai)BJk(Wci)

])2

=
∑

a,c,L,J

n−1V
(
BLk(Wai)BJk(Wci)

)

≤ n−1E

(
q∑
a=1

ln+2k∑
L=1

BLk(Wai)
2

q∑
c=1

ln+2k∑
J=1

BJk(Wci)
2

)

≤ n−1q(ln + 2k)
(

max
1≤c≤q

1≤J≤ln+2k

sup
Wc∈GWc

BJk(Wc)
2
)
E

(
q∑
a=1

ln+2k∑
L=1

BLk(Wai)
2

)

= O

(
ln
n

)
E
(

trace
[
Bn(Wi)Bn(Wi)

′
])

= O

(
ln
n

)
trace(QBB)

≤ O
(
l2n
n

)
λmax(QBB)

= O

(
l2n
n

)
= o(1).

The last inequality is due to Assumption A1. Then (i) follows from Markov’s inequality.

Part ii.) Let h = ln so that λh(·) = λmin(·),

λmin(QnBB) = λmin(QBB +QnBB −QBB)

≤ λmin(QBB) + λmax(QnBB −QBB)

≤ λmin(QBB) + ||QnBB −QBB ||
= λmin(QBB) +Op(lnn

−1/2).

By Assumption A1, Op(l
2
nn
−1) = op(1), so that λmin(QnBB) ≤ λmin(QBB) + op(1).

λmin(QBB) = λmin(QBB +QnBB −QBB)

≥ λmin(QBB) + λmin(QnBB −QBB)

≥ λmin(QBB)− ||QnBB −QBB ||
= λmin(QBB)−Op(lnn−1/2)
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= λmin(QBB)− op(1).

Combining the previous two statement gives (ii),

λmin(QBB) + op(1) ≥ λmin(QnBB) ≥ λmin(QBB)− op(1).

Part iii.) Let h = 1 so that λh(·) = λmax(·).

λmax(QnBB) = λmax(QBB +QnBB −QBB)

≥ λmax(QBB) + λmin(QnBB −QBB)

≥ λmax(QBB)− ||QnBB −QBB ||
= λmax(QBB)− op(1).

Furthermore,

λmax(QnBB) = λmax(QBB +QnBB −QBB)

≤ λmax(QBB) + λmax(QnBB −QBB)

≤ λmax(QBB) + ||QnBB −QBB ||
= λmax(QBB) + op(1).

Combining the previous two statements gives (iii)

λmax(QBB) + op(1) ≥ λmax(QnBB) ≥ λmax(QBB)− op(1).

Part iv.) By the sub-multiplicative property of the spectral norm, and symmetry of QnBB and QBB ,

||Q−1
nBB −Q

−1
BB ||sp = ||Q−1

nBB (QBB −QnBB)Q−1
BB ||sp

≤ ||Q−1
nBB ||sp||QBB −QnBB ||sp||Q

−1
BB ||sp

= λmax(Q−1
nBBQ

−1
nBB)1/2λmax [(QBB −QnBB)(QBB −QnBB)]

1/2
λmax(Q−1

BBQ
−1
BB)1/2

≤ λmax(Q−1
nBB)λmax(QBB −QnBB)λmax(Q−1

BB)

≤ λmin(QnBB)−1||QBB −QnBB ||λmin(QBB)−1

= (cbl + op(1))−1Op(lnn
−1/2)c−1

bl = Op(lnn
−1/2).

Lemma 5. By Assumptions A1, A2, A3, and A4 for any sequence of random variables {Ai}ni=1 where
supW,Vd∈GW,Vd

E(A2
i |Wi, Vdi) ≤ C ≤ ∞.

i.) || (nhD1 hD+1
2 )−1DdK

′
3iBn ||E = Op(1).

ii.) || n−1B′nVd ||E = Op

(
l
1/2
n n−1/2

)
.

iii.) || n−1B′n(Md −Mln
d ) ||E = Op

(
l−kn
)
.

iv.) || [(n− 1)b22]−1K
(1)
2 (Vd)

′Θ̇d
2ȦnIn(−i)Bn ||E = Op

(
b−1
2

)
.

v.) || [(n− 1)b22]−1φiuiK
(1)
2 (Vd)

′Θ̇d
2ȦnIn(−i)Bn ||E = Op

(
b−1
2

)
.

vi.) || [(n− 1)b22]−1φiζciK
(1)
2 (Vd)

′Θ̇d
2ȦnIn(−i)Bn ||E = Op

(
b−1
2

)
.

where Ȧ = diag
(
{Ai}ni=1

)
.

Proof. First, by A2 and A3

E
[
(hD1 h

D
2 )−1DdK

2
3ji

∣∣∣Wj , Si

]
= E

[
(hD1 h

D
2 )−1DdK3[H−1{(X ′j , V ′j )′ − (X ′i, V

′
i )′}]2

∣∣∣Wj , Si

]
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= (hD1 h
D
2 )−1

∫
DdK3[H−1{(X ′j , V ′j )′ − (X ′i, V

′
i )′}]p(Xj , Vj ,Wj)p(Wj)

−1dXjdVj

= (hD1 h
D
2 )−1

∫
DdK3[(γ1; γ2)]2p(Xi + γ1h1, Vi + h2γ2,Wj)p(Wj)

−1hD1 dγ1h
D
2 dγ2

≤ sup
X,V,W∈GXVW

p(X,V,W )
(

inf
W∈GW

p(W )
)−1

∫
DdK3[(γ′1, γ

′
2)′]2dγ1dγ2 = O(1).

Consequently, uniformly in GX,V ,

E
[
(hD1 h

D
2 )−1DdK

2
3ji

∣∣∣Wj , Si

]
= O(1).

By Assumption A2, limγ1,γ2→±∞K3[(γ′1, γ
′
2)] ≡ K[(±∞,±∞)] = 0 then by A2 and A4∣∣∣E[(hD1 hD+1

2 )−1DdK3ji

∣∣∣Wj , Si

]∣∣∣ =
∣∣∣E[(hD1 hD+1

2 )−1DdK3[H−1{(X ′j , V ′j )′ − (X ′i, V
′
i )′}]

∣∣∣Wj , Si

]∣∣∣
=
∣∣∣(hD1 hD+1

2 )−1

∫
DdK3[H−1{(X ′j , V ′j )′ − (X ′i, V

′
i )′}]p(Xj , Vj ,Wj)p(Wj)

−1dXjdVj

∣∣∣
≤
∣∣∣(hD1 hD+1

2 )−1
[
K3[H−1{(X ′j , V ′j )′ − (X ′i, V

′
i )′}]p(Xj , Vj ,Wj)p(Wj)

−1
]∞
−∞

∣∣∣
+
∣∣∣(hD1 hD+1

2 )−1

∫
h2K3[H−1{(X ′j , V ′j )′ − (X ′i, V

′
i )′}}]Ddp(Xj , Vj ,Wj)p(Wj)

−1dXjdVj

∣∣∣
≤ sup
X,V,W∈GXVW

p(X,V,W )
(

inf
W∈GW

p(W )
)−1

(hD1 h
D+1
2 )−1

∣∣∣K3[(∞,∞)]−K3[(−∞,−∞)]
∣∣∣

+
∣∣∣(hD1 hD2 )−1

∫
K3[(γ′1, γ

′
2)′]Ddp(Xi + h1γ1, Vi + h2γ2,Wj)p(Wj)

−1hD1 dγ1h
D
2 dγ2

∣∣∣
≤ sup
X,V,W∈GXVW

∣∣Ddp(X,V,W )
∣∣( inf

W∈GW
p(W )

)−1
∫
|K3[(γ′1, γ

′
2)′]|dγ1dγ2 = O(1)

Consequently, uniformly in GX,V ,∣∣∣E[(hD1 hD+1
2 )−1DdK3ji

∣∣∣Wj , Si

]∣∣∣ = O(1).

Note that,

E (Bn(Wi)
′Bn(Wi)) =

q∑
a=1

ln+2k∑
J=1

E
(
BJ,k(Wai)

2
)

=

q∑
a=1

ln+2k∑
J=1

E

(
bJ,k(Wa)2

||bJ,k(Wa)||22

)
=

q∑
a=1

ln+2k∑
J=1

1 = q(ln + 2k).

Let |Bn(W )| be an element wise absolute value. For j 6= i note that,

E
(
|Bn(Wi)

′||Bn(Wj)|
)

=

q∑
a=1

ln+2k∑
J=1

E (|BJ,k(Wai)|)E (|BJ,k(Waj)|) =

q∑
a=1

ln+2k∑
J=1

E (|BJ,k(Wai)|)2

=

q∑
a=1

ln+2k∑
J=1

(||bJ,k(Wai)||22)−1

(∫ tJ+k

tJ

bJ,k(Wai)p(Wai)dWai

)2

= max
1≤a≤k

1≤J≤ln+2k

(||bJ,k(Wai)||2)−2 sup
Wa∈GWa

|bj,k(Wa)|2|p(Wa)|2
q∑
a=1

ln+2k∑
J=1

(∫ tJ+k

tJ

dWai

)2

= O(ln)

q∑
a=1

ln+2k∑
J=1

[tJ − tJ+k]2 = O(ln)

q∑
a=1

ln+2k∑
J=1

O(l−2
n ) = O(1).

Consequently for all i 6= j, E
(
|Bn(Wi)

′||Bn(Wj)|
)

= O(1), where |Bn(W )| be an element wise absolute
value.
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Also,

E
[
b−1
2 K

(1)
2ji(Vd)

2
∣∣∣Wj , Si

]
=

∫
b−1
2 K

(1)
2 [b−1

2 (Vdj − Vdi)]2p(Vj ,Wj)p(Wj)
−1dVj

=

∫
b−1
2 K

(1)
2 (γ)2p(Vdi + b2γ,Wj)p(Wj)

−1b2dγ

≤ sup
VdW∈GVd,W

p(Vd,W )
(

inf
W∈GW

p(W )
)−1

∫
K

(1)
2 (γ)2dγ

= O(1).

Consequently both of the following are true, E
[
b−1
2 K

(1)
2ji(Vd)

2
∣∣∣Wj , Si

]
= O(1) and E

[
b−1
2 |K

(1)
2ji(Vd)|

∣∣∣Wj , Si

]
=

O(1).
Part i.),

E
(
||(nhD1 hD+1

2 )−1DdK
′
3iBn||2E

)
= E

(
||(nhD1 hD+1

2 )−1
n∑
j=1

Bn(Wi)DdK3ji||2E
)

= E
(

(nhD1 h
D+1
2 )−2

n∑
i=1

n∑
g=1

Bn(Wi)
′Bn(Wg)DdK3jiDdK3gi

)
≤ (nhD1 h

D+1
2 )−2

n∑
j=1

E
(
Bn(Wj)

′Bn(Wj)DdK
2
3ji

)
+
∣∣∣(nhD1 hD+1

2 )−2
n∑
j=1

n∑
g 6=j

E
(
Bn(Wj)

′Bn(Wg)DdK3jiDdK2gi

)∣∣∣
= (n2hD1 h

D+2
2 )−1

n∑
j=1

E
(
Bn(Wj)

′Bn(Wj)E
[
(hD1 h

D
2 )−1DdK

2
3ji

∣∣∣Wj , Si

])
+ n−2

n∑
j=1

n∑
g 6=j

E
(∣∣Bn(Wj)

′∣∣∣∣Bn(Wg)
∣∣∣∣∣E[(hD1 hD+1

2 )−1DdK3ji

∣∣∣Wj , Si, Sg

]
E
[
(hD1 h

D+1
2 )−1DdK3gi

∣∣∣Wg, Si, Sj

]∣∣∣)
≤ O([nhD1 h

D+2
2 ]−1)n−1

n∑
j=1

E
(
Bn(Wj)

′Bn(Wj)
)

+O(n−2)

n∑
j=1

n∑
g=1

E
(
|Bn(Wj)

′||Bn(Wg)|
)

= O

(
ln

nhD1 h
D+2
2

)
+O(1) = o(1) +O(1) = O(1).

The last inequality is due to Lemma 3, i.) follows from Markov’s Inequality.

Part ii.),

E
(
||n−1B′nVd||2E

)
= E

(
||n−1

n∑
j=1

Bn(Wj)Vdj ||2E
)

= E
(
n−2

n∑
j=1

n∑
g=1

Bn(Wj)
′VdjBn(Wg)Vdg

)
= E

(
n−2

n∑
j=1

Bn(Wi)
′Bn(Wj)V

2
dj

)
+ E

(
n−2

n∑
j=1

n∑
g 6=j

Bn(Wj)VdjBn(Wg)Vdg

)
= n−2

n∑
j=1

E
(
Bn(Wj)

′Bn(Wj)E
[
V 2
dj

∣∣∣Wj

])
+ n−2

n∑
j=1

n∑
g 6=j

E
(
Bn(Wj)

′Bn(Wg)E
[
Vdj

∣∣∣Wj , Sg

]
E
[
Vdg

∣∣∣Wg, Sj

])
= O(n−1)E

(
Bn(Wj)

′Bn(Wj)
)

= O(lnn
−1).

ii.) follows from Markov’s Inequality.
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Part iii.) Let ψ ∈ Rq(ln+2k) and consider;

||n−1B′n(Mdn −Mln
dn)||2E = E||n−1B′n(Mdn −Mln

dn)||2sp

= || n−1
n∑
j=1

Bn(Wj)[md(Wj)−mln
d (Wj)] ||2sp

= λmax

(
n−1

n∑
j=1

n∑
g=1

Bn(Wj)Bn(Wg)
′[md(Wj)−mln

d (Wj)][md(Wg)−mln
d (Wg)]

)
= max
||ψ||E=1

n−2
n∑
j=1

n∑
g=1

ψ′Bn(Wj)Bn(Wg)
′ψ[md(Wj)−mln

d (Wj)][md(Wg)−mln
d (Wg)]

≤ sup
W∈Gw

|md(W )−mln
d (W )|2 max

||ψ||E=1
ψ′(QnBB)ψ

≤ O(l−2k
n )λmax(QnBB)||ψ||2E = O(l−2k

n )
(
λmax(QBB) + op(1)

)
= O(l−2k

n )

iii.) follows by taking square roots.

Part iv.):

E
(
|| [(n− 1)b22]−1K

(1)
2 (Vd)

′Θ̇d
2nȦnIn(−i)Bn ||2E

)
= E

(
||[(n− 1)b22]−1

n∑
j 6=i

Bn(Wj)K
(1)
2ji(Vd)θ

d
2jAj ||2E

)
= E

(
[(n− 1)b22]−1

n∑
j 6=i

n∑
g 6=i

Bn(Wi)
′Bn(Wg)θ

d
2jθ

d
2gK

(1)
2ji(Vd)K

(1)
2gi(Vd)AjAg

)
≤ sup
X,V ∈GX,V

θd2(X,V )2
{

[(n− 1)2b32]−1
n∑
j 6=i

E
(
Bn(Wj)

′Bn(Wj)E
[
b−1
2 K

(1)
2ji(Vd)

2E
(
A2
j

∣∣∣Wj , Vdj , Si

)
|Wj

])
+ [(n− 1)2b2]−2

n∑
j 6=i

n∑
g 6=i
g 6=j

E
(
|Bn(Wj)

′||Bn(Wg)|E
[
b−1
2 |K

(1)
2ji(Vd)|E

(
|Aj |

∣∣∣Wj , Vdj , Si, Sg

)∣∣∣Wj , Si, Sg

]2)}

≤ O([(n− 1)b32]−1)E
(
Bn(Wj)

′Bn(Wj)E
[
b−1
2 K

(1)
2ji(Vd)

2
∣∣∣Wj

])
+O([(n− 1)2b2]−2)

n∑
j 6=i

n∑
g 6=i
g 6=j

E
(
|Bn(Wj)

′||Bn(Wg)|E
[
b−1
2 |K

(1)
2ji(Vd)|

∣∣∣Wj , Si, Sg

]2)

= O([(n− 1)b32]−1)E
(
Bn(Wj)

′Bn(Wj)
)

+O(b−2
2 )E

(
|Bn(Wj)

′||Bn(Wg)|
)

= O(ln[(n− 1)b32]−1) +O(b−2
2 )

= o(1) +O(b−2
2 ).

Where the last equality is due to Lemma 3, iv.) follows by Markov’s inequality.

Part v.),

E
(
|| [(n− 1)b22]−1φiuiK

(1)
2 (Vd)

′Θ̇d
2jȦnIn(−i)Bn||2E

)
= E

(
|| [(n− 1)b22]−1φiui

n∑
j 6=i

Bn(Wi)K
(1)
2ji(Vd)θ

d
2Aj ||2E

)
= E

(
φ2
iE[u2

i |Xi, Vi, S−i][(n− 1)2b22]−1
n∑
j 6=i

n∑
g 6=i

Bn(Wj)
′Bn(Wg)θ

d
2jθ

d
2gK

(1)
2ji(Vd)K

(1)
2gi(Vd)AjAg

)
= σ2

u sup
X,V ∈GXV

φ(X,V )2θd2(X,V )2
{

[(n− 1)2b32]−1
n∑
j 6=i

E
(
Bn(Wj)

′Bn(Wj)b
−1
2 K

(1)
2ji(Vd)

2A2
j

)
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+ [(n− 1)2b22]−1
n∑
j 6=i

n∑
g 6=i
g 6=j

E
(
|Bn(Wj)

′| |Bn(Wg)| |b−1
2 K

(1)
2ji(Vd)| |b

−1
2 K

(1)
2gi(Vd)| |Aj | |Ag|

)}

= O([(n− 1)b32]−1)E
(
Bn(Wj)

′Bn(Wj)E
[
b−1
2 K

(1)
2ji(Vd)

2E
(
A2
j

∣∣∣Wj , Vdj , Si

)∣∣∣Wj , Si

])
+O(b−2

2 )E
(
|Bn(Wj)

′| |Bn(Wg)|E
[
|b−1

2 K
(1)
2ji(Vd)|E

(
|Aj |

∣∣∣Wj , Vdj , S−j

)∣∣∣Wj , S−j

]2)
= O([(n− 1)b32]−1)E

(
Bn(Wj)

′Bn(Wj)E
[
b−1
2 K

(1)
2ji(Vd)

2
∣∣∣Wj , Si

])
+O(b−2

2 )E
(
|Bn(Wj)

′| |Bn(Wg)|E
[
|b−1

2 K
(1)
2ji(Vd)|

∣∣∣Wj , S−j

]2)
= O([(n− 1)b32]−1)E

(
Bn(Wj)

′Bn(Wj)
)

+O(b−2
2 )E

(
|Bn(Wj)

′| |Bn(Wg)|
)

= O

(
ln

(n− 1)b32

)
+O

(
b−2
2

)
= o(1) +O

(
b−2
2

)
Where the last equality if due to Lemma 3, v.) follows by Markov’s inequality.

Part vi.),

E
(
||[(n− 1)b22]−1φiζciK

(1)
2i (Vd)

′Θ̇d
2ȦnIn(−i)Bn||2E

)
= E

(
||[(n− 1)b22]−1φiζci

n∑
j 6=i

Bn(Wi)K
(1)
2ji(Vd)θ

d
2jAj ||2E

)
= E

(
[(n− 1)2b32]−1φ2

i ζ
2
ci

n∑
j 6=i

Bn(Wj)
′Bn(Wj)b

−1
2 K

(1)
2ji(Vd)

2
[
θd2j
]2
A2
j

)
+ E

(
[(n− 1)2b22]−1φ2

i ζ
2
ci

n∑
j 6=i

n∑
g 6=i
g 6=j

Bn(Wj)
′b−1

2 K
(1)
2ji(Vd)θ

d
2jBn(Wg)b

−1
2 K

(1)
2gi(Vd)θ

d
2g

)

≤ sup
X,V ∈GXV

θ2(X,V )2
{
E
(
E
[
φ2
i ζ

2
ci

∣∣Vdi, S−i][(n− 1)2b32]−1
n∑
j 6=i

Bn(Wj)
′Bn(Wj)b

−1
2 K

(1)
2ji(Vd)

2A2
j

)
+ E

(
E
[
φ2
i ζ

2
ci|Vdi, S−i

]
[(n− 1)2b22]−1

n∑
j 6=i

n∑
g 6=i
g 6=j

∣∣∣Bn(Wj)
′b−1

2 K
(1)
2ji(Vd)Bn(Wg)b

−1
2 K

(1)
2gi(Vd)

∣∣∣)}

≤ O([(n− 1)2b32]−1)

n∑
j 6=i

E
(
Bn(Wj)

′Bn(Wj)E
[
b−1
2 K

(1)
2ji(Vd)

2E
(
A2
j

∣∣∣Wj , Vdj , Si

)∣∣∣Wj

])
+O([(n− 1)2b22]−1)

n∑
j 6=i

n∑
g 6=i
g 6=j

E
(
|Bn(Wj)

′| |Bn(Wg)|E
[
|b−1

2 K
(1)
2ji(Vd)|E

(
|Aj |

∣∣∣Wj , Vdj , S−j

)∣∣∣Wj , S−j

]2)

≤ O([(n− 1)2b32]−1)

n∑
j 6=i

E
(
Bn(Wj)

′Bn(Wj)E
[
b−1
2 K

(1)
2ji(Vd)

2
∣∣∣Wj

])
+O([(n− 1)2b22]−1)

n∑
j 6=i

n∑
g 6=i
g 6=j

E
(
|Bn(Wj)

′| |Bn(Wg)|E
[
|b−1

2 K
(1)
2ji(Vd)|

∣∣∣Wj , S−j

]2)

≤ O([(n− 1)2b32]−1)

n∑
j 6=i

E
(
Bn(Wj)

′Bn(Wj)
)

+O([(n− 1)2b22]−1)

n∑
j 6=i

n∑
g 6=i
g 6=j

E
(
|Bn(Wj)

′| |Bn(Wg)|
)

= O

(
ln

(n− 1)b32

)
+O(b−2

2 ) = o(1) +O(b−2
2 ).

Where the last equality is due to Lemma 3, vi.) follows by Markov’s inequality.
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Lemma 6. Let {Xi, Vi, Ai}ni=1 be an i.i.d sequence of random variables, where A is real valued such that
for some a ≥ 2,

sup
Xdi∈GXd

E[|Ai|a | Xdi] ≤ C <∞ and sup
Vdi∈GVd

E[|Ai|a | Vdi] ≤ C <∞.

Then under the assumptions of this paper,

sup
Vdi∈GVd

∣∣∣[(n− 1)b22]−1
∑
j 6=i

[
K

(1)
2ji(Vd)θ

d
2jAj − E

(
K

(1)
2ji(Vd)θ

d
2jAj

)]∣∣∣ = Op

([
log(n)

(n− 1)b32

]1/2
)

sup
Vdi∈GVd

∣∣∣[(n− 1)b2]−1
∑
j 6=i

[
K2ji(Vd)θ

d
2jAj − E

(
K2ji(Vd)θ

d
2jAj

)]∣∣∣ = Op

([
log(n)

(n− 1)b2

]1/2
)

sup
Xdi∈GXd

∣∣∣[(n− 1)b1]−1
∑
j 6=i

[
K1ji(Xd)θ

d
1jAj − E

(
K1ji(Xd)θ

d
1jAj

)]∣∣∣ = Op

([
log(n)

(n− 1)b1

]1/2
)
.

Proof. Let m ∈ {0, 1} and define C
(m)
s (Vdj ;Vd) = b2K

(m)
2 [b−1

2 (Vdj − Vd)]θd2j where Vd ∈ GVd so that,

Sn(Vd) = [(n− 1)bm+1
2 ]−1

∑
j 6=i

K
(m)
2 [b−1

2 (Vdj − Vd)]θd2jAj

= [(n− 1)bm+2
2 ]−1

∑
j 6=i

b2K
(m)
2 [b−1

2 (Vdj − Vd)]θd2jAj

= [(n− 1)bm+2
2 ]−1

∑
j 6=i

C(m)
s (Vdj ;Vd)Aj .

By the Mean Value Theorem, for V ′d ∈ GVd and some λ ∈ (0, 1),∣∣∣C(m)
s (Vdj ;Vd)− C(m)

s (Vdj ;V
′
d)
∣∣∣ =

∣∣∣b2θd2j(K(m)
2 [b−1

2 (Vdj − Vd)]−K(m)
2 [b−1

2 (Vdj − V ′d)]
)∣∣∣

≤ b2θd2j
∣∣∣K(m+1)

2

[
b−1
2 λ(Vdj − Vd) + b−1

2 (1− λ)(Vdj − V ′d)
]∣∣∣∣∣∣b−1

2 (Vd − V ′d)
∣∣∣

≤ sup
γ∈R

∣∣K(m+1)
2 (γ)

∣∣ sup
X,V ∈GX,V

θd2(X,V )
∣∣Vd − V ′d∣∣

≤ C
∣∣Vd − V ′d∣∣.

Let {Bn}∞n=1 be a nondecreasing sequence of real positive numbers s.t.
∑∞
n=1B

−a
n <∞ and define,

Sτn(Vd) = [(n− 1)bm+1
2 ]−1

∑
j 6=i

C(m)
s (Vdj ;Vd)Aj1{|Aj | ≤ Bn}.

where 1{·} is an indicator function. Consider,

sup
Vd∈GVd

∣∣Sn(Vd)− E(Sn(Vd))
∣∣ ≤ sup

Vd∈GVd

∣∣Sn(Vd)− Sτn(Vd)
∣∣+ sup

Vd∈GVd

∣∣E(Sτn(Vd)
)
− E

(
Sn(Vd)

)∣∣
+ sup
Vd∈GVd

|Sτ (Vd)− E
(
Sτ (Vd)

)∣∣
≡ T1 + T2 + T3.

T1:

T1 = sup
Vd∈GVd

∣∣Sn(Vd)− Sτn(Vd)
∣∣ = sup

Vd∈GVd

∣∣∣[(n− 1)bm+1
2 ]−1

∑
j 6=i

C(m)
s (Vdj ;Vd)Aj

(
1− 1{|Aj | ≤ Bn}

)∣∣∣
= sup
Vd∈GVd

∣∣∣[(n− 1)bm+1
2 ]−1

∑
j 6=i

C(m)
s (Vdj ;Vd)Aj1{|Aj | > Bn}

∣∣∣.
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Note that
∑∞
n=1 P (|Aj | > Bn) ≤

∑∞
n=1B

−a
n E(|Aj |a) ≤ C

∑∞
n=1B

−a
n < C < ∞ so that by the Borel

Cantelli lemma P ({|Aj | > Bn infinitely often}) = 0 consequently there exist a NB ∈ N s.t. 1{|Aj | >
Bn} = 0 whenever n > NB . Consequently,

T1 ≤ sup
Vd∈GVd

∣∣∣[(n− 1)bm+1
2 ]−1

∑
j 6=i

C(m)
s (Vdj ;Vd)Aj1{|Aj | > Bn}

∣∣∣ = 0 almost surely

T2 :

T2 =
∣∣∣E(Sn(Vd)− Sτn(Vd)

)∣∣∣ ≤ E([(n− 1)bm+2
2 ]−1

∑
j 6=i

b2|K(m)
2j (Vd)|θd2j |Aj |1{|Aj | > Bn}

)
≤ sup
X,V ∈GX,V

θd2(X,V )[(n− 1)bm+1
2 ]−1

∑
j 6=i

E
(∣∣K(m)

2ji (Vd)|E
[
|Aj |1{|Aj | > Bn}

∣∣Vdj , Si])
≤ O(1)[(n− 1)bm+1

2 ]−1
∑
j 6=i

∫
|K(m)

2j (Vd)|
∫
|Aj |1{|Aj | > Bn}p(Aj |Vdj)dAjp(Vdj)dVdj .

By Markov’s and Hölder’s inequalities,∫
|Aj |1{|Aj | > Bn}p(Aj |Vdj)dAj ≤

(∫
|Aj |ap(Aj |Vdj)dAj

)1/a(∫
1{|Aj | > Bn}p(Aj |Vdj)dAj

)1−1/a

= E
[
|Aj |

∣∣Vdj]1/aP (|Aj | > Bn
)1−1/a ≤ C

(
B−an E

[
E
(
|Aj |a|Vdj

)])1−1/a

≤ CB1−a
n .

Consequently,

T2 ≤ CB1−a
n [(n− 1)bm+1

2 ]−1
∑
j 6=i

∫ ∣∣K(m)
2 [b−1

2 (Vdj − Vd)]
∣∣p(Vdj)dVdj

≤ O(B1−a
n b−m2 )

∫
b−1
2

∣∣K(m)
2

(
γ
)∣∣p(Vd + γb2)b2dγ ≤ O(B1−a

n b−m2 ) sup
γ∈R

p(γ)

∫ ∣∣K(m)
2

(
γ
)∣∣dγ

= O(B1−a
n b−m2 ).

For any V ∈ R define B(V ; r) = {Vd ∈ R : |V − Vd| ≤ r}. By Assumption A3, there exists a Vdo ∈ GV d
and a ro ∈ R s.t. GVd ⊂ B(Vdo; ro) so that for all Vd, V

′
d ∈ GVd , |Vd − V ′d | ≤ ro. Let {δn}nn=1 be a

nonincreasing sequence of positive real numbers s.t. limn→∞ δn = 0, By the Heine-Borel Theorem, for
all n there exists a finite collection N(δn) = {V ld}

ρn
l=1 where for all Vd ∈ GVd there exists a V ld ∈ N(δn)

s.t. |Vd − V ld | ≤ δn. Consequently there exists C ∈ R s.t. ρn = Cδ−1
n .

T3:

T3 = sup
Vd∈GVd

|Sτ (Vd)− E
(
Sτ (Vd)

)
|

≤ sup
Vd∈GVd

|Sτ (Vd)− Sτ (V ld)|+ sup
Vd∈GVd

|E
(
Sτ (V ld)− Sτ (Vd)

)
|+ max

1≤l≤ρn
|Sτ (V ld)− E

(
Sτ (V ld)

)
|

≡ T31 + T32 + T33.

T31 :

sup
Vd∈GVd

|Sτ (Vd)− Sτ (V ld)| ≤ sup
Vd∈GVd

[(n− 1)bm+2
2 ]−1

∑
j 6=i

∣∣C(m)
s (Vdj ;Vd)− C(m)

s (Vdj ;V
l
d)
∣∣∣∣Aj∣∣1{|Aj | ≤ Bn}

≤ sup
Vd∈GVd

[(n− 1)bm+2
2 ]−1

∑
j 6=i

C
∣∣Vd − V ld ∣∣∣∣Aj∣∣1{|Aj | ≤ Bn}

≤ O
(

δn

bm+2
2

)
(n− 1)−1

∑
j 6=i

|Aj |

= O

(
δn

bm+2
2

)
[E(|Aj |) + op(1)] = Op

(
δn

bm+2
2

)
.
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T32:

sup
Vd∈GVd

|E
(
Sτ (V ld)− Sτ (Vd)

)
| ≤ sup

Vd∈GVd
[(n− 1)bm+2

2 ]−1
∑
j 6=i

E
(∣∣C(m)

s (Vdj ;V
l
d)− C(m)

s (Vdj ;Vd)
∣∣∣∣Aj∣∣1{|Aj | ≤ Bn})

≤ sup
Vd∈GVd

[(n− 1)bm+2
2 ]−1

∑
j 6=i

E
(
C
∣∣V ld − Vd∣∣∣∣Aj∣∣1{|Aj | ≤ Bn})

≤ O
(

δn

bm+2
2

)
(n− 1)−1

∑
j 6=i

E(|Aj |) = O

(
δn

bm+2
2

)
.

T33: Let {εn}∞n=1 be a sequence of positive real numbers s.t. limn→∞ εn = 0, and note that,

P
(

max
1≤l≤ρn

|Sτ (V ld)− E
(
Sτ (V ld)

)
| ≥ εn

)
≤ P

( ρn⋃
l=1

{
|Sτ (V ld)− E

(
Sτ (V ld)

)
| ≥ εn

})
≤

ρn∑
l=1

P
(
|Sτ (V ld)− E

(
Sτ (V ld)

)
| ≥ εn

)
≤ ρn max

1≤l≤ρn
P
(
|Sτ (V ld)− E

(
Sτ (V ld)

)
| ≥ εn

)
.

Furthermore,

Sτ (V ld)− E
(
Sτ (V ld)

)
≡ (n− 1)−1

∑
j 6=i

Qjn

= (n− 1)−1
∑
j 6=i

b
−(m+2)
2

(
C(m)
s (Vdj ;V

l
d)Aj1{|Aj | ≤ Bn} − E

[
C(m)
s (Vdj ;V

l
d)Aj1{|Aj | ≤ Bn}

])
= (n− 1)−1

∑
j 6=i

b
−(m+2)
2 Bn

(
|C(m)
s (Vdj ;V

l
d)|+ E

(
|C(m)
s (Vdj ;V

l
d)|
))

= (n− 1)−1
∑
j 6=i

b
−(m+2)
2 Bnb2

(
|K(m)

2j (Vd)|θd2j + E
[
|K(m)

2j (Vd)|θd2j
])

= sup
γ∈R

∣∣K(m)
2 (γ)

∣∣ sup
XV ∈GXV

θd2(X,V )(n− 1)−1
∑
j 6=i

b
−(m+1)
2 Bn ≤ (n− 1)−1

∑
j 6=i

C

(
Bn

bm+1
2

)
.

As a result, the following is a sufficient condition for the application of Bernstein’s Inequality.

|Qjn| ≤ C
(

Bn

bm+1
2

)
implies E

(
|Qjn|p

)
≤ C

(
Bn

bm+1
2

)p−2

E
(
|Qjn|2

)
.

where p ∈ N. By Bernstein’s inequality,

P
(
|Sτ (V ld)− E

(
Sτ (V ld)

)
| ≥ εn

)
= P

(
|
∑
j 6=i

Qjn| > (n− 1)εn

)

≤ 2 exp

[
− 1/2(n− 1)2ε2

n∑
j 6=iE

(
Q2
jn

)
+ 1/3CBnb

−(m+1)
2 (n− 1)εn

]

≤ 2 exp

[
− (n− 1)ε2

n

2(n− 1)−1
∑
j 6=iE

(
Q2
jn

)
+ 2/3CBnb

−(m+1)
2 εn

]

≤ 2 exp

[
− (n− 1)ε2

n

2E
(
Q2
jn

)
+ CBnb

−(m+1)
2 εn

]
.

For constants ∆ε, α, β ∈ R+ let,

εn =

(
log(n)

(n− 1)bα2

)1/2

∆ε, and δn =

(
n

bβ2

)−1/2

, so that ρn = C

(
n

bβ2

)1/2

.
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Consequently,

P
(
|Sτ (Vd)− E

(
Sτ (V ld)

)
| ≥ εn

)
≤ 2 exp

[
− (n− 1)ε2

n

2E
(
Q2
jn

)
+ CBnb

−(m+1)
2 εn

]

= 2 exp

[
− log(n)b−α2 ∆2

ε

2E
(
Q2
jn

)
+ CBnb

−(m+1)
2 log(n)1/2[(n− 1)bα2 ]−1/2∆ε

]

= 2 exp

[
− log(n)∆2

ε

2bα2E
(
Q2
jn

)
+ CBnb

α−(m+1)
2 log(n)1/2[(n− 1)bα2 ]−1/2∆ε

]

= 2 exp

[
− log(n)1/2 ∆2

ε

C(n)

]
= 2n−∆2

ε/C(n).

where C(n) = 2bα2E
(
Q2
jn

)
+ CBnb

α−(m+1)
2 log(n)1/2[(n− 1)bα2 ]−1/2∆ε Now,

E
(
Q2
jn

)
= V

(
b−(m+2)C(m)

s (Vdj ;V
l
d)Aj1{|Aj | ≤ Bn}

)
≤ E

(
b−2(m+2)C(m)

s (Vdj ;V
l
d)2A2

j1{|Aj | ≤ Bn}
)

≤ E
(
b−2(m+2)C(m)

s (Vdj ;V
l
d)2E

[
A2
j

∣∣Vdj])
≤ sup
Vd∈GVd

E
[
A2
j

∣∣Vd]b−2(m+1)

∫ ∣∣K(m)
2ji (Vd)

∣∣θd2jp(Xi, Vi)dXidVi

= O
(
b
−(2m+1)
2

) ∫
|K(m)

2 (γ)|dγ = O
(
b
−(2m+1)
2

)
.

Now choose, α = 2m+ 1, and Bn =
(

(n−1)b2
log(n)

)1/2

. Consequently,

C(n) = 2bα2E
(
Q2
jn

)
+ CBnb

α−(m+1)
2

(
log(n)

[(n− 1)bα2

)1/2

∆ε

= 2b2m+1
2 Cb

−(2m+1)
2 + CBnb

2m+1−m−1
2 b−m2

(
log(n)

(n− 1)b2

)1/2

∆ε

= 2C + CBn

(
log(n)

(n− 1)b2

)1/2

∆ε = 2C + C

(
(n− 1)b2

log(n)

)1/2(
log(n)

(n− 1)b2

)1/2

∆ε

= 2C + C∆ε.

As a result there exists a ∆ε ∈ R+ such that ∆2
ε/C(n) > 1, which implies.

P

(
max

1≤l≤ρn
|Sτ (V ld)− E

(
Sτ (V ld)

)
| ≥

(
log(n)

(n− 1)b2m+1
2

)1/2

∆ε

)
≤ 2ρnn

−∆2
ε/C(n)

= 2Cn1/2b
−β/2
2 n−∆2

ε/C(n)

≤ C
[
bβ2n

2∆2
ε/C(n)−1

]−1/2

≤ C
[
bβ2n

(2−1)
]−1/2

= C
[
bβ2n
]−1/2

.

Choose β = 3 then by Assumption A6,

P

(
max

1≤l≤ρn
|Sτ (V ld)− E

(
Sτ (V ld)

)
| ≥

(
log(n)

(n− 1)b2m+1
2

)1/2

∆ε

)
≤ O([b32n]−1/2) = o(1).
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Consequently, by Markov’s inequality,

T33 = max
i≤l≤ρn

|Sτ (V ld)− E
(
Sτ (V ld)

)
| = Op

([
log(n)

(n− 1)b2m+1
2

]1/2
)
.

in all, given that b2 = o(1),

T3 = T31 + T32 + T33 = Op

([
log(n)

(n− 1)b2m+1
2

]1/2
)
.

Thus, since a ≥ 2,

sup
Vd∈GVd

|Sn(Vd)− E
(
Sn(Vd)

)
| ≤ T1 + T2 + T3 = Op

([
log(n)

(n− 1)b2m+1
2

]1/2
)
.

The proof of the second and third result of the lemma are trivial modifications of the preceding and as
such are not provided.

Lemma 7. Let f1 ∈ Fν1 , f2 ∈ Fν2 , γ ∈ R and λ ∈ (0, 1), under the assumptions A1 - A6 of this paper,

i.) E
[
b−1
1 K1ji(Xd)θ

d
1j

(
f1(Xdj)− f1(Xdi)

)∣∣Si] = O
(
bν11

)
.

ii.) E
[
b−1
2 K2ji(Vd)θ

d
2j

(
f2(Vdj)− f2(Vdi)

)∣∣Si] = O
(
bν22

)
.

iii.) E
[
b−1
1 K1ji(Xd)θ

d
1jη

d
1ji | Si

]
= O(bν11 ).

iv.) E
[
b−1
2 K2ji(Vd)θ

d
2jη

d
2ji | Si

]
= O(bν21 ).

Proof. :

Part i.): By Assumption A4, one can write

f1(Xdj)− f1(Xdi) =

ν1−1∑
m=1

(m!)−1f
(m)
1 (Xdi)

[
Xdj −Xdi

]m
+ (ν1)−1f

(ν1)
1 (X̃d)

[
Xdj −Xdi

]ν1
,

where for some λ ∈ (0, 1), one has X̃d = λXdi + (1− λ)Xdj . Consequently,

E
[
b−1
1 K1ji(Xd)θ

d
1j(f1(Xdj)− f1(Xdi))|Si

]
= b−1

1

∫
K1[b−1

1 (Xdj −Xdi)](f1(Xdj)− f1(Xdi))
g(X−dj , Vj)

p(Xj , Vj)
p(Xj , Vj)dXjdVj

= b−1
1

∫
K1[b−1

1 (Xdj −Xdi)](f1(Xdj)− f1(Xdi))dXdj

= b−1
1

∫
K1( γ )(f1(Xdi + γb1)− f1(Xdi))b1dγ

=

ν1∑
m=1

(m!)−1f
(m)
1 (Xdi)

∫
K1( γ )bm1 γ

mdγ + (ν1!)−1bν11

∫
K1( γ )f

(ν1)
1 (Xdi + λb1γ)γν1dγ

= O(bν11 ) sup
γ∈kR

∣∣f (ν1)
1 (γ)

∣∣ ∫ ∣∣K1( γ )
∣∣|γ|ν1dγ = O(bν11 ).

Part ii.): The proof of ii.) follows, mutatis mutandis, from the proof of i.).

Part iii.):

E
[
b−1
1 K1ji(Xd)θ

d
1jη

d
1ji(c)|Si

]
= E

[
b−1
1 K1ji(Xd)θ

d
1j

(
E[Zcj |Xj , Vj ]−H(Zcj ;Xdj)

)
|Si
]

= E
[
b−1
1 K1ji(Xd)θ

d
1jE[Zcj |Xj , Vj ]|Si]

− E
[
b−1
1 K1ji(Xd)θ

d
1j

(
H(Zcj ;Xdj)−H(Zci;Xdi)

)
|Si
]
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− E
[
b−1
1 K1ji(Xd)θ

d
1jH(Zci;Xdi)|Si

]
≡ T1 − T2 − T3.

T1 = E
[
b−1
1 K1ji(Xd)θ

d
1jE[Zcj |Xj , Vj ]|Si]

=

∫
b−1
1 K1ji(Xd)

g(X−dj , Vj)

p(Xj , Vj)

∫
Zcj

p(Zcj , Xj , Vj)

p(Xj , Vj)
dZcjp(Xj , Vi)dXj , dVj

=

∫
b−1
1 K1ji(Xd)

∫
g(Xj , Vj)

p(Xj , Vj)
Zcj

p(Zcj , Xj , Vj)

p(Xdj)
dZcjdX−dj , dVjdXdj

=

∫
b−1
1 K1ji(Xd)

[
H(Zcj ;Xdj)−H(Zci;Xdi) +H(Zci;Xdi)

]
dXdj

=

∫
b−1
1 K1ji(Xd)

[
H(Zcj ;Xdj)−H(Zci;Xdi)

]
dXdj +H(Zci;Xdi)

∫
b−1
1 K1ji(Xd)dXdj

= O(bν11 ) +H(Zci;Xdi).

The last equality is due to Assumption A4 and i.), T2: By Assumption A4 and i.),

T2 = E
[
b−1
1 K1ji(Xd)θ

d
1j

(
H(Zcj ;Xdj)−H(Zci;Xdi)

)
|Si
]

= O(bν11 ).

T3:

E
[
b−1
1 K1ji(Xd)θ

d
1jH(Zci;Xdi)|Si

]
= H(Zci;Xdi)E

[
b−1
1 K1ji(Xd)θ

d
1j |Si

]
= H(Zci;Xdi)b

−1
1

∫
K1ji(Xd)

g(X−dj , Vj)

p(Xj , Vj)
p(Xj , Vj)dXjdVj

= H(Zci;Xdi)b
−1
1

∫
K1ji(Xd)dXdj = H(Zci;Xdi).

In summary,

E
[
b−1
1 K1ji(Xd)θ

d
1jη

d
1ji|Si

]
= T1 − T2 − T3 = O(bν11 ) +H(Zci;Xdi)−O(bν11 )−H(Zci;Xdi) = O(bν11 ).

Part iv.): The proof of iv.) follows, mutatis mutandis, from the proof of (iii).

Lemma 8. Under the assumptions A1 - A6,

i)
∣∣E(φiζciH(1)d

2 (Zmi)BL(Wai)
)∣∣ = O(l−3/2

n )

ii)
∣∣E(φiζciH(1)d

2 (Zmi)VdiBL(Wai)BJ(Wli)
)∣∣ = O(l−1

n )

iii) E
(
φ2

1ζ
2
ciH

(1)d
2 (Zmi)

2BL(Wai)
2
)1/2

= O(l−1/2
n )

iv) E
(
φ2
i ζ

2
ciH

(1)d
2 (Zmi)

2V 2
diBL(Wai)

2BJ(Wli)
2
)1/2

= O(1)

where c,m ∈ {1, 2, · · · , p} and a, l ∈ {1, 2, . . . , q}.

Proof. Let (Ω,A, P ) be relevant probability space to this paper and define the following random vectors,

Γ(ω;X,V ) = [X(ω)′ V (ω)′]′ : Ω→ R2D

Γ(ω;Zc, X, V ) = [Zc(ω) X(ω)′ V (ω)′]′ : Ω→ R2D+1

Γ(ω;X,V,Wa) = [X(ω)′ V (ω)′ Wa(ω)]′ : Ω→ R2D+1

Γ(ω;Zc, X, V,Wa) = [Zc(ω) X(ω)′ V (ω)′ Wa(ω)]′ : Ω→ R2D+2.

Now define the following sets,

Aa(L; ln) = {ω ∈ Ω : BL(Wa(ω)) > 0}
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Ba(L; ln) = Wa(Aa(L; ln)) ⊂ R
Ca(L; ln) = Γ(Aa(L; ln);X,V,Wa) ⊂ R2D+1

Dac(L; ln) = Γ(Aa(L; ln);Zc, X, V,Wa) ⊂ R2D+2

E(L; ln) = Γ(Aa(L; ln);X,V ) ⊂ R2D

Fc(L; ln) = Γ(Aa(L; ln);Zc, X, V ) ⊂ R2D+1.

Note that Ca(L; ln) ⊂ E(L; ln) × Ba(L; ln), and Dac(L; ln) ⊂ Fc(L; ln) × Ba(L; ln). As a result for any
functions f(Zc, X, V,Wa) : R2D+2 → R+ , and f(X,V,Wa) : R2D+1 → R+,∫

Dac(L;ln)

f(Zc, X, V,Wa)p(Zc, X, V,Wa)d(Zc, X, V,Wa)

≤
∫
Fc(L;ln)×Ba(L;ln)

f(Zc, X, V,Wa)p(Zc, X, V,Wa)d(Zc, X, V,Wa).

and ∫
Ca(L;ln)

f(X,V,Wa)p(X,V,Wa)d(X,V,Wa)

≤
∫
E(L;ln)×Ba(L;ln)

f(X,V,Wa)p(X,V,Wa)d(X,V,Wa).

Furthermore by the remarks to assumption A1,∫
Ba(L;ln)

dWa =
[
Wa

]tL+k

tL
= (tL+k − tL) ≤ Ckl−1

n .

Consider,

P
(
BL(Wai) > 0

)
= P

(
Wa ∈ Ba(L; ln)

)
=

∫
Ba(L;ln)

p(Wa)dWa = P
(
{ω ∈ Ω : Wa(ω) ∈ Ba(L; ln)}

)
= P (Aa(L; ln)) = P

(
{ω ∈ Ω : [Zc(ω) X(ω)′ V (ω)′ ]′ ∈ Fc(L; ln)}

)
= P

(
Fc(L; ln)

)
=

∫
Fc(L;ln)

p(Zc, X, V )d(Zc, X, V ).

Similarly,

P
(
BL(Wai) > 0

)
= P

(
Aa(L; ln)

)
= P

(
{ω ∈ Ω : [X(ω)′ V (ω)′]′ ∈ E(L; ln)}

)
= P

(
E(L; ln)) =

∫
E(L;ln)

p(X,V )dXdV.

Consequently,

P
(
BL(Wa) > 0) =

∫
Ba(L;ln)

p(Wa)dWa =

∫
Fc(L;ln)

p(Zc, X, V )dZcdXdV =

∫
E(L;ln)

p(X,V )dX, dV.

Now consider, ∫
Ca(L;ln)

p(Wa)dWa ≤ sup
Wa∈GWa

p(Wa)

∫
Ca(L;ln)

dWa = Ckl−1
n = O(l−1

n ).

Consequently,

0 ≤
∫
Fc(L;ln)

p(Zc, X, V )dZcdXdV =

∫
E(L;ln)

p(X,V )dX, dV =

∫
Ba(L;ln)

p(Wa)dWa = O(l−1
n ).
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Hereafter notation is simplified in the following way, Ba ≡ Ba(L; ln), Ca ≡ Ca(L; ln), Dac ≡ Dac(L; ln),
E ≡ E(L; ln), and Fc ≡ Fc(L; ln).

Part i.):
Case 1 : Zc 6= Wa,∣∣E(φiζciH(1)d

2 (Zmi)BL(Wai)
)∣∣ ≤ E(∣∣φiζciH(1)d

2 (Zmi)
∣∣BL(Wai)1

{
BL(Wai) > 0

})
=

∫
Dac

∣∣φiζciH(1)d
2 (Zmi)

∣∣BL(Wai)p(Zci, Xi, Vi,Wai)dZcidXidVidWai

≤
∫
Fc×Ba

∣∣φiζciH(1)d
2 (Zmi)

∣∣BL(Wai)p(Zci, Xi, Vi,Wai)dZcidXidVidWai

=

∫
Fc

∣∣φiζciH(1)d
2 (Zmi)

∣∣ ∫
Ba

BL(Wai)p(ZciXi, Vi,Wai)p(Zci, Xi, Vi)
−1dWaip(Zci, Xi, Vi)dZcidXidVi

≤
(
||bL(Wai)||2

)−1
sup

Wa∈GWa
bL(Wa) sup

Zc,X,V ∈GZc,X,V,Wa
p(Zc, X, V,Wa)

(
inf

Zc,X,V ∈GZc,X,V
p(Zc, X, V )

)−1

×
∫
Fc

∣∣φiζciH(1)d
2 (Zmi)

∣∣ ∫
Ba

dWai p(Zci, Xi, Vi)dZcidXidVi

≤ O
(
l−1/2
n

)
sup

X,V ∈GXV

∣∣φ(X,V )ζcH
(1)d
2 (Zm)

∣∣ ∫
Fc

p(Zci, Xi, Vi)dZcidXidVi

= O(l−3/2
n ).

Case 2 : Zc = Wa,∣∣E(φiζciH(1)d
2 (Zmi)BL(Wai)

)∣∣ ≤ E(φi∣∣Wai −H∗(Wai)
∣∣∣∣H(1)d

2 (Zmi)
∣∣BL(Wai)

)
≤
∫
Ca

φi
∣∣H(1)d

2 (Zmi)
∣∣∣∣Wai

∣∣BL(Wai)p(Xi, Vi,Wai)dXidVidWai

+

∫
Ca

φi
∣∣H(1)d

2 (Zmi)
∣∣∣∣H∗(Wai)

∣∣BL(Wai)p(Xi, Vi,Wai)dXidVidWai

≤
∫
E

φi
∣∣H(1)d

2 (Zmi)
∣∣ ∫
Ba

∣∣Wai

∣∣BL(Wai)p(Xi, Vi,Wai)p(Xi, Vi)
−1dWai p(Xi, Vi)dXidVi

+

∫
E

φi
∣∣H(1)d

2 (Zmi)
∣∣∣∣H∗(Wai)

∣∣ ∫
Ba

BL(Wai)p(Xi, Vi,Wai)p(Xi, Vi)
−1dWai p(Xi, Vi)dXidVi

≤
(
||bL(Wai)||2

)−1
sup

Wa∈GWa
bL(Wa) sup

X,V ∈GX,V,Wa
p(X,V,Wa)|Wa|

(
inf

X,V ∈GX,V
p(X,V )

)−1

×

{∫
E

φi
∣∣H(1)d

2 (Zmi)
∣∣(1 +

∣∣H∗(Wai)
∣∣) ∫

Ba

dWai p(Xi, Vi)dXidVi

}

= O
(
l−1/2
n

)
sup

X,V ∈GXV
φ(X,V )

∣∣H(1)d
2 (Zm)

∣∣(1 +
∣∣H∗(Wa)

∣∣) ∫
E

p(Xi, Vi)dXidVi

= O(l−3/2
n ).

Part ii.):∣∣E(φiζciH(1)d
2 (Zmi)VdiBL(Wai)BJ(Wli)

)∣∣
≤
(
||bL(Wl)||2

)−1
sup

Vd,Wl∈GVd,Wl

∣∣Vd∣∣∣∣bL(Wl)
∣∣E(∣∣φiζciH(1)d

2 (Zmi)
∣∣BL(Wai)1

{
BL(Wai) > 0

})
= O(l1/2n )E

(∣∣φiζciH(1)d
2 (Zmi)

∣∣BL(Wai)1
{
BL(Wai) > 0

})
= O(l1/2n )O(l−3/2

n ) = O(l−1
n ).

Part iii.):

E
(
φ2

1ζ
2
ciH

(1)d
2 (Zmi)

2BL(Wai)
2
)1/2

≤
(
||bL(Wai)||2

)−1/2
sup

Wa∈GWa
bL(Wa)1/2E

(
φ2

1ζ
2
ciH

(1)d
2 (Zmi)

2BL(Wai)
)1/2
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≤ O(l1/4n )E
(
φ2

1ζ
2
ciH

(1)d
2 (Zmi)

2BL(Wai)
)1/2

.

Note that a careful inspection of the proof of Part (i), yields the following conclusion,

E
(
φ2

1ζ
2
ciH

(1)d
2 (Zmi)

2BL(Wai)
)

= O(l−3/2
n ).

Consequently, E
(
φ2

1ζ
2
ciH

(1)d
2 (Zmi)

2BL(Wai)
2
)1/2

= O(l
1/4
n )O(l

−3/4
n ) = o(l

−1/2
n ).

Part iv.):

E
(
φ2
i ζ

2
ciH

(1)d
2 (Zmi)

2V 2
diBL(Wai)

2BJ(Wli)
2
)1/2

≤
(
||bL(Wli)||2

)−1(||bL(Wai)||2
)−1/2

sup
Wa,Wl∈GWa,Wl

bL(Wl)bL(Wa)1/2E
(
φ2

1ζ
2
ciH

(1)d
2 (Zmi)

2V 2
diBL(Wai)

)1/2

= O(l1/2n )O(l1/4n ) sup
Vd∈GVd

|Vd|E
(
φ2

1ζ
2
ciH

(1)d
2 (Zmi)

2BL(Wai)
)1/2

= O(l3/4n )O(l−3/4
n ).

Lemma 9. Suppose that for some sequence of positive real numbers {Tn}∞n=1,

sup
Xdi∈GX

|p̂(Xdi)− p(Xdi)| = Op(Tn), and sup
Vdi∈GV

|p̂(Vdi)− p(Vdi)| = Op(Tn).

Then, under the assumptions A1 - A6,

ĝ(Xi, V̂i)− g(Xi, Vi) = 2

D∑
d=1

g(X−di, Vi)
[
p̂(Xdi)− p(Xdi)

]
+ 2

D∑
d=1

g(Xi, V−di)
[
p̂(V̂di)− p(Vdi)

]
+Op(T

2
n).

Proof. Let T = [T1 T2 · · ·TD]′ be a D ∈ N dimensional random vector, p(Td) be the density of each of
its components having compact support GTd and such that,

sup
Td∈GTd

|p̂(Td)− p(Td)| = Op(Ln) and sup
Td∈GTd

p(Td) = C <∞.

For the purposes of this proof, D can be any natural number, consequently this proof will be carried out
algorithmically. Define,

Aj =

D∏
j≤d

p̂(Td)−
D∏
j≤d

p(Td), and Bj = p̂(Tj)− p(Tj) + p(Tj).

Define S = {s ∈ N : 1 ≤ s ≤ D}, then for any Θi ⊂ S s.t. #(Θi) = card(Θi) = i define Φi = Θc
i ∩S and,

D(Θi) =
[ ∏
d∈Φi

p(Td)
][ ∏

d∈Θi

(
p̂(Td)− p(Td)

)]
.

Furthermore for any 1 ≤ j ≤ D − 1 define, C(j, {j}) =
(
p̂(Tj)− p(Tj)

)∏D
j+1≤d p(Td). T hen, note that,

Aj =

D∏
j≤d

p̂(Td)−
D∏
j≤d

p(Td)

=

D∏
j≤d

p̂(Td)− p̂(Tj)
D∏

j+1≤d

p(Td) + p̂(Tj)

D∏
j+1≤d

p(Td)−
D∏
j≤d

p(Td)
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= p̂(Tj)
[ D∏
j+1≤d

p̂(Td)−
D∏

j+1≤d

p(Td)
]

+
(
p̂(Tj)− p(Tj)

) D∏
j+1≤d

p(Td)

=
(
p̂(Tj)− p(Tj) + p(Tj)

)
Aj+1 + C(j, {j})

= BjAj+1 + C(j, {j}).

Consequently,

A1 = B1A2 + C(1, {1})
= B1

(
B2A3 + C(2, {2}) + C(1, {1})

)
= B1B2A3 +B1C(2, {2}) + C(1, {1})
= B1B2

(
B3A4 + C(3, {3})

)
+B1C(2, {2}) + C(1, {1})

= B1B2B3A4 +B1B2C(3, {3}) +B1C(2, {2}) + C(1{1})
...

...
...

= AD

D−1∏
i=1

Bi +

D−1∑
j=1

C(j + 1, {j + 1})
∏

1≤i≤j

Bi + C(1, {1}).

Now note that,

AD

D−1∏
i=1

Bi =
(

[p̂(T1)− p(T1)] + p(T1)
)(

[p̂(T2)− p(T2)] + p(T2)
)

× · · · ×
([
p̂(TD−1)− p(TD−1)

]
+ p(TD−1)

)(
p̂(TD)− p(TD)

)
If one expands this product into a sum consisting solely of terms of the form D(Θj+1) then, for each

j ∈ {1, 2, . . . , D − 1}, there are exactly
(
D−1
j

)
of these terms within this sum. Furthermore, for all Θi

one has

D(Θi) =
[ ∏
d∈Φi

p(Td)
][ ∏

d∈Θi

(
p̂(Td)− p(Td)

)]
≤
[ ∏
d∈Φi

sup
Td∈GTd

p(Td)
][ ∏

d∈Θi

sup
Td∈GTd

∣∣p̂(Td)− p(Td)∣∣]
= O(1)Op

(
L#(Θi)
n

)
= OP

(
Lin
)
.

Consequently one can write

AD

D−1∏
i=1

Bi =

D∑
j=1

D({j}) +

D−1∑
j=1

(
D − 1

j

)
Op(L

j+1
n ) =

D∑
j=1

D({j}) +Op(L
2
n).

Similarly,

C(j + 1, {j + 1})
∏

1≤i≤j

Bi =
(

[p̂(T1)− p(T1)] + p(T1)
)(

[p̂(T2)− p(T2)] + p(T2)
)

× · · · ×
(

[p̂(Tj)− p(Tj)] + p(Tj)
)[(

p̂(Tj+1)− p(Tj+1)
) D∏
j+2≤d

p(Td)
]
.

Furthermore, if one where to expand this product into a sum consisting soley of terms of the form
D(Θm+1) then for each m ∈ {1, 2, . . . , j}, there are exactly,

(
j
m

)
of these in the sum. Consequently, one

can write,

C(j + 1, {j + 1})
∏

1≤i≤j

Bi = D({j + 1}) +

j∑
m=1

(
j

m

)
Op(L

m+1
n ) = D({j + 1}) +Op(L

2
n).
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As a result, one has,

D−1∑
j=1

C(j + 1, {j + 1})
∏

1≤i≤j

Bi =

D−1∑
j=1

D({j + 1}) +Op(L
2
n).

Lastly note that C(1, {1}) = D({1}) so that,

A1 = AD

D−1∏
i=1

Bi +

D−1∑
j=1

C(j + 1, {j + 1})
∏

1≤i≤j

Bi + C(1, {1})

=

D∑
j=1

D({j}) +Op(L
2
n) +

D−1∑
j=1

D({j + 1}) +Op(L
2
n) +D({1})

= 2

D∑
j=1

D({j}) +Op(L
2
n).

Lemma 10. Under the assumptions A1 - A6, n−1
∑n
i=1 ζiui(φ̂i − φi) = op(n

−1/2).

Proof.

φ̂(Xi, V̂i)− φ(Xi, Vi) = [p̂(Xi, V̂i)p(Xi, Vi)]
−1
(
p(Xi, Vi)

[
ĝ(Xi, V̂i)− g(Xi, Vi)

]
+ g(Xi, Vi)

[
p(Xi, Vi)− p̂(Xi, V̂i)

])
= p̂(Xi, V̂i)

−1
[
ĝ(Xi, V̂i)− g(Xi, Vi)

]
+ [p̂(Xi, V̂i)p(Xi, Vi)]

−1g(Xi, Vi)
[
p(Xi, Vi)− p̂(Xi, V̂i)

]
= p̂(Xi, V̂i)

−1
[(
ĝ(Xi, V̂i)− g(Xi, Vi)

)
+ φi

(
p(Xi, Vi)− p̂(Xi, V̂i)

)]
=
[
p(Xi, Vi)

−1 + [p̂(Xi, V̂i)p(Xi, Vi)]
−1
(
p(Xi, Vi)− p̂(Xi, V̂i)

)]
×
[(
ĝ(Xi, V̂i)− g(Xi, Vi)

)
+ φi

(
p(Xi, Vi)− p̂(Xi, V̂i)

)]
≤
[
p(Xi, Vi)

−1 +
(
p(Xi, Vi)

2 + p(Xi, Vi)
[
p̂(Xi, V̂i)− p(Xi, Vi)

])−1[
p̂(Xi, V̂i)− p(Xi, Vi)

]]
×
[(
ĝ(Xi, V̂i)− g(Xi, Vi)

)
+ φi

(
p(Xi, Vi)− p̂(Xi, V̂i)

)]
≡
[
p(Xi, Vi)

−1 +A∗
][(
ĝ(Xi, V̂i)− g(Xi, Vi)

)
+ φi

(
p(Xi, Vi)− p̂(Xi, V̂i)

)]
,

where,

A∗ =
[(
p(Xi, Vi)

2 + p(Xi, Vi)
[
p̂(Xi, V̂i)− p(Xi, Vi)

])−1[
p̂(Xi, V̂i)− p(Xi, Vi)

]]
.

Furthermore,

A∗
[(
ĝ(Xi, V̂i)− g(Xi, Vi)

)
+ φi

(
p(Xi, Vi)− p̂(Xi, V̂i)

)]
≤ |A∗|

(
sup

X,V ∈GX,V
|ĝ(Xi, V̂i)− g(Xi, Vi)|+ sup

X,V ∈GX,V
p(X,V ) sup

X,V ∈GX,V
|p(Xi, Vi)− p̂(Xi, V̂i)|

)
=
(
p(Xi, Vi)

2 + p(Xi, Vi)
[
p̂(Xi, V̂i)− p(Xi, Vi)

])−1[
p̂(Xi, V̂i)− p(Xi, Vi)

]
Op(L0n)

≤
(

inf
X,V ∈GX,V

p(Xi, Vi)
2 + inf

X,V ∈GX,V
p(Xi, Vi)op(1)

)−1

sup
X,V ∈GX,V

∣∣p̂(Xi, V̂i)− p(Xi, Vi)
∣∣Op(L0n)

= Op(L2
0n) = op(n

−1/2).

Consequently,

φ̂(Xi, V̂i)− φ(Xi, Vi) = p(Xi, Vi)
−1
[(
ĝ(Xi, V̂i)− g(Xi, Vi)

)
+ φi

(
p(Xi, Vi)− p̂(Xi, V̂i)

)]
+ op(n

−1/2)

By Lemmas 3 and 9,

p(Xi, Vi)
−1
(
ĝ(Xi, V̂i)− g(Xi, Vi)

)
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= 2

D∑
d=1

p(Xi, Vi)
−1g(X−di, Vi)

(
p̂(Xdi)− p(Xdi)

)
+ 2

D∑
d=1

p(Xi, Vi)
−1g(Xi, V−di)

(
p̂(V̂di)− p(Vdi)

)
+Op(L2

0n)

= 2

D∑
d=1

p(Xdi)
−1φi

[
p̂(Xdi)− E(p̂(Xdi)

∣∣Xdi)
]

+ 2

D∑
d=1

p(Xdi)
−1φi[E(p̂(Xdi)|Xdi)− p(Xdi)]

+ 2

D∑
d=1

p(Vdi)
−1φi

[
p̂(V̂di)− p̂(Vdi)

]
+ 2

D∑
d=1

p(Vdi)
−1φi

[
p̂(Vdi)− E(p̂(Vdi)|Vdi)

]
+ 2

D∑
d=1

p(Vdi)
−1φi

[
E(p̂(Vdi)|Vdi)− p(Vdi)

]
+ op(n

−1/2)

≡ 2

D∑
d=1

T1d + 2

D∑
d=1

T2d + 2

D∑
d=1

T3d + 2

D∑
d=1

T4d + 2

D∑
d=1

T5d + op(n
−1/2).

Consider also,

p(Xi, Vi)
−1φi

[
p(Xi, Vi)− p̂(Xi, V̂i)

]
= (−1)p(Xi, Vi)

−1φi
[
p̂(Xi, V̂i)− p̂(Xi, Vi)

]
− p(Xi, Vi)

−1φi
[
p̂(Xi, Vi)− E(p̂(Xi, Vi)|Xi, Vi)

]
− p(Xi, Vi)

−1φi
[
E(p̂(Xi, Vi)|Xi, Vi

]
− p(Xi, Vi)

]
≡ −T6 − T7 − T8.

As a result,

n−1
n∑
i=1

ζiui(φ̂i − φi) ≤
D∑
d=1

2

{
n−1

n∑
i=1

ζiuiT1d + n−1
n∑
i=1

ζiuiT2d + n−1
n∑
i=1

ζiuiT3d + n−1
n∑
i=1

ζiuiT4d

+ n−1
n∑
i=1

ζiuiT5d + n−1
n∑
i=1

|ζi||ui|op(n−1/2)

}

− n−1
n∑
i=1

ζiuiT6 − n−1
n∑
i=1

ζiuiT7 − n−1
n∑
i=1

ζiuiT8

=

D∑
d=1

{
E1d + E2d + E3d + E4d + E5d

}
− E6 − E7 − E8 + op(n

−1/2).

Note the last equality is due to Assumption A5 which implies n−1
∑n
i=1 |ζi||ui| = Op(1),

E1d = n−1
n∑
i=1

ζiuip(Xdi)
−1φi[nb1]−1

n∑
j=1

(
K1ji(Xd)− E

[
K1ji(Xd)

∣∣Xdi]
)

= n−2
n∑
i=1

ζiuip(Xdi)
−1φib

−1
1

(
K1ii(Xd)− E

[
K1ii(Xd)|Xdi

])
+ n−2

n∑
i=1

∑
j 6=i

ζiuip(Xdi)
−1φib

−1
1

(
K1ji(Xd)− E

[
K1ji(Xd)|Xdi

])
= n−2

n∑
i=1

∑
j 6=i

ζiuip(Xdi)
−1φib

−1
1

(
K1ji(Xd)− E

[
K1ji(Xd)|Xdi

])
,

≡ n−2
n∑
i=1

∑
j 6=i

Ψd
1(i, j; c) '

(
n

2

)−1 n∑
i=1

∑
i<j

Γ
(2)d
1 (i, j; c) = U

(2)d
1 (c).
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where, Γ
(2)d
1 (i, j; c) = Ψd

1(i, j; c) + Ψd
1(j, i; c)

E
(
Ψd

1(i, j; c)
)

= E
(
ζcip(Xdi)

−1φib
−1
1

(
K1ji(Xd)− E

[
K1ji(Xd)|Xdi

])
E
[
ui|Zi, Xi, Vi, Sj

])
= 0.

E
(
E
[
Ψd

1(i, j; c)|Si
]2)1/2

= E
(
p(Xdi)

−2φ2ζ2
ciu

2
i b
−2
1 E

[
K1ji(Xd)− E

(
K1ji(Xd)|Xdi

)
|Si
]2)1/2

= 0.

E
(
E
[
Ψd

1(i, j; c)|Sj
]2)1/2

= E
(
E
[
p(Xdi)

−1φiζcib
−1
1

(
K1ji(Xd)− E

[
K1ji(Xd)|Xdi

])
E
[
ui|Zi, Xi, Vi, Sj

]∣∣∣Sj]2)1/2

= 0.

E
(
Ψd

1(i, j; c)2
)1/2

= E
(
p(Xdi)

−2φ2
i ζ

2
cib
−2
1

(
K1ji(Xd)− E

[
K1ji(Xd)|Xdi]

)2
E
[
u2
i |Zi, Xi, Vi, Sj

])1/2

= O(b
−1/2
1 ) sup

Xd∈GXd
p(Xd)

−1E
(
b−1
1

[
K1ji(Xd)− E

(
K1ji(Xd)|Xdi

)]2
E
[
φ2
i ζ

2
ci|Xdi, Xdj

])
= O(b

−1/2
1 )

(
E
(
b−1
1 K1ji(Xd)

2
)
− E

[
E
(
b
−1/2
1 K1ji(Xd)|Xdi

)2])1/2

≤ O(b
−1/2
1 )E

(
b−1
1 K1ji(Xd)

2
)1/2

= O
(
b
−1/2
1

)
.

Now in summary,

E1d = U
(2)d
1 (c) = E

(
Ψd

1(i, j; c)
)

+Op
(
n−1/2E

(
E
[
Ψd

1(i, j; c)|Si
]2)1/2)

+Op
(
n−1/2E

(
E
[
Ψd

1(i, j; c)|Sj
]2)1/2)

+Op
(
n−1E

(
Ψd

1(i, j; c)2
)1/2)

= Op
(
[nb

1/2
1 ]−1

)
= op(n

1/2).

Recall that,

sup
X,V ∈GX,V

∣∣E[p̂(Xi, Vi)
∣∣Xi, Vi

]
− p(Xi, Vi)

∣∣ = O
(
hν31 + hν32

)
sup

Xdi∈GXd

∣∣E[p̂(Xdi)
∣∣Xdi

]
− p(Xdi)

∣∣ = O(hν00 )

sup
Vdi∈GVd

∣∣E[p̂(Vdi)∣∣Vdi]− p(Vdi)∣∣ = O(hν00 ).

E
(
E2d(c)

2
)

= E
([
n−1

n∑
i=1

ζciuip(Xdi)
−1φi

(
E
[
p̂(Xdi)|Xdi

]
− p(Xdi)

)]2)
= n−2

n∑
i=1

E
(
ζ2
ciu

2
i p(Xdi)

−2φ2
i

(
E
[
p̂(Xdi)

∣∣Xdi

]
− p(Xdi)

)2)
+ n−2

n∑
i=1

∑
j 6=i

E
[
φiζciuip(Xdi)

−1
(
E
[
p̂(Xdi)

∣∣Xdi

]
− p(Xdi)

)
E
(
ui|Zi, Xi, Vi, S−i

)
× φjζcjp(Xdj)

−1
(
E
[
p̂(Xdj)|Xdj

]
− p(Xdj)

)
E
[
uj |Zj , Xj , Vj , S−j

]]
≤ n−1 sup

Xdi∈GXd

∣∣E[p̂(Xdi)
∣∣Xdi

]
− p(Xdi)

∣∣2E(ζ2
ciφ

2
iE
[
u2
i |Zi, Xi, Vi

])
= O(n−1b2ν01 )E

(
φ2
i ζ

2
ci

)
= O(n−1b2ν01 ).

E3d(c) = n−1
n∑
i=1

p(Vdi)
−1φiζciui

[
p̂(V̂di)− p̂(Vdi)

]
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= n−1
n∑
i=1

p(Vdi)
−1φiζciui[nb2]−1

n∑
j=1

(
K2[b−1

2

(
V̂dj − V̂di

)]
−K2[b−1

2

(
Vdj − Vdi

)])

= n−1
n∑
i=1

p(Vdi)
−1φiζciui

{
3∑

m=1

(m!)−1[nb1+m
2 ]−1

n∑
j=1

K
(m)
2ji (Vd)

[
(V̂dj − Vdj)− (V̂di − Vdi)

]m
+ [4!nb52]−1

n∑
j=1

K
(4)
2ji(Ṽd)

[
(V̂dj − Vdj)− (V̂di − Vdi)

]4}

= (−1)n−1
n∑
i=1

p(Vdi)
−1φiζciui[nb

2
2]−1

n∑
j=1

K
(1)
2ji(Vd)(m̂

ln
d (Wj)−md(Wj))

+ n−1
n∑
i=1

p(Vdi)
−1φiζciui[nb

2
2]−1

n∑
j=1

K
(1)
2ji(Vd)(m̂

ln
d (Wi)−md(Wi))

+ n−1
n∑
i=1

p(Vdi)
−1φiζciui[2nb

3
2]−1

n∑
j=1

K
(2)
2ji(Vd)

[
(md(Wj)− m̂ln

d (Wj))− (md(Wi)− m̂ln
d (Wi))]

2

+ n−1
n∑
i=1

p(Vdi)
−1φiζciui[6nb

4
2]−1

n∑
j=1

K
(3)
2ji(Vd)

[
(md(Wj)− m̂ln

d (Wj))− (md(Wi)− m̂ln
d (Wi))]

3

+ n−1
n∑
i=1

p(Vdi)
−1φiζciui[24nb52]−1

n∑
j=1

K
(4)
2ji(Ṽd)

[
(md(Wj)− m̂ln

d (Wj))− (md(Wi)− m̂ln
d (Wi))]

4

≡ −E31d(c) + E32d(c) + E33d(c) + E34d(c) + E35d(c).

Let α ∈ {2, 3},

E
(
|p(Vdi)−1φi||ζci||ui||b−1

2 K
(α)
2ji (Vd)|

)
= E

(
p(Vdi)

−1φi|ui||b−1
2 K

(α)
2ji (Vd)|

)
≤
[

inf
Vd∈GVd

p(Vd)
]−1

E
(
|φiζci||ui|E

[
|K(α)

2ji (Vd)|
∣∣Si])

= O(1)E
(
|φiζci|E

[
|ui|
∣∣Zi, Xi, Vi

])
= O(1)E

(
|φiζci|

)
= O(1).

Also,

E
(
p(Vdi)

−1φi|ζci||ui||K(4)d
2ji (Ṽd)|

)
≤
[

inf
Vd∈GVd

p(Vd)
]−1

E
(
|φiζci||ui||b−1

2 K
(4)
2ji(Vd)|

)
≤ O(1) sup

γ∈R
|K(4)

2 (γ)|E
(
|φiζci|E

[
|ui|
∣∣Zi, Vi, Xi

])
≤ O(1)E

(
|φiζci|

)
= O(1).

Consequently by Markov’s Inequality,

|p(Vdi)−1φiζciuib
−1
2 K

(2)
2ji(Vd)| = Op(1), |p(Vdi)−1φiζciuib

−1
2 K

(3)
2ji(Vd)| = Op(1), |p(Vdi)−1φiζciuiK

(4)
2ji(Ṽd)| = Op(1).

E33d + E34d + E35d

= n−1
n∑
i=1

p(Vdi)
−1φiζciui[2nb

3
2]−1

n∑
j=1

K
(2)
2ji(Vd)

[
(md(Wj)− m̂ln

d (Wj))− (md(Wi)− m̂ln
d (Wi))]

2

+ n−1
n∑
i=1

p(Vdi)
−1φiζciui[6nb

4
2]−1

n∑
j=1

K
(3)
2ji(Vd)

[
(md(Wj)− m̂ln

d (Wj))− (md(Wi)− m̂ln
d (Wi))]

3

+ n−1
n∑
i=1

p(Vdi)
−1φiζciui[24nb52]−1

n∑
j=1

K
(4)
2ji(Ṽd)

[
(md(Wj)− m̂ln

d (Wj))− (md(Wi)− m̂ln
d (Wi))]

4
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≤ [2b22]−1
[
2 sup
W∈GW

|m̂ln
d (W )−md(W )|

]2
n−2

n∑
i=1

n∑
j=1

|p(Vdi)−1φiζciuib
−1
2 K

(2)
2ji(Vd)|

+ [6b32]−1
[
2 sup
W∈GW

|m̂ln
d (W )−md(W )|

]3
n−2

n∑
i=1

n∑
j=1

|p(Vdi)−1φiζciuib
−1
2 K

(3)
2ji(Vd)|

+ [24b52]−1
[
2 sup
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]4
n−2

n∑
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n∑
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|p(Vdi)−1φiζciuiK
(4)
2ji(Ṽd)|
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(
L2
n

b22

)
+Op

(
L3
n

b32

)
+Op

(
L4
n

b52

)
= op(n

−1/2).

By Lemma 3 vi.) and vii.) . Note by assumption A5 of this paper,

E
(
ζ2
ciu

2
i

)
= E

(
ζ2
ciE
[
u2
i |Zi, Xi, Vi]

)
= E(ζ2

ci) = O(1).

and

E
(
ζ2
ciu

2
i

∣∣Wi, Vdi
)

= E
(
ζ2
ciE
[
u2
i

∣∣Wi, Xi, Vi
]
|Wi, Vdi

)
= O(1)E

(
ζ2
ci|Wi, Vdi) = O(1).

Consequently, by a trivial modification of Lemma 6,

sup
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∣∣∣[nb22]−1
∑
i 6=j

(
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(1)
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[
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])∣∣∣ = Op
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nb32

]1/2
)
.

E31d(c) = n−1
n∑
i=1

θd2iζciui[nb
2
2]−1

n∑
j=1

K
(1)
2ji(Vd)

(
m̂ln
d (Wj)−md(Wj)

)
= [n2b22]−1

n∑
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(
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)
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−1φiζcjujK
(1)
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n∑
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(
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)
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∑
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−1φiζciuiK
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≤ sup
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n∑
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|m̂ln
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(
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∑
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(
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(1)
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[
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+
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∑
i 6=j

E
[
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[
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(
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)
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∑
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(
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(1)
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])∣∣∣
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(
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[
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]1/2
)
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By Lemma 3 vi) and xxiv)

Note that similar to the above,

E
(
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−1|φiζci||ui||K(1)
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)
≤
[
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]−1
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γ∈R
|K(1)

2 ( γ )|E
(
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[
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So, by Markov’s Inequality, p(Vdi)
−1|φiζci||ui||b−1

2 K
(1)
2ii (Vd)| = Op(1). Now consider,
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2
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n∑
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K
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(
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)
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= [n2b22]−1
n∑
i=1

p(Vdi)
−1θd2iφiζciuiK

(1)
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(
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)
+ n−1
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Now, consider,
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∑
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Furthermore,
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Lemma 3 v).
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ui|Wi, Xi, Vi, Sj

])
= 0.

E
(
E
[
Ψd

322(j, i; c)|Sj
]2)1/2

= E
(
E
[
b−2
2 K

(1)
2ji(Vd)φiζcip(Vdi)

−1
[
mln
d (Wi)−md(Wi)

]
E
(
ui|Wi, Xi, Vi, Sj

)
|Sj
]2)1/2

= 0.

E
(
E
[
Ψd

322(j, i; c)|Si
]2)1/2

= E
(
E
[
b−2
2 K

(1)
2ji(Vd)φiζcip(Vdi)

−1ui
[
mln
d (Wi)−md(Wi)

]∣∣∣Si]2)1/2

≤
[

inf
Vd∈GVd

p(Vd)
]−1

sup
W∈GW

|mln
d (W )−md(W )|b−1

2 E
(
φ2
i ζ

2
ciE
[
u2
i |Wi, Xi, Vi, Sj

]
E
[
b−1
2 K

(1)
2ji(Vd)|Si

]2)1/2

= O(l−kn b−1
2 )E

(
φ2
i ζ

2
ci

)1/2
= O(l−kn b−1

2 ).

E
(
Ψd

322(j, i; c)2
)1/2

= E
(
b−4
2 K

(1)
2ji(Vd)

2φ2
i ζ

2
cip(Vdi)

−2u2
i

[
mln
d (Wi)−md(Wi)

]2)1/2
= b
−3/2
2

[
inf

Vd∈GVd
p(Vd)

]−1
sup

W∈GW
|mln

d (Wi)−md(Wi)|E
(
φ2
i ζ

2
ciE
[
u2
i |Wi, Xi, Vi, Sj

]
E
[
b−1
2 K

(1)
2ji(Vd)

2|Si
])1/2

= O
(
l−kn b

−3/2
2

)
E
(
φ2
i ζ

2
ci

)
= O

(
l−kn b

−3/2
2

)
.

Now, in summary,

E322d(c) = U
(2)d
322 (c) = E

(
Ψd

322(j, i; c)
)

+Op(n
−1/2E

(
E
[
Ψd

322(j, i; c)|Sj
]2)1/2

)

+Op(n
−1/2E

(
E
[
Ψd

322(j, i; c)|Si
]2)1/2

) +Op(n
−1E

(
Ψd

322(j, i; c)2
)1/2

)

= Op(n
−1/2l−kn b−1

2 ) +Op(n
−1l−kn b

−3/2
2 ) = op(n

−1/2).

Now, note that,

E32d(c) = op(n
−1/2) + E321d(c) + E322d(c) = op(n

−1/2).

Furthermore, E3d = E31d − E32d + E33d + E34d + E35d = op(n
−1/2). Since,

E4d(c) = n−1
n∑
i=1

ζciuip(Vdi)
−1φi

(
p̂(Vdi)− E

[
p̂(Vdi)|Vdi

])
,
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note that the structure of E4d is (exchanging Xd , for Vd) precisely the same as E1d. Thus, in an identical
manner as in the case of E1 it can be shown that, E4d = op(n

−1/2). Since,

E5d = n−1
n∑
i=1

ζciuip(Vdi)
−1φi

(
E
[
p̂(Vdi)|Vdi

]
− p(Vdi)

)
.

note that the structure of E5d is (exchanging Xd, for Vd) precisely the same as E2d. Thus in an identical
manner as E2 it can be shown that, E5d = op(n

−1/2). Since,

E6(c) = n−1
n∑
i=1

ζciuip(Xi, Vi)
−1φi

[
p̂(Xi, V̂i)− p̂(Xi, Vi)

]
= n−1

n∑
i=1

ζciuip(Xi, Vi)
−1φi[nh

D
1 h

D
2 ]−1

n∑
j=1

[
K3ji(X, V̂ )−K3ji(X,V )

]
= [n2hD1 h

D
2 ]−1

n∑
i=1

n∑
j=1

ζciuip(Xi, Vi)
−1φi

[
K3ji(X, V̂ )−K3ji(X,V )

]
=

D∑
d=1

[n2h−D1 h
−(D+1)
2 ]−1

n∑
i=1

n∑
j=1

ζciuip(Vdi)
−1φiDdK3ji(X,V )

(
V̂dj − Vdj

)
−

D∑
d=1

[n2h−D1 h
−(D+1)
2 ]−1

n∑
i=1

n∑
j=1

ζciuip(Xi, Vi)
−1φiDdK3ji(X,V )

(
V̂di − Vdi

)
+

∑
1≤k,d≤D

[2n2h−D1 h
−(D+2)
2 ]−1

n∑
i=1

n∑
j=1

ζciuip(Xi, Vi)
−1φiDkdK3ji(X,V )

∏
ξ∈{d,k}

[
(V̂ξj − Vξj)−

(
V̂ξi − Vξi

)]2
+

∑
1≤m,k,d≤D

[6n2hD1 h
D+3
2 ]−1

n∑
i=1

n∑
j=1

ζciuip(Xi, Vi)
−1φiDmkdK3ji(X,V )

∏
ξ∈{m,d,k}

[
(V̂ξj − Vξj)−

(
V̂ξi − Vξi

)]3
+

∑
1≤q,m,k,d≤D

[24n2hD1 h
D+4
2 ]−1

n∑
i=1

n∑
j=1

ζciuip(Xi, Vi)
−1φiDqmkdK̃3ji(X,V )

∏
ξ∈{q,m,d,k}

[
(V̂ξj − Vξj)−

(
V̂ξi − Vξi

)]4
≡ E61(c) + E62(c) + E63(c) + E64(c) + E65(c).

Note that,

E
[
|φiζci||ui|p(Xi, Vi)

−1|hD1 hD2 DkdK3ji(X,V )|
]

≤
[

inf
X,V ∈GXV

p(X,V )
]−1

E
[
E
(
|h−D1 h−D2 DkdK3ji(X,V )|

∣∣Si)|φiζci|E(|ui|∣∣Wi, Xi, Vi, Sj
)]

= O
(
1)E(|φiζci|

)
= O(1).

Similarly,

E
[
|φiζci||ui|p(Xi, Vi)

−1|h−D1 h−D2 DmkdK3ji(X,V )|
]

≤
[

inf
X,V ∈GXV

p(X,V )
]−1

E
[
E
(
|hD1 hD2 DmkdK3ji(X,V )|

∣∣Si)|φiζci|E(|ui|∣∣Wi, Xi, Vi, Sj
)]

= O
(
1)E(|φiζci|

)
= O(1).

Furthermore,

E
[
|φiζci||ui|p(Xi, Vi)

−1|h−D1 h
−(D−4)
2 DqmkdK̃3ji(X,V )|

]
≤
[

inf
X,V ∈GXV

p(X,V )
]−1

E
[
E
(
|hD1 hD−4

2 DqmkdK̃3ji(X,V )|
∣∣Si)|φiζci|E(|ui|∣∣Wi, Xi, Vi, Sj

)]
= O

(
1)E(|φiζci|

)
= O(1).
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Also note that,

E
(
|φiζci|2u2

i p(Xi, Vi)
−2|Wi, Vdi

)
≤
[

inf
X,V ∈GXV

p(X,V )
]−2

E
[
|φiζci|2E

(
u2
i |Wi, Vi, Xi

)
|Wi, Vdi

]
= O(1)E

[
|φiζci|2|Wi, Vdi

]
= O(1).

A trivial modification of Lemma 6 gives,

sup
Vdj∈GVd

∣∣∣[nhD1 hD+1
2 ]−1

n∑
i=1

p(Xi, Vi)
−1φiζciuiDdK3ji(X,V )

− E
[
p(Xi, Vi)

−1φiζciuiDdK3ji(X,V )
]∣∣∣ = Op

([
log(n)

nhD1 h
D+2
2

]1/2
)
.

E63(c) + E64(c) + E65(c)

=
∑

1≤k,d≤D

[2n2hD1 h
D+2
2 ]−1

n∑
i=1

n∑
j=1

ζciuiφip(Xi, Vi)
−1DkdK3ji

∏
ξ∈{d,k}

[
(V̂ξj − Vξj)−

(
V̂ξi − Vξi

)]2
+

∑
1≤m,k,d≤D

[6n2hD1 h
D+3
2 ]−1

n∑
i=1

n∑
j=1

ζciuiφip(Xi, Vi)
−1DmkdK3ji(X,V )

∏
ξ∈{m,d,k}

[
(V̂ξj − Vξj)−

(
V̂ξi − Vξi

)]3
+

∑
1≤q,m,k,d≤D

[24n2hD1 h
D+4
2 ]−1

n∑
i=1

n∑
j=1

ζciuiφip(Xi, Vi)
−1DqmkdK̃3ji(X,V )

∏
ξ∈{q,m,d,k}

[
(V̂ξj − Vξj)−

(
V̂ξi − Vξi

)]4
≤ max

1≤d≤D

[
2 sup
W∈GW

|m̂ln
d (W )−md(W )|

]2
h−2

2

×
∑

1≤k,d≤D

n−2
n∑
i=1

n∑
j=1

∣∣ζciuiφip(Xi, Vi)
−1[hD1 h

D
2 ]−1DkdK3ji(X,V )

∣∣
+ max

1≤d≤D

[
2 sup
W∈GW

|m̂ln
d (W )−md(W )|

]3
h−3

2

×
∑

1≤m,k,d≤D

n−2
n∑
i=1

n∑
j=1

∣∣ζciuiφip(Xi, Vi)
−1[hD1 h

D
2 ]−1DmkdK3ji(X,V )

∣∣
+ max

1≤d≤D

[
2 sup
W∈GW

|m̂ln
d (Wi)−md(Wi)|

]4
h−8

2

×
∑

1≤q,m,k,d≤D

n−2
n∑
i=1

n∑
j=1

∣∣ζciuiφip(Xi, Vi)
−1[hD1 h

D−4
2 ]−1DqmkdK̃3ji(X,V )

∣∣
= Op

([
Ln
h2

]2
)

+Op

([
Ln
h2

]3
)

+Op

([
Ln
h2

2

]4
)

= op(n
−1/2).

by Lemma 3 vi) and vii).

E61(c) =

D∑
d=1

[n2hD1 h
D
2 ]−1

n∑
i=1

n∑
j 6=i

ζciuiφip(Xi, Vi)
−1DdK3ji(X,V )

(
V̂dj − Vdj

)
= (−1) sup

W∈GW
|m̂ln

d (W )−md(W )|

×
{
n−1

n∑
j 6=i

sup
Vdj∈GVd

∣∣∣[nhD1 hD+1
2 ]−1

n∑
i=1

ζciuiφip(Xi, Vi)
−1DdK3ji − E

[
ζciuiφip(Xi, Vi)

−1DdK3ji(X,V )
]∣∣∣

+ [nhD1 h
D+1
2 ]−1E

[
ζciuiφip(Xi, Vi)

−1DdK3ji(X,V )
]}

= Op(Ln)Op

([
log(n)

nhD1 h
D+2
2

]1/2
)

= op(n
−1/2).
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E62d(c) = [n2hD1 h
D+1
2 ]−1

n∑
i 6=j

n∑
j=1

ζciuiφip(Xi, Vi)
−1DdK3ji(X,V )

(
m̂ln
d (Wi)−md(Wi)

)
= n−1

∑
j=1

[nhD1 h
D+1
2 ]−1

n∑
i6=j

ζciuiφip(Xi, Vi)
−1DdK3ji(X,V )

(
m̂ln
d (Wi)−md(Wi)

)
= n−1

n∑
j=1

[nhD1 h
D+1
2 ]−1DdK3j(X,V )′φnζ̇cnṗ(X,V )−1u̇nIn(−j)

[
M̂ln

d −Md

]
≤ n−1

n∑
j=1

||[nhD1 hD+1
2 ]−1DdK3j(X,V )′φnζ̇cnṗ(X,V )−1u̇nIn(−j)Bn||EOp

([
ln
n

]1/2

+ l−kn

)

− n−1
n∑
j=1

[nhD1 h
D+1
2 ]−1DdK3j(X,V )′φnζ̇cnṗ(X,V )−1u̇nIn(−j)

[
Mln

d −Md

]
= E621d(c)− E622d(c).

E621d(c) = n−1
n∑
j=1

||[nhD1 hD+1
2 ]−1DdK3j(X,V )′φnζ̇cnṗ(X,V )−1u̇nIn(−j)Bn||EOp

([
ln
n

]1/2

+ l−kn

)
.

Consider

E
(
||[nhD1 hD+1

2 ]−1DdK3j(X,V )′φnζ̇cnṗ(X,V )−1u̇nIn(−j)Bn||2E
)
.

= E
(
||[nhD1 hD+1

2 ]−1
∑
i 6=j

Bn(Wi)
′φiζcip(Xi, Vi)

−1uiDdK3ji(X,V )||2E
)

≤
[

inf
X,V ∈GXV

p(X,V )
]−2

× [n2hD1 h
D+2
2 ]−1

∑
i6=j

E
(
Bn(Wi)

′Bn(Wi)φ
2
i ζ

2
ciE
[
u2
i |Wi, Xi, Vi, Sj

]
E
[
[hD1 h

D
2 ]−1DdK3ji(X,V )|Si

])
+
[

inf
X,V ∈GXV

p(X,V )
]−2∑

i6=j

∑
g 6=j
g 6=i

E
(
Bn(Wi)

′φiζcip(Xi, Vi)
−1DdK3ji(X,V )E

[
ui|Wi, Vi, Xi, S−i

]
×Bn(Wg)φgζcgp(Xg, Vg)

−1DdK3jg(X,V )E
[
ug|Wg, Vg, Xg, S−g

])]
= O

(
[nhD1 h

D+2
2 ]−1

)
E
(
Bn(Wi)

′Bn(Wi)E
(
φ2
i ζ

2
ci|Wi

))
= O

(
[nhD1 h

D+2
2 ]−1

)
E
(
Bn(Wi)

′Bn(Wi)
)

= O
(
ln[nhD1 h

D+2
2 ]−1

)
.

Consequently, by Markov’s Inequality,

E621d(c) = n−1
n∑
j=1

||[nhD1 hD+1
2 ]−1DdK3j(X,V )′φnζ̇cnṗ(X,V )−1u̇nIn(−j)Bn||EOp

([
ln
n

]1/2

+ l−kn

)

= Op

(
ln

n(hD1 h
D+2
2 )1/2

)
= op(n

−1/2).

by Lemma 3 iii), Now,

E622d(c) = n−1
∑
j=1

[nhD1 h
D+1
2 ]−1DdK3j(X,V )′φnζ̇cnṗ(X,V )−1u̇nIn(−j)

[
Mln

d −Md

]
= n−2

n∑
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∑
i 6=j

[hD1 h
D+1
2 ]−1DdK3ji(X,V )φiζcip(Xi, Vi)

−1ui
[
mln
d (Wi)−md(Wi)

]
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= n−2
n∑
j=1

∑
i 6=j

Ψd
622(j, i; c) '

(
n

2

)−1 n∑
j=1

∑
j<i

Γd622(j, i; c) = U
(2)d
622 (c)

where Γd622(j, i; c) = Ψd
622(j, i; c) + Ψd

622(i, j; c),

E
(
Ψd

622(j, i; c)
)

= E
(

[hD1 h
D+1
2 ]−1DdK3ji(X,V )φiζcip(Xi, Vi)

−1
[
mln
d (Wi)−md(Wi)

]
E
(
ui|Wi, Xi, Vi, Sj
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E
(
E
[
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E
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D+1
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−1
[
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]
E
(
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E
(
E
[
Ψd
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= E
(
φ2
i ζ

2
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−2u2
i

[
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E
[
hD1 h

D+1
2 ]−1DdK3ji(X,V )|Sj
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= O(1) sup
W∈GW

|mln
d (W )−md(W )|

[
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X,V ∈GXV
p(X,V )

]−1
E
(
φ2
i ζ

2
ciE
[
u2
i |Wi, Xi, Vi

])1/2

= O(l−kn )E
(
φ2
i ζ

2
ci

)1/2

= O(l−kn ).

Integration by parts,

E
(

Ψd
622(j, i; c)2

)1/2

= E
(

[hD1 h
D+1
2 ]−2DdK3ji(X,V )2φ2

i ζ
2
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−2u2
i

[
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≤ sup
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[
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(
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2
ciE
[
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E
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[hD1 h

D
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∣∣Si])1/2
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(
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D+2
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)
E
(
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2
ci

)
= O

(
l−kn [hD1 h

D+2
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.

Thus in all,

Ed622(c) = U
(2)d
622 (c) = E

(
Ψd

622(j, i; c)
)

+Op
(
n−1/2E

(
E
[
Ψd
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+Op
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(
E
[
Ψd
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+Op
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(
n−1/2l−kn

)
+Op

(
l−kn [n

(
hD1 h

D+2
2

)1/2]−1
)
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(
n−1/2
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,

by Lemma 3 i). Furthermore, E62d(c) = op(n
−1/2) + E621d(c) + E622d(c) = op(n

−1/2). Consequently,
E6d(c) = E61d(c) + E62d(c) + E63d(c) + E64d(c) + E65d(c) = op(n

−1/2). Now,

E7(c) = n−2
n∑
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∑
j 6=i

[hD1 h
D
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n
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where, Γ
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7 (i, j; c) = Ψ7(i, j; c) + Ψ7(j, i; c)

E
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)
= E

(
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D
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[
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E
[
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= 0,

E
(
E
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2
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)
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(
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)
+Op
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E
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E
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(
E
[
Ψ7(i, j; c)|Sj

]2)1/2)
= O

(
[nh

D/2
1 h

D/2
2 ]−1

)
= op(n

−1/2),

E8(c) = n−1
n∑
i=1

ζciuip(Xi, Vi)
−1φi

(
E
[
p̂(Xi, Vi)|Xi, Vi

]
− p(Xi, Vi)

)
.

In an almost identical manner as E2 one has, E8(c) = Op(n
−1/2(hν31 + hν32 )

)
= op(n

−1/2) . Thus in all
combining orders,

n−1
n∑
i=1

ζiui(φ̂i − φi) = = op(n
−1/2).

Proof of Theorem 1
Under the assumptions A1 - A5 of this paper the proof of uniform convergence of p̂(Xdi) to p(Xdi), M2n

is well established in the literature and will not be repeated here, and the proof of uniform convergence of
p̂(V̂di) to p(Vdi) follows from a simplification of the proof of uniform convergence of p̂(XiV̂i) to p(Xi, Vi).
Accordingly I will only prove that latter case.

p̂(Xi, V̂i)− p̂(Xi, Vi) = [nhD1 h
D
2 ]−1

n∑
j=1

(
K3[H−1{(Xj , V̂j)− (Xi, V̂i}]−K3[H−1{(Xj , Vj)− (Xi, Vi}]

)
= [nhD1 h

D
2 ]−1

n∑
j=1

[
K3ji(X, V̂ )−K3ji(X,V )

]
=

D∑
d=1

[nhD1 h
D+1
2 ]−1

n∑
j=1

DdK3ji(X,V )
[
V̂dj − Vdj

]
−

D∑
d=1

[nhD1 h
D+1
2 ]−1

∑
j=1

DdK3ji(X,V )
[
V̂di − Vdi

]
+

∑
1≤k,d≤D

[2nhD1 h
D+2
2 ]−1

∑
j 6=i

DkdK3ji(X,V )
∏

ξ∈{d,k}

[
(V̂ξj − Vξj)−

(
V̂ξi − Vξi

)]2
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+
∑

1≤m,k,d≤D

[6nhD1 h
D+3
2 ]−1

∑
j 6=i

DmkdK3ji(X,V )
∏

ξ∈{m,d,k}

[
(V̂ξj − Vξj)−

(
V̂ξi − Vξi

)]3
+

∑
1≤q,m,k,d≤D

[24nhD1 h
D+4
2 ]−1

∑
j 6=i

DqmkdK̃3ji(X,V )
∏

ξ∈{q,m,d,k}

[
(V̂ξj − Vξj)−

(
V̂ξi − Vξi

)]4
≡ A1 −A2 +A3 +A4 +A5.

A1 =

D∑
d=1

[nhD1 h
D+1
2 ]−1

n∑
j=1

DdK3ji(X,V )
[
V̂dj − Vdj

]
= −

D∑
d=1

[nhD1 h
D+1
2 ]−1

n∑
j=1

DdK3ji(X,V )
[
m̂ln
d (Wj)−md(Wj)

]
≡ −

D∑
d=1

A1d.

A1d = [nhD1 h
D+1
2 ]−1

n∑
j=1

DdK3ji

[
m̂ln
d (Wj)−md(Wj)

]
= [nhD1 h

D+1
2 ]−1DdK3i(X,V )′

[
M̂ln

d −Md

]
= [nhD1 h

D+1
2 ]−1DdK3i(X,V )′

[
Bnα̂

ln
d −Md

]
= [nhD1 h

D+1
2 ]−1DdK3i(X,V )′

[
Bn

(
α̂lnd − α

ln
d + αlnd

)
−Md

]
= [nhD1 h

D+1
2 ]−1DdK3i(X,V )′

[
Bn

(
α̂lnd − α

ln
d

)]
+ [nhD1 h

D+1
2 ]−1DdK3i(X,V )′

[
Bnα

ln
d −Md

]
= A11d +A12d.

A11d = [nhD1 h
D+1
2 ]−1DdK3i(X,V )′

[
Bn

(
α̂lnd − α

ln
d

)]
= [nhD1 h

D+1
2 ]−1DdK3i(X,V )′Bn

[(
n−1B′nBn)−1n−1B′n

[
Xd −Bnα

ln
d

]]
= [nhD1 h

D+1
2 ]−1DdK3i(X,V )′Bn

[(
Q−1
nBB −Q

−1
BB +Q−1

BB

)
n−1B′n

[
Md + Vd −Mln

d

]]
= [nhD1 h

D+1
2 ]−1DdK3i(X,V )′BnQ

−1
BBn

−1B′nVd

+ [nhD1 h
D+1
2 ]−1DdK3i(X,V )′BnQ

−1
BBn

−1B′n
[
Md −Mln

d

]
+ [nhD1 h

D+1
2 ]−1DdK3i(X,V )′Bn

(
Q−1
nBB −Q

−1
BB

)
n−1B′nVd

+ [nhD1 h
D+1
2 ]−1DdK3i(X,V )′Bn

(
Q−1
nBB −Q

−1
BB

)
n−1B′n

[
Md −Mln

d

]
≡ A111d +A112d +A113d +A114d.

Note that || · ||sp is the matrix norm on the space of matrices of order ln × ln induced by the Euclidean
norm on Rln . Consequently by the Cauchy Schwartz inequality, one has∣∣A111d

∣∣ =
∣∣[nhD1 hD+1

2 ]−1DdK3i(X,V )′BnQ
−1
BBn

−1B′nVd

∣∣
≤ ||[nhD1 hD+1

2 ]−1DdK3i(X,V )′Bn||E ||Q−1
BB ||sp||n

−1B′nVd||E
= Op(1)O(1)Op(ln/

√
n) = Op(

√
ln/
√
n).

By Lemmas 4 and 5.∣∣A112d

∣∣ =
∣∣[nhD1 hD+1

2 ]−1DdK3i(X,V )′BnQ
−1
BBn

−1B′n
[
Md −Mln

d

]∣∣
≤ ||[nhD1 hD+1

2 ]−1DdK3i(X,V )′Bn||E ||Q−1
BB ||sp||n

−1B′n
[
Md −Mln

d

]
||E

= Op(1)O(1)Op(l
−k
n ) = Op(l

−k
n ).

By Lemmas 4 and 5.∣∣A113d

∣∣ =
∣∣[nhD1 hD+1

2 ]−1DdK3i(X,V )′Bn

(
Q−1
nBB −Q

−1
BB

)
n−1B′nVd

∣∣
≤ ||[nhD1 hD+1

2 ]−1DdK3i(X,V )′Bn||E ||Q−1
nBB −Q

−1
BB ||sp||n

−1B′nVd||E
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= Op(1)Op(ln/
√
n)Op(

√
ln/
√
n) = op(

√
ln/
√
n).

By Lemmas 4 and 5.∣∣A114d

∣∣ =
∣∣[nhD1 hD+1

2 ]−1DdK3i(X,V )′Bn

(
Q−1
nBB −Q

−1
BB

)
n−1B′n

[
Md −Mln

d

]∣∣
≤ ||[nhD1 hD+1

2 ]−1DdK3i(X,V )′Bn||E ||Q−1
nBB −Q

−1
BB ||sp||n

−1B′n
[
Md −Mln

d

]
||E

= Op(1)Op(ln/
√
n)Op(l

−k
n ) = op(l

−k
n ).

Consequently,

A11d = A111d +A112d +A113d +A114d

= Op
(√

ln/
√
n+ l−kn

)
.

Now,

A12d = [nhD1 h
D+1
2 ]−1DdK3i(X,V )′

[
Bnα

ln
d −Md

]
= [nhD1 h

D+1
2 ]−1

n∑
j=1

DdK3ji(X,V )
[
mln
d (Wj)−md(Wj)

]
.

Note that,

E
(
A2

12d

)
= E

([
[nhD1 h

D+1
2 ]−1

n∑
j=1

DdK3ji(X,V )
[
mln
d (Wj)−md(Wj)

]]2)
= [n2hD1 h

D+2
2 ]−1

n∑
j=1

E
(

[hD1 h
D
2 ]−1DdK3ji(X,V )2

[
mln
d (Wj)−md(Wj)

]2)
+ n−2

n∑
j=1

n∑
g 6=j

E
(

[hD1 h
D+1
2 ]−1DdK3ji(X,V )

[
mln
d (Wj)−md(Wj)

]
× [hD1 h

D+1
2 ]−1DdK3gi(X,V )

[
mln
d (Wg)−md(Wg)

])
= [n2hD1 h

D+2
2 ]−1

n∑
j=1

E
(
E
[
[hD1 h

D
2 ]−1DdK3ji(X,V )2

∣∣∣Wj

][
mln
d (Wj)−md(Wj)

]2)
+ n−2

n∑
j=1

n∑
g 6=j

E
(
E
[
[hD1 h

D+1
2 ]−1DdK3ji(X,V )

∣∣∣Vi,Wj , Sg

][
mln
d (Wj)−md(Wj)

]
× E

[
[hD1 h

D+1
2 ]−1DdK3gi(X,V )

∣∣∣Vi,Wg, Sj

][
mln
d (Wg)−md(Wg)

])
≤ Op([nhD1 hD+2

2 ]−1 + 1) sup
W∈GW

|mln
d (W )−md(W )|2

= Op

(
l−2k
n

nhD1 h
D+2
2

+ l−2k
n

)
= Op(l

−2k
n )(o(1) + 1).

by Lemma 3 i) and integration by parts. Consequently by Markov’s Inequality A12d = Op(l
−k
n ). In all,

A1 =

D∑
d=1

(
A11d +A12d

)
= Op

(√
ln
n

+ l−kn

)
.

A2d = [md(Wi)− m̂ln
d (Wi)][nh

D
1 h

D+1
2 ]−1

n∑
j=1

DdK3ji(X,V )

≤ sup
W∈GW

|md(W )− m̂ln
d (W )|

{
sup

Vdi∈GVd

∣∣∣[nhD1 hD+1
2 ]−1

n∑
j=1

(
DdK3ji(X,V )− E

[
DdK3ji(X,V )

])∣∣∣
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+ sup
Vdi∈GVd

∣∣∣[nhD1 hD+1
2 ]−1

n∑
j=1

E
[
DdK3ji(X,V )

]∣∣∣}

= Op(Ln)

{
Op

([
log(n)

nhD1 h
D+2
2

]1/2
)

+O(1)

}
= Op(Ln).

By Lemma 3 xvii).

A3 +A4 +A5 =
∑

1≤k,d≤D

[2nhD1 h
D+2
2 ]−1

∑
j 6=i

DkdK3ji(X,V )
∏

ξ∈{d,k}

[
(V̂ξj − Vξj)−

(
V̂ξi − Vξi

)]2
+

∑
1≤m,k,d≤D

[6nhD1 h
D+3
2 ]−1

∑
j 6=i

DmkdK3ji(X,V )
∏

ξ∈{m,d,k}

[
(V̂ξj − Vξj)−

(
V̂ξi − Vξi

)]3
+

∑
1≤q,m,k,d≤D

[24nhD1 h
D+4
2 ]−1

∑
j 6=i

DqmkdK̃3ji(X,V )
∏

ξ∈{q,m,d,k}

[
(V̂ξj − Vξj)−

(
V̂ξi − Vξi

)]4
≤ C max

1≤d≤D
[2 sup
W∈GW

|mln
d (W )−md(W )|

]2
[nh2

2]−1
∑
j 6=i

[hD1 h
D
2 ]−1|DkdK3ji(X,V )|

+ C max
1≤d≤D

[
2 sup
W∈GW

|mln
d (W )−md(W )|

]3
[nh3

2]−1
∑
j 6=i

[hD1 h
D
2 ]−1|DkmdK3ji(X,V )|

+ C max
1≤d≤D

[
2 sup
W∈GW

|mln
d (W )−md(W )|

]4
[nh8

2]−1
∑
j 6=i

[hD1 h
D−4
2 ]−1|DqkmdK̃3ji(X,V )|

= Op

(L2
n

h2
2

+
L3
n

h3
2

+
L4
n

h8
2

)
= op(n

−1/2).

By Lemma 3 vi) and vii). Now, in summary, noting that each of the preceding result applies uniformly
one has,

sup
Xi,Vi∈GXV

|p̂(Xi, V̂i)− p̂(Xi, Vi)| = Op(Ln) + op(n
−1/2).

Consequently under the assumptions A2, and A3, Theorem 1.4 of Li & Racine (2000) states that,

sup
Xi,Vi∈GXV

|p̂(Xi, V̂i)− p(Xi, Vi)| ≤ sup
Xi,Vi∈GXV

|p̂(Xi, V̂i)− p̂(Xi, Vi)|+ sup
Xi,Vi∈GXV

|p̂(Xi, Vi)− p(Xi, Vi)|

= Op(Ln) +Op(M2n).

A proof of the uniform rate of convergence of θ̂d1(Xi, V̂i) to θd1(Xi, Vi) and θ̂d2(Xi, V̂i) to θd2(Xi, Vi) follows

from a trivial modification to the proof of the uniform rate of convergence of φ̂(Xi, V̂i) to φ(Xi, Vi).
Consequently I only provide a proof of the latter case. Note that by Lemma 9,

ĝ(Xi, V̂i)− g(Xi, Vi) = 2

D∑
d=1

g(X−di, Vi)
[
p̂(Xdi)− p(Xdi)

]
+ 2

D∑
d=1

g(Xi, V−di)
[
p̂(V̂di)− p(Vdi)

]
+Op(L

2
n)

≤ 2

D∑
d=1

sup
X−d,V ∈GX−dV

g(X−d, V ) sup
Xd∈GXd

|p̂(Xd)− p(Xd)
]

+ 2

D∑
d=1

sup
X,V−d∈GXV−d

g(X,V−d) sup
Vd∈GVd

|p̂(V̂d)− p(Vd)|+ op(n
−1/2)

= Op(L0n),

By previous results and Lemma 3 vi). Now consider,

φ̂(Xi, V̂i)− φ(Xi, Vi) = p̂(Xi, V̂i)
−1ĝ(Xi, V̂i)− p(Xi, Vi)

−1g(Xi, Vi)

= [p̂(Xi, V̂i)p(Xi, Vi)]
−1
(
p(Xi, Vi)ĝ(Xi, V̂i)− p̂(Xi, V̂i)g(Xi, Vi)

)
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= [p̂(Xi, V̂i)p(Xi, Vi)]
−1
(
p(Xi, Vi)

[
ĝ(Xi, V̂i)− g(Xi, Vi)

]
+ g(Xi, Vi)

[
p(Xi, Vi)− p̂(Xi, V̂i)

])
= p̂(Xi, V̂i)

−1
[
ĝ(Xi, V̂i)− g(Xi, Vi)

]
+ [p̂(Xi, V̂i)p(Xi, Vi)]

−1g(Xi, Vi)
[
p(Xi, Vi)− p̂(Xi, V̂i)

]
= p̂(Xi, V̂i)

−1
[(
ĝ(Xi, V̂i)− g(Xi, Vi)

)
+ φi

(
p(Xi, Vi)− p̂(Xi, V̂i)

)]
=
[
p(Xi, Vi)

−1 + [p̂(Xi, V̂i)p(Xi, Vi)]
−1
(
p(Xi, Vi)− p̂(Xi, V̂i)

)]
×
[(
ĝ(Xi, V̂i)− g(Xi, Vi)

)
+ φi

(
p(Xi, Vi)− p̂(Xi, V̂i)

)]
≤
[
p(Xi, Vi)

−1 +
(
p(Xi, Vi)

2 + p(Xi, Vi)
[
p̂(Xi, V̂i)− p(Xi, Vi)

])−1[
p̂(Xi, V̂i)− p(Xi, Vi)

]]
×
[(
ĝ(Xi, V̂i)− g(Xi, Vi)

)
+ φi

(
p(Xi, Vi)− p̂(Xi, V̂i)

)]
≡
[
A1 +A2

][(
ĝ(Xi, V̂i)− g(Xi, Vi)

)
+ φi

(
p(Xi, Vi)− p̂(Xi, V̂i)

)]
.

Where,

A1 = p(Xi, Vi)
−1,

A2 =
(
p(Xi, Vi)

2 + p(Xi, Vi)
[
p̂(Xi, V̂i)− p(Xi, Vi)

])−1[
p̂(Xi, V̂i)− p(Xi, Vi)

]
.

Furthermore,

A2

[(
ĝ(Xi, V̂i)− g(Xi, Vi)

)
+ φi

(
p(Xi, Vi)− p̂(Xi, V̂i)

)]
≤ |A2|

(
sup

X,V ∈GXV
|ĝ(Xi, V̂i)− g(Xi, Vi)|+ sup

X,V ∈GXV
φ(X,V ) sup

X,V ∈GXV
|p(Xi, Vi)− p̂(Xi, V̂i)|

)
=
(
p(Xi, Vi)

2 + p(Xi, Vi)
[
p̂(Xi, V̂i)− p(Xi, Vi)

])−1[
p̂(Xi, V̂i)− p(Xi, Vi)

]
Op(L0n)

≤
(

inf
X,V ∈GXV

p(Xi, Vi)
2 + inf

X,V ∈GXV
p(Xi, Vi)op(1)

)−1

sup
X,V ∈GXV

∣∣p̂(Xi, V̂i)− p(Xi, Vi)
∣∣Op(L0n)

= Op(L2
0n) = op(n

−1/2).

By Assumption 3, and Lemma 3 xxvi). Also,

A1

[(
ĝ(Xi, V̂i)− g(Xi, Vi)

)
+ φi

(
p(Xi, Vi)− p̂(Xi, V̂i)

)]
≤ |A1|

(
sup

X,V ∈GXV
|ĝ(Xi, V̂i)− g(Xi, Vi)|+ sup

X,V ∈GXV
p(X,V ) sup

X,V ∈GXV
|p(Xi, Vi)− p̂(Xi, V̂i)|

)
≤
[

inf
X,V ∈GXV

p(X,V )
]−1

Op(L0n) = O(1)Op(L0n).

By Assumption 3. Hence,

φ̂(Xi, V̂i)− φ(Xi, Vi) = Op(L0n) + op(n
−1/2).

Proof of Theorem 2 : Let A be one of the component random variables in [ Y,X ′]′ Note that,

E
(
K

(1)
2ji(Vd)Ajθ

d
2j

)
= E

(
K

(1)
2ji(Vd)p(Vdj)

−1E
[
φjAj |Vdj , Si

])
= E

(
E
[
K

(1)
2ji(Vd)p(Vdj)

−1Hd
2 (Aj)

∣∣Si]).
Integration by parts gives,

E
[
K

(1)
2ji(Vd)p(Vdj)

−1Hd
2 (Aj)

∣∣Si] =

∫
K

(1)
2ji(Vd)p(Vdj)

−1Hd
2 (Aj)p(Vdj)dVdj

=
[
K2(b−1

2 [Vdj − Vdi])E(φjAj |Vdj)
]∞
−∞
− b2

∫
K2ji(Vd)H

(1)d
2 (Aj)dVdj

≤ sup
Vd∈GVd

|E
(
φA|Vd)|

[
lim
γ→∞

K2( γ )− lim
γ→−∞

K2( γ )
]

+ sup
Vd∈GVd

|E(1)
(
φA|Vd)|b22

∫
|K2(γ)|dγ = O(b22).
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By assumptions A2 and A4. Thus,

E
(
K

(1)
2ji(Vd)Ajθ

d
2j

)
= E

(
E
[
K

(1)
2ji(Vd)p(Vdj)

−1Hd
2 (Aj)

∣∣Si]) = O(b22).

sup
Xdi∈GXd

∣∣∣[(n− 1)b1]−1
∑
j 6=i

(
θ̂d1jK1ji(Xd)Aj − θd1jK1ji(Xd)Aj

)∣∣∣
≤ sup
X,V ∈GXV

[(n− 1)b1]−1
∑
j 6=i

∣∣K1ji(Xd)
∣∣|θ̂d1i − θd1i∣∣∣∣Aj |

≤ sup
X,V ∈GXV

|θ̂d1(X, V̂ )− θd1(X, V̂ )
∣∣ sup
Xdi∈GXd

[(n− 1)b1]−1
∑
j 6=i

∣∣K1ji(Xd)
∣∣∣∣Aj |.

= Op(L0n).

By Theorem 1. Furthermore, by Theorem 2.6 in Li and Racine (2007), under the assumptions of this
paper,

sup
Xdi∈GXd

∣∣∣[(n− 1)b1]−1
∑
j 6=i

θd1jK1ji(Xd)Aj − E
[
φiAi|Xdi

]∣∣∣ = Op

([
log(n)

nb1

]1/2

+ bν11

)
= Op(N1n).

Consequently, one has,

sup
Xdi∈GXd

∣∣Ĥd
1 (Ai)−Hd

1 (Ai)
∣∣ = sup

Xdi∈GXd

∣∣∣[(n− 1)b1]−1
∑
j 6=i

θ̂d1jK1ji(Xd)Aj − E
[
φiAi|Xdi

]∣∣∣
= Op

(
L0n +N1n

)
= Op(Ln +Mn +N1n)

= Op(L1n).

Now,

[(n− 1)b2]−1
∑
j 6=i

K2ji(V̂d)θ̂
d
2iAj − [(n− 1)b2]−1

∑
j 6=i

K2ji(Vd)θ
d
2iAj

≤ [(n− 1)b2]−1
∑
j 6=i

[
K2ji(V̂d)θ̂

d
2jAj −K2ji(V̂d)θ

d
2jAj +K2ji(V̂d)θ

d
2jAj −K2ji(Vd)θ

d
2iAj

]
≤ [(n− 1)b2]−1

∑
j 6=i

K2ji(V̂d)
(
θ̂d2j − θd2j

)
Aj + [(n− 1)b2]−1

∑
j 6=i

(
K2ji(V̂d)−K2ji(Vd)

)
θd2jAj

= [(n− 1)b2]−1
∑
j 6=i

K2ji(Vd)
(
θ̂d2j − θd2j

)
Aj

+ [(n− 1)b2]−1
∑
j 6=i

(
K2ji(V̂d)−K2ji(Vd)

)(
θ̂d2j − θd2j

)
Aj

+ [(n− 1)b2]−1
∑
j 6=i

(
K2ji(V̂d)−K2ji(Vd)

)
θd2jAj

≡ B1 +B2 +B3.

B1 = [(n− 1)b2]−1
∑
j 6=i

K2ji(Vd)
(
θ̂d2j − θd2j

)
Aj

≤ sup
X,V ∈GXV

|θ̂d2(X, V̂ )− θd2(X,V )|[(n− 1)b2]−1
∑
j 6=i

|K2ji(Vd)||Aj | = Op(L0n).

By Taylor expansion one has∣∣B2

∣∣ =
∣∣∣[(n− 1)b2]−1

∑
j 6=i

(
K2ji(V̂d)−K2ji(Vd)

)(
θ̂d2j − θd2j

)
Aj

∣∣∣
56



≤ sup
X,V ∈GXV

|θ̂d2(X, V̂ )− θd2(X,V )|[(n− 1)b2]−1
∑
j 6=i

|K2ji(V̂d)−K2ji(Vd)||Aj |

= Op(L0n)
{

[(n− 1)b22]−1
∑
j 6=i

∣∣K(1)
2ji(Vd)

∣∣∣∣Aj∣∣∣∣(m̂ln
d (Wj)−md(Wj)

)
−
(
m̂ln
d (Wi)−md(Wi)

)∣∣
+ [2(n− 1)b32]−1

∑
j 6=i

∣∣K(2)
2ji(Vd)

∣∣∣∣Aj∣∣∣∣(m̂ln
d (Wj)−md(Wj)

)
−
(
m̂ln
d (Wi)−md(Wi)

)∣∣2
+ [6(n− 1)b42]−1

∑
j 6=i

∣∣K(3)
2ji(Vd)

∣∣∣∣Aj∣∣∣∣(m̂ln
d (Wj)−md(Wj)

)
−
(
m̂ln
d (Wi)−md(Wi)

)∣∣3
+ [24(n− 1)b52]−1

∑
j 6=i

∣∣K̃(4)
2ji(Vd)

∣∣∣∣Aj∣∣∣∣(m̂ln
d (Wj)−md(Wj)

)
−
(
m̂ln
d (Wi)−md(Wi)

)∣∣4}
= Op(L0n)

{
sup

X,V ∈GXV

∣∣m̂ln
d (W )−md(W )

∣∣[(n− 1)b2]−1
∑
j 6=i

∣∣b−1
2 K

(1)
2ji(Vd)

∣∣∣∣Aj∣∣
+ sup
X,V ∈GXV

∣∣m̂ln
d (W )−md(W )

∣∣2[(n− 1)b22]−1
∑
j 6=i

∣∣b−1
2 K

(2)
2ji(Vd)

∣∣∣∣Aj∣∣
+ sup
X,V ∈GXV

∣∣m̂ln
d (W )−md(W )

∣∣3[(n− 1)b32]−1
∑
j 6=i

∣∣b−1
2 K

(3)
2ji(Vd)

∣∣∣∣Aj∣∣
+ sup
X,V ∈GXV

∣∣m̂ln
d (W )−md(W )

∣∣4[(n− 1)b52]−1
∑
j 6=i

∣∣K̃(4)
2ji(Vd)

∣∣∣∣Aj∣∣}
= Op(L0n)

{
Op
(
Lnb

−1
2

)∣∣[(n− 1)]−1
∑
j 6=i

∣∣b−1
2 K

(1)
2ji(Vd)

∣∣∣∣Aj∣∣
+Op

(
L2
nb
−2
2

)∣∣[(n− 1)]−1
∑
j 6=i

∣∣b−1
2 K

(2)
2ji(Vd)

∣∣∣∣Aj∣∣
+Op

(
L3
nb
−3
2

)∣∣[(n− 1)]−1
∑
j 6=i

∣∣b−1
2 K

(3)
2ji(Vd)

∣∣∣∣Aj∣∣
+Op

(
L4
nb
−5
2

)∣∣ sup
γ∈R

∣∣K(4)
2 ( γ )

∣∣[(n− 1)]−1
∑
j 6=i

∣∣Aj∣∣}
= Op(L0n)

{
Op
(
Lnb

−1
2

)
+Op

(
L2
nb
−2
2

)
+Op

(
L3
nb
−3
2

)
+Op

(
L4
nb
−5
2

)}
= op(L0n).

B3 = [(n− 1)b2]−1
∑
j 6=i

(
K2ji(V̂d)−K2ji(Vd)

)
θd2jAj

= (−1)[(n− 1)b2]−1
∑
j 6=i

b−1
2 K

(1)
2ji(Vd)Ajθ

d
2j

(
m̂ln
d (Wj)−md(Wj)

)
+ [(n− 1)b2]−1

∑
j 6=i

b−1
2 K

(1)
2ji(Vd)Ajθ

d
2j

(
m̂ln
d (Wi)−md(Wi)

)
+ [(n− 1)b22]−1

∑
j 6=i

b−1
2 K

(2)
2ji(Vd)Ajθ

d
2j

[(
m̂ln
d (Wi)−md(Wi)

)
−
(
m̂ln
d (Wj)−md(Wj)

)]2
+ [(n− 1)b23]−1

∑
j 6=i

b−1
2 K

(3)
2ji(Vd)Ajθ

d
2j

[(
m̂ln
d (Wi)−md(Wi)

)
−
(
m̂ln
d (Wj)−md(Wj)

)]3
+ [(n− 1)b25]−1

∑
j 6=i

K̃
(4)
2ji(Vd)Ajθ

d
2j

[(
m̂ln
d (Wi)−md(Wi)

)
−
(
m̂ln
d (Wj)−md(Wj)

)]4
≡ −B31 +B32 +B33 +B34 +B35.

B31 = [(n− 1)b2]−1
∑
j 6=i

b−1
2 K

(1)
2ji(Vd)Ajθ

d
2j

(
m̂ln
d (Wj)−md(Wj)

)
= [(n− 1)b22]−1K

(1)
2i (Vd)

′Θ̇
d

2nȦnIn(−i)
[
M̂ln

d −Md

]
.
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Now as in the proof of Theorem 1, and given the results of Lemma 4,∣∣B31

∣∣ =
∣∣∣[(n− 1)b22]−1K

(1)
2i (Vd)

′Θ̇
d

2nȦnIn(−i)BnQ
−1
BBn

−1BnVd

+ [(n− 1)b22]−1K
(1)
2i (Vd)

′Θ̇
d

2nȦnIn(−i)Bn

(
Q−1
nBB −Q

−1
BB

)
n−1BnVd

+ [(n− 1)b22]−1K
(1)
2i (Vd)

′Θ̇
d

2nȦnIn(−i)BnQ
−1
BBn

−1Bn

[
Md −Mln

d

]
+ [(n− 1)b22]−1K

(1)
2i (Vd)

′Θ̇
d

2nȦnIn(−i)Bn

(
Q−1
nBB −Q

−1
BB

)
n−1Bn

[
Md −Mln

d

]∣∣∣
≤ ||[(n− 1)b22]−1K

(1)
2i (Vd)

′Θ̇
d

2nȦnIn(−i)Bn||E ||Q−1
BBn

−1BnVd||E

+ ||[(n− 1)b22]−1K
(1)
2i (Vd)

′Θ̇
d

2nȦnIn(−i)Bn||E ||
(
Q−1
nBB −Q

−1
BB

)
n−1BnVd||E

+ ||[(n− 1)b22]−1K
(1)
2i (Vd)

′Θ̇
d

2nȦnIn(−i)Bn||E ||Q−1
BBn

−1Bn

[
Md −Mln

d

]
||E

+ ||[(n− 1)b22]−1K
(1)
2i (Vd)

′Θ̇
d

2nȦnIn(−i)Bn||E ||
(
Q−1
nBB −Q

−1
BB

)
n−1Bn

[
Md −Mln

d

]
||E

≤ ||[(n− 1)b22]−1K
(1)
2i (Vd)

′Θ̇
d

2nȦnIn(−i)Bn||E ||Q−1
BB ||sp||n

−1BnVd||E

+ ||[(n− 1)b22]−1K
(1)
2i (Vd)

′Θ̇
d

2nȦnIn(−i)Bn||E ||Q−1
nBB −Q

−1
BB ||sp||n

−1BnVd||E

+ ||[(n− 1)b22]−1K
(1)
2i (Vd)

′Θ̇
d

2nȦnIn(−i)Bn||E ||Q−1
BB ||sp||n

−1Bn

[
Md −Mln

d

]
||E

+ ||[(n− 1)b22]−1K
(1)
2i (Vd)

′Θ̇
d

2nȦnIn(−i)Bn||E ||Q−1
nBB −Q

−1
BB ||sp||n

−1Bn

[
Md −Mln

d

]
||E

= Op(b
−1
2 )

[
O(1)Op

(√
ln
n

)
+Op

(
ln√
n

)
Op

(√
ln
n

)
+O(1)Op

(
l−kn
)

+Op

(
ln√
n

)
Op
(
l−kn
)]

= Op

(
b−1
2

[√
ln
n

+ l−kn

])
.

By assumption A1.

B32 = [(n− 1)b2]−1
∑
j 6=i

b−1
2 K

(1)
2ji(Vd)Ajθ

d
2j

(
m̂ln
d (Wi)−md(Wi)

)
≤ sup
W∈GW

∣∣m̂ln
d (W )−md(W )

∣∣∣∣[(n− 1)b2]−1
∑
j 6=i

b−1
2 K

(1)
2ji(Vd)Ajθ

d
2j

∣∣
≤ Op(Ln)

{
sup

Vd∈GVd

∣∣∣[(n− 1)b2]−1
∑
j 6=i

[
b−1
2 K

(1)
2ji(Vd)Ajθ

d
2j − E

(
b−1
2 K

(1)
2ji(Vd)Ajθ

d
2j

)]∣∣∣
+
∣∣∣ sup
Vd∈GVd

[(n− 1)b2]−1
∑
j 6=i

E
(
b−1
2 K

(1)
2ji(Vd)Ajθ

d
2j

)∣∣∣.
From the preliminary portion of this proof, and a combination of Assumption A3 and the results of
Lemma 6 one obtains,

B32 = Op(Ln)

(
Op

([
log(n)

nb32

]1/2
)

+O(1)

)
= Op(Ln).

B33 +B34 +B35 ≤ 2 sup
X,V ∈GXV

∣∣m̂ln
d (W )−md(W )

∣∣2 sup
X,V ∈GXV

θd2(X,V )[(n− 1)b22]−1
∑
j 6=i

∣∣b−1
2 K

(2)
2ji(Vd)

∣∣∣∣Aj∣∣
+ 8/6 sup

X,V ∈GXV

∣∣m̂ln
d (W )−md(W )

∣∣3 sup
X,V ∈GXV

θd2(X,V )[(n− 1)b32]−1
n∑
j 6=i

∣∣b−1
2 K

(3)
2ji(Vd)

∣∣∣∣Aj∣∣
+ 16/24 sup

X,V ∈GXV

∣∣m̂ln
d (W )−md(W )

∣∣4 sup
X,V ∈GXV

θd2(X,V ) sup
γ∈R
|K(4)

2 |( γ )[(n− 1)b52]−1
∑
j 6=i

|Aj |
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≤ Op(L2
nb
−2
2 ) +Op(L

3
nb
−3
2 ) +Op(L

4
nb
−5
2 ) = op(n

−1/2),

by Lemma 3 vi) and vii). In all,

B3 = −B31 +B32 +B33 +B34 +B35

= Op

(
b−1
2

[√
ln
n

+ l−kn

])
+Op(Ln) + op(n

1/2)

= Op

(
Ln + b−1

2

[√
ln
n

+ l−kn

])
.

Also,

[(n− 1)b2]−1
∑
j 6=i

K2ji(V̂d)θ̂
d
2iAj − [(n− 1)b2]−1

∑
j 6=i

K2ji(Vd)θ
d
2iAj

= B1 +B2 +B3

= Op

(
Ln + L0n + b−1

2

[√
ln
n

+ l−kn

])
= Op

(
Ln +Mn + b−1

2

[√
ln
n

+ l−kn

])
.

Furthermore, by Theorem 2.6 in Li and Racine (2007), and under the assumptions A2 and A3,

sup
Vdi∈GVd

∣∣∣[(n− 1)b2]−1
∑
j 6=i

(
θd2jK2ji(Vd)Aj − E

[
φiAi|Vdi

])∣∣∣ = Op

([
log(n)

nb2

]1/2

+ bν22

)
= Op(N2n).

Consequently, one has,

sup
Vdi∈GVd

∣∣Ĥd
2 (Ai)−Hd

2 (Ai)
∣∣ = sup

Vdi∈GVd

∣∣∣[(n− 1)b2]−1
∑
j 6=i

(
θ̂d2jK2ji(Vd)Aj − E

[
φiAi|Vdi

])∣∣∣
= Op

(
Ln +Mn + b−1

2

[√
ln
n

+ l−kn

]
+N2n

)
= Op

(
L2n

)
.

µ̂A − µA = n−1
∑
j=1

(
φ̂jAj − E

[
φjAj

])
≤ sup
X,V ∈GXV

∣∣φ̂(X, V̂ )− φ(X,V )
∣∣n−1

n∑
j=1

|Aj |+ n−1
n∑
j=1

(
φjAj − E

[
φjAj

])
= Op(L0n) +Op(n

−1/2) = Op(L0n),

by Markov’s Inequality.

sup
X,V ∈GXV

|Ĥ∗(Aj)−H∗(Aj)| ≤
D∑
d=1

sup
Xd∈GXd

|Ĥd
1 (Aj)−Hd

1 (Aj)|

+

D∑
d=1

sup
Vd∈GVd

|Ĥd
2 (Aj)−Hd

2 (Aj)|+ (2D − 1)[µ̂A − µA]

= Op
(
L1n + L2n

)
= Op(Ln).

Proof of Theorem 3:

n1/2
(
β̂1 − β1

)
=
[
n−1ζ̂

′
nφ̂nζ̂n]−1

√
n
(
n−1ζ̂

′
nφ̂n

[
Yn − Ĥ∗n(Y )−

(
Zn − Ĥ∗n(Z)

)
β1

])
= A−1

√
nB.
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where

A = n−1
[
Zn − Ĥ∗n(Z)

]′
φ̂n
[
Zn − Ĥ∗n(Z)

]
,

B = n−1
[
Zn − Ĥ∗n(Z)

]′
φ̂n
[
Yn − Ĥ∗n(Y )−

(
Zn − Ĥ∗n(Z)

)
β1

]
.

Note that,

A = n−1
[
Zn − Ĥ∗n(Z)

]′
φ̂n
[
Zn − Ĥ∗n(Z)

]
= n−1

[
Zn −H∗n(Z)

]′
φn
[
Zn −H∗n(Z)

]
+ n−1

[
Zn −H∗n(Z)

]′
φn
[
H∗n(Z)− Ĥ∗n(Z)

]
+ n−1

[
Zn −H∗n(Z)

]′(
φ̂n − φn

)[
Zn −H∗n(Z)

]
+ n−1

[
Zn −H∗n(Z)

]′(
φ̂n − φn

)[
H∗n(Z)− Ĥ∗n(Z)

]
+ n−1

[
H∗n(Z)− Ĥ∗n(Z)

]′
φn
[
Zn −H∗n(Z)

]
+ n−1

[
H∗n(Z)− Ĥ∗n(Z)

]′
φn
[
H∗n(Z)− Ĥ∗n(Z)

]
+ n−1

[
H∗n(Z)− Ĥ∗n(Z)

]′(
φ̂n − φn

)[
Zn −H∗n(Z)

]
+ n−1

[
H∗n(Z)− Ĥ∗n(Z)

]′(
φ̂n − φn

)[
H∗n(Z)− Ĥ∗n(Z)

]
≡ A1 +A2 +A3 +A4 +A5 +A6 +A7 +A8.

First, recall that,

Σ0 = E
(

[Z −H∗(Z)]′φ([Z −H∗(Z)]
)
.

Let c,m ∈ {1, 2, . . . , p},

A1(c,m) = n−1
n∑
i=1

[Zci −H∗(Zci)]φi[Zmi −H∗(Zmi)] = n−1
n∑
i=1

ζciφiζmi.

Define,

D1(c,m) = A1(c,m)− Σ0(c,m) = n−1
n∑
i=1

[
ζciφiζmi − E

(
ζcφζm

)]
.

and D1(c, :) = [D1(c, 1) D1(c, 2) · · · D1(c, p)]′ so that,

D1(c, :)′D1(c, :) =

p∑
m=1

(
n−1

n∑
i=1

[
ζciφiζmi − E

(
ζcφζm

)])2

.

Since for all c,m ∈ {1, 2, . . . , p}, E
(
ζcφζm

)
= O(1) one has,

||A1 − Σ0||2 = ||D1||2 = trace
(
D1D

′
1) =

p∑
c=1

D1(c, :)′D1(c, :)

=

p∑
c=1

p∑
m=1

(
n−1

n∑
i=1

[
ζciφiζmi − E

(
ζcφζm

)])2

=

p∑
c=1

(
n−1

n∑
i=1

[
ζ2
ciφi − E

(
ζ2
cφ
)])2

+

p∑
c=1

∑
m 6=c

(
n−1

n∑
i=1

[
ζciφiζmi − E

(
ζcφζm

)])2

=

p∑
c=1

op(1)2 +

p∑
c=1

∑
m6=c

op(1)2 = op(1).

Let c,m ∈ {1, 2, . . . , p} and define,

A2(c,m) = n−1
n∑
i=1

ζciφi
[
H∗(Zmi)− Ĥ∗(Zmi)].

Also let A2(c, :) = [A2(c, 1) A2(c, 2) · · · A2(c, p)]′ so that by assumption A5, Theorem 2, and Markov’s
inequality,

A2(c, :)′A2(c, :) =

p∑
m=1

(
n−1

n∑
i=1

ζciφi
[
H∗(Zmi)− Ĥ∗(Zmi)]

)2
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≤
p∑

m=1

sup
X,V ∈GXV

[
H∗(Zm)− Ĥ∗(Zm)]2

(
n−1

n∑
i=1

|ζciφi|
)2

= Op(L2
n)Op(1) = op(1).

Consequently, ||A2|| = trace(A2A
′
2)1/2 =

[∑p
c=1A2(c, :)′A2(c, :)

]1/2
= op(1). Let c,m ∈ {1, 2, . . . , p}

so that,

A3(c,m) = n−1
n∑
i=1

ζci(φ̂i − φi)ζmi.

Also let A3(c, :) = [A3(c, 1) A3(c, 2) · · · A3(c, p)]′ so that by assumption A5, Theorem 2, and Markov’s
Inequality,

A3(c, :)′A3(c, :) =

p∑
m=1

(
n−1

n∑
i=1

ζci(φ̂i − φi)ζmi
)2

≤
p∑

m=1

sup
X,V ∈GXV

|φ̂(X, V̂ )− φ(X,V )|2
(
n−1

n∑
i=1

|ζciζmi|
)2

= Op(L2
n)Op(1) = op(1).

Consequently, ||A3|| = trace(A3A
′
3)1/2 =

[∑p
c=1A3(c, :)′A3(c, :)

]1/2
= op(1). Let c,m ∈ {1, 2, . . . , p}

so that,

A4(c,m) = n−1
n∑
i=1

ζci(φ̂i − φi)[H∗(Zmi)− Ĥ∗(Zmi)]

Also let A4(c, :) = [A4(c, 1) A4(c, 2) · · · A4(c, p)]′ so that by assumption A5, Theorem 2, and Markov’s
Inequality,

A4(c, :)′A4(c, :) =

p∑
m=1

(
n−1

n∑
i=1

ζci(φ̂i − φi)[H∗(Zmi)− Ĥ∗(Zmi)]
)2

≤
p∑

m=1

sup
X,V ∈GXV

|φ̂(X,V )− φ(X,V )|2 sup
X,V ∈GXV

|H∗(Zmi)− Ĥ∗(Zmi)|2
(
n−1

n∑
i=1

|ζci|
)

= Op(L2
0n)Op(L2

n)Op(1) = op(1)

Consequently, ||A4|| = trace(A4A
′
4)1/2 =

[∑p
c=1A4(c, :)′A4(c, :)

]1/2
= op(1).

A5 = n−1
[
H∗n(Z)− Ĥ∗n(Z)

]′
φn
[
Zn −H∗n(Z)

]
.

Note the proof of the order of A5 is, mutatis mutandis, practically identical to the proof of the order of
A2, thus the arguments are not repeated here. Consequently one can conclude that, ||A5|| = op(1).

Let c,m ∈ {1, 2, . . . , p} so that, A6(c,m) = n−1
∑n
i=1[H∗(Zci)− Ĥ∗(Zci)]φi[H∗(Zmi)− Ĥ∗(Zmi)]. Also

let A6(c, :) = [A6(c, 1) A6(c, 2) · · · A6(c, p)]′ so that by assumption A5, Theorem 2, and Markov’s
Inequality,

A6(c, :)′A6(c, :) =

p∑
m=1

(
n−1

n∑
i=1

[H∗(Zci)− Ĥ∗(Zci)]φi[H∗(Zmi)− Ĥ∗(Zmi)]
)2

≤ p max
1≤a≤p

sup
X,V ∈GXV

|H∗(Za)− Ĥ∗(Za)|4n−2
n∑
i=1

n∑
j=1

|φi||φj |

= Op(L4
n)O(1) = op(1).
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Consequently, ||A6|| = trace(A6A
′
6)1/2 =

[∑p
c=1A6(c, :)′A6(c, :)

]1/2
= op(1).

A7 = n−1
[
H∗n(Z)− Ĥ∗n(Z)

]′(
φ̂n − φn

)[
Zn −H∗n(Z)

]
.

The proof of the order of A7 is, mutatis mutandis, practically identical to the proof of the order of A4,
thus the arguments are not repeated here. Consequently one can conclude that, ||A7|| = op(1). Let
c,m ∈ {1, 2, . . . , p} so that,

A8(c,m) = n−1
n∑
i=1

[H∗(Zci)− Ĥ∗(Zci)]
(
φ̂i − φi

)
[H∗(Zmi)− Ĥ∗(Zmi)].

Also, let A8(c, :) = [A8(c, 1) A8(c, 2) · · · A8(c, p)]′ so that by assumption A5, Theorem 2, and Markov’s
Inequality,

A8(c, :)′A8(c, :) =

p∑
m=1

(
n−1

n∑
i=1

[H∗(Zci)− Ĥ∗(Zci)]
(
φ̂i − φi

)
[H∗(Zmi)− Ĥ∗(Zmi)]

)2

≤ p max
1≤a≤p

sup
X,V ∈GXV

|H∗(Za)− Ĥ∗(Za)|4 sup
X,V ∈GXV

|φ̂(X,V )− φ(X,V )|

= Op(L4
n)Op(L2

0n) = op(1).

Consequently, ||A8|| = trace(A8A
′
8)1/2 =

[∑p
c=1A8(c, :)′A8(c, :)

]1/2
= op(1). In all,

||A− Σ0|| ≤ ||A1 − Σ0||+ ||A2||+ ||A3||+ ||A4||+ ||A5||+ ||A6||+ ||A7||+ ||A8|| = op(1).

Consequently A = Σ0 + op(1). Now, recall from Lemma 1 that β0 = µY − µ′Zβ1 and consider,

Yi − Ĥ∗(Yi)−
(
Zi − Ĥ∗(Zi)

)′
β1 = Yi − Ziβ1 −

(
Ĥ∗(Yi)− Ĥ∗(Zi)′β1

)
= Yi − Z ′iβ1 − β0 − h(Xi)− f(Vi) + β0 + h(Xi) + f(Vi)−

(
Ĥ∗(Yi)− Ĥ∗(Zi)′β1

)
= ui + β0 +

D∑
d=1

[
Hd

1 (Yi)− β0 −Hd
1 (Zi)

′β1

]
+

D∑
d=1

[
Hd

2 (Yi)− β0 −Hd
2 (Zi)

′β1

]
−
{ D∑
d=1

[
Ĥd

1 (Yi)− Ĥd
1 (Zi)

′β1

]
+

D∑
d=1

[
Ĥd

2 (Yi)− Ĥd
2 (Zi)

′β1

]
+ (2D − 1)

[
µ̂′Zβ1 − µ̂Y

]}
= ui +

D∑
d=1

[
Hd

1 (Yi)− Ĥd
1 (Yi)

]
+

D∑
d=1

[
Hd

2 (Yi)− Ĥd
2 (Yi)

]
−

D∑
d=1

[
Hd

1 (Zi)− Ĥd
1 (Zi)

]′
β1

−
D∑
d=1

[
Hd

2 (Zi)− Ĥd
2 (Zi)

]′
β1 − (2D − 1)

[
µY − µ̂Y

]
+ (2D − 1)

[
µZ − µ̂Z

]′
β1

= ui +

D∑
d=1

[
Sd1(Yi) + Sd2(Yi)

]
−

D∑
d=1

[
Sd1(Zi) + Sd2(Zi)

]
β1 + (2D − 1)

([
µZ − µ̂Z

]′
β1 −

[
µY − µ̂Y

])
.

In vector notation,

Yn − Ĥ∗n(Y )−
(
Ẑn − Ĥ∗n(Z)

)
β1 = un +

D∑
d=1

[
Sd1n(Y )− Sd1n(Z)β1

]
+

D∑
d=1

[
Sd2n(Y )− Sd2n(Z)β1

]
+ (2D − 1)

([
µZn − µ̂Zn

]′
β1 −

[
µY n − µ̂Y n

])
.

Furthermore,

B = n−1
[
Zn − Ĥ∗n(Z)

]′
φ̂n
[
Yn − Ĥ∗n(Y )−

(
Zn − Ĥ∗n(Z)

)
β1

]
= n−1

[
Zn − Ĥ∗n(Z)

]′
φ̂nun
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+

D∑
d=1

n−1
[
Zn − Ĥ∗n(Z)

]′
φ̂n
[
Sd1n(Y )− Sd1n(Z)β1

]
+

D∑
d=1

n−1
[
Zn − Ĥ∗n(Z)

]′
φ̂n
[
Sd2n(Y )− Sd2n(Z)β1

]
+ (2D − 1)n−1

[
Zn − Ĥ∗n(Z)

]′
φ̂n

([
µZn − µ̂Zn

]′
β1 −

[
µY n − µ̂Y n

])
≡ B1 +

D∑
d=1

B2d +

D∑
d=1

B3d +B4.

B1 = n−1
[
Zn − Ĥ∗n(Z)

]′
φ̂nun

= n−1
[
Zn −H∗n(Z)

]′
φnun + n−1

[
Zn −H∗n(Z)

]′(
φ̂n − φn

)
un

+ n−1
[
H∗n(Z)− Ĥ∗n(Z)

]′(
φ̂n − φn

)
un + n−1

[
H∗n(Z)− Ĥ∗n(Z)

]′
φnun

≡ B11 +B12 +B13 +B14.

Consider, B11 = n−1
[
Zn −H∗n(Z)

]′
φnun = n−1

∑n
i=1[Zi −H∗(Zi)]φiui. Now, since, {Zi, Xi, Vi}ni=1 is

i.i.d,

E
[(
Zi −H∗(Zi)

)
φiui

]
= E

[(
Zi −H∗(Zi)

)
φiE

(
ui|Zi, Xi, Vi

)]
= 0,

and, V
[(
Zi −H∗(Zi)

)
φiui

]
= E

[
E
(
u2
i |Zi, Xi, Vi)

(
Zi −H∗(Zi)

)
φi
(
Zi −H∗(Zi)

)′]
= Σ1 = O(1). Conse-

quently by CLT,

√
nB11 = n−1/2

n∑
i=1

[Zi −H∗(Zi)]φiui
d→ N

(
0,Σ1

)
.

By Lemma 10,

B12 = n−1
[
Zn −H∗n(Z)

]′(
φ̂n − φn

)
un = n−1

n∑
i=1

[
Zi −H∗(Zi)

]
ui
(
φ̂i − φi

)
= n−1

n∑
i=1

ζiui
(
φ̂i − φi

)
= op(n

−1/2).

By Theorem’s 1,2 and Lemma 3 xxvi) and xxvii),

B13 = n−1
[
H∗n(Z)− Ĥ∗n(Z)

]′(
φ̂n − φn

)
un = n−1

∑
i=1

[
H∗(Zi)− Ĥ∗(Zi)

](
φ̂i − φi

)
ui.

≤ sup
XV ∈GXV

|H∗(Z)− Ĥ∗(Z)| sup
XV ∈GXV

|φ̂(X, V̂ )− φ(X,V )|n−1
n∑
i=1

|ui|

= Op(Ln)Op(L0n)Op(1) = op(n
−1/2).

B14 = n−1
[
H∗n(Z)− Ĥ∗n(Z)

]′
φnun

= n−1
n∑
i=1

φiui

[ D∑
d=1

(−1)
[
Ĥd

1 (Zi)−Hd
1 (Zi)

]
−

D∑
d=1

[
Ĥd

2 (Zi)−Hd
2 (Zi)

]
+ (2D + 1)

[(
µZ − µ̂Z

)′
β1 − (µY − µ̂Y )

]]
= (−1)

D∑
d=1

n−1
n∑
i=1

φiui
[
Ĥd

1 (Zi)−Hd
1 (Zi)

]
−

D∑
d=1

n−1
n∑
i=1

φiui
[
Ĥd

2 (Zi)−Hd
2 (Zi)

]
+ (2D + 1)

[(
µZ − µ̂Z

)′
β1 − (µY − µ̂Y )

]
n−1

n∑
i=1

φiui

= (−1)

D∑
d=1

B141d −
D∑
d=1

B142d +B143.
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For c ∈ {1, 2, · · · , p} consider,

B141d(c) = n−1
n∑
i=1

φiui
[
Ĥd

1 (Zci)−Hd
1 (Zci)

]
= n−1

n∑
i=1

φiui

[(n− 1)b1]−1
∑
j 6=i

K1ji(Xd)θ̂
d
1jZcj −Hd

1 (Zci)


= n−1

n∑
i=1

φiui[(n− 1)b1]−1
∑
j 6=i

K1ji(Xd)
(
θ̂d1j − θd1j

)
Zcj

+ n−1
n∑
i=1

φiui[(n− 1)b1]−1
∑
j 6=i

K1ji(Xd)θ
d
1j

(
Zcj − E[Zcj |Xj , Vj ]

)
+ n−1

n∑
i=1

φiui[(n− 1)b1]−1
∑
j 6=i

K1ji(Xd)θ
d
1j

(
E[Zcj |Xj , Vj ]−Hd

1 (Zcj)
)

+ n−1
n∑
i=1

φiui[(n− 1)b1]−1
∑
j 6=i

K1ji(Xd)θ
d
1j

(
Hd

1 (Zcj)−Hd
1 (Zci)

)
≡ B1411d(c) +B1412d(c) +B1413d(c) +B1414d(c).

By Lemma 3, Assumption A5, and Theorem 1,

B1411d = n−1
n∑
i=1

φiui[(n− 1)b1]−1
n∑
j 6=i

K1ji(Xd)
(
θ̂d1j − θd1j

)
Zcj

= (n− 1)−1
∑
j 6=i

(
θ̂d1j − θd1j

)
Zcj [nb1]−1

n∑
i=1

φiuiK1ji(Xd)

≤ sup
X,V ∈GXV

|θ̂d1(X, V̂ )− θd1(X,V )|(n− 1)−1
∑
j 6=i

|Zcj |

× sup
Xdj∈GXd

∣∣∣[(n− 1)b1]−1
n∑
i=1

(
φiuiK1ji(Xd)− E

[
φiuiK1ji(Xd)

])∣∣∣
= Op(L0n)Op

([
log(n)

nb1

]1/2
)
O(1) = op(n

−1/2).

Note that E
[
ρcj |Xj , Vj

]
= E

[
Zcj − E

(
Zcj |Xj , Vj

)∣∣Xj , Vj
]

= 0 and consider,

B1412d(c) = n−1
n∑
i=1

φiui[(n− 1)b1]−1
∑
j 6=i

K1ji(Xd)θ
d
1j

(
Zcj − E[Zcj |Xj , Vj ]

)
= [n(n− 1)]−1

n∑
i=1

∑
j 6=i

φiuib
−1
1 K1ji(Xd)θ

d
1jρcj

= [n(n− 1)]−1
n∑
i=1

∑
j 6=i

Ψd
1412(i, j; c) '

(
n

2

)−1 n∑
i=1

∑
i<j

Γ
(2)d
1412(i, j; c) = U

(2)d
1412(c).

where Γ
(2)d
1412(i, j; c) = Ψd

1412(i, j; c) + Ψd
1412(j, i; c).

E(Ψd
1412(i, j; c)) = E

(
b−1
1 φiuiK1ji(Xd)θ

d
1jρcj

)
= E

(
b−1
1 φiK1ji(Xd)θ

d
1jρcjE[ui|Zi, Xi, Vi, Sj ]

)
= 0.
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E[E(Ψd
1412(i, j; c)|Si)2]1/2 = E

[
E
(
b−1
1 φiuiK1ji(Xd)θ

d
1jE

[
ρcj |Xj , Vj , Si

]
|Si
)2]1/2

= 0.

E[E(Ψd
1412(i, j; c)|Sj)2]1/2 = E

[
E
(
b−1
1 φiK1ji(Xd)θ

d
1jρcjE

[
ui|Zi, Xi, Vi, Sj ]

∣∣Sj)2]1/2 = 0.

E(Ψd
1412(i, j; c)2)1/2 = E

(
b−2
1 φ2

iu
2
iK1ji(Xd)

2[θd1j ]
2ρ2
cj

)1/2
≤ sup
X,V ∈GXV

∣∣φ(X,V )θd1(X,V )
∣∣E(b−2

1 E
[
u2
i |Zi, Xi, Vi, Sj

]
K1ji(Xd)

2E
[
ρ2
cj |Xdj , Si

])1/2
= O(b

−1/2
1 )E

(
b−1
1 K1ji(Xd)

2
)1/2

= O(b
−1/2
1 ).

Consequently,

B1412d(c) = E
(
Ψd

1412(i, j; c)
)

+Op
(
n−1/2E[E(Ψd

1412(i, j; c)|Si)2]1/2
)

+Op
(
n−1/2E[E(Ψd

1412(i, j; c)|Sj)2]1/2
)

+Op
(
n−1E

(
Ψd

1412(i, j; c)2
)1/2)

= Op
(
[nb

1/2
1 ]−1

)
= op(n

−1/2).

by assumption A5.

B1413d(c) = n−1
n∑
i=1

φiui[(n− 1)b1]−1
∑
j 6=i

K1ji(Xd)θ
d
1j

(
E[Zcj |Xj , Vj ]−Hd

1 (Zcj)
)

= [n(n− 1)]−1
n∑
i=1

∑
j 6=i

φiuiK1ji(Xd)θ
d
1jη

d
1cj

= [n(n− 1)]−1
n∑
i=1

∑
j 6=i

Ψd
1413(i, j; c) '

(
n

2

)−1 n∑
i=1

∑
i<j

Γ
(2)d
1413(i, j; c) = U

(2)d
1413(c).

where Γ
(2)d
1413(i, j; c) = Ψd

1413(i, j; c) + Ψd
1413(j, i; c)

E(Ψd
1413(i, j; c)) = E

(
b−1
1 φiuiK1ji(Xd)θ

d
1jη

d
1cj

)
= E

(
b−1
1 φiK1ji(Xd)θ

d
1jη

d
1cjE[ui|Zi, Xi, Vi, Sj ]

)
= 0.

E[E(Ψd
1413(i, j; c)|Si)2]1/2 = E

(
φ2
iu

2
iE
[
b−1
1 θd1jK1ji(Xd)η

d
1cj

∣∣Sj]2)1/2 = O(bν11 )E
(
φ2
iu

2
i )

1/2 = O(bν11 ),

by Lemma 7.

E[E(Ψd
1413(i, j; c)|Sj)2]1/2 = E

[
E
(
b−1
1 φiK1ji(Xd)θ

d
1jη

d
1cjE

[
ui|Zi, Xi, Vi, Sj ]

∣∣Sj)2]1/2 = 0.

2E(Ψd
1413(i, j; c)2)1/2 = 2E

(
b−2
1 φ2

iu
2
iK1ji(Xd)

2[θd1j ]
2[ηd1cj ]

2
)1/2

≤ sup
XV ∈GXV

|φ(X,V )θd1(X,V )ηd1c(X,V )|b−1/2
1 E

[
b−1
1 K1ji(Xd)

2E
(
ui|Zi, Xi, Vi, Sj

)]1/2
= O(b

−1/2
1 )E

[
b−1
1 K1ji(Xd)

2
]1/2

= O(b
−1/2
1 ).

Consequently,

B1413d(c) ' U (2)d
1413(c)

= E(Ψd
1413(i, j; c)) +Op

(
n−1/2E[E(Ψd

1413(i, j; c)|Si)2]1/2
)

+Op
(
n−1/2E[E(Ψd

1413(i, j; c)|Sj)2]1/2
)

+Op
(
n−1E(Ψd

1413(i, j; c)2)1/2
)
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= Op(n
−1/2bν11 ) +Op(n

−1b
−1/2
1 ) = op(n

−1/2).

B1414d(c) = n−1
n∑
i=1

φiui[(n− 1)b1]−1
∑
j 6=i

K1ji(Xd)θ
d
1j

(
Hd

1 (Zcj)−Hd
1 (Zci)

)
= [n(n− 1)]−1

n∑
i=1

∑
j 6=i

b−1
1 φiuiK1ji(Xd)θ

d
1j

(
Hd

1 (Zcj)−Hd
1 (Zci)

)
= [n(n− 1)]−1

n∑
i=1

∑
j 6=i

Ψd
1414(i, j; c) '

(
n

2

)−1 n∑
i=1

∑
i<j

Γ
(2)d
1414(i, j; c) = U

(2)d
1414(c).

where Γ
(2)d
1414(i, j; c) = Ψd

1414(i, j; c) + Ψd
1414(j, i; c)

E
(
Ψd

1414(i, j; c)) = E
(
b−1
1 φiuiK1ji(Xd)θ

d
1j

(
Hd

1 (Zcj)−Hd
1 (Zci)

))
= E

(
b−1
1 φiK1ji(Xd)θ

d
1j

(
Hd

1 (Zcj)−Hd
1 (Zci)

)
E[ui|Zi, Xi, Vi, Sj ]

)
= 0.

E[E
(
Ψd

1414(i, j; c)|Si)2]1/2 = E
[
E
(
b−1
1 φiuiK1ji(Xd)θ

d
1j

(
Hd

1 (Zcj)−Hd
1 (Zci)

)
|Si
)2

]1/2

= E
[
φ2
iu

2
iE
(
b−1
1 K1ji(Xd)θ

d
1j

(
Hd

1 (Zcj)−Hd
1 (Zci)

)
|Si
)2]1/2

≤ O(bν11 )E
[
φ2
iu

2
i

]1/2
= O(bν11 ),

by Lemma 7.

E[E
(
Ψd

1414(i, j; c)|Si)2]1/2 = E
[
E
(
b−1
1 φiuiK1ji(Xd)θ

d
1j

(
Hd

1 (Zcj)−Hd
1 (Zci)

)
|Sj
)2

]1/2

=
[
E
(
b−1
1 φiK1ji(Xd)θ

d
1j

(
Hd

1 (Zcj)−Hd
1 (Zci)

)
E[ui|Zi, Xi, Vi, Sj ]|Sj

)2
]1/2 = 0.

E
(
Ψd

1414(i, j; c)2)1/2 = E
(
b−2
1 φ2

iu
2
iK1ji(Xd)

2[θd1j ]
2
(
Hd

1 (Zcj)−Hd
1 (Zci)

)2)1/2
≤ sup
X,V ∈GXV

|φ(X,V )θd1(X,V )| sup
Xd,X′d∈GXd

|Hd
1 (Zc;Xd)−Hd

1 (Zc;X
′
d)|

× E
[
b−2
1 K1ji(Xd)

2E
(
u2
i |Zi, Xi, Vi, Sj

)]1/2
= O(b

−1/2
1 )E

[
b−1
1 K1ji(Xd)

2
]1/2

= O(b
−1/2
1 ).

Consequently, by Lemma 3,

B1414d(c) ' U (2)d
1414(c)

= E
(
Ψd

1414(i, j; c)) +Op
(
n−1/2E[E

(
Ψd

1414(i, j; c)|Si)2]1/2
)

+Op
(
n−1/2E[E

(
Ψd

1414(i, j; c)|Sj)2]1/2
)

+Op(n
−1E

(
Ψd

1414(i, j; c)2
)1/2)

= Op(n
−1/2bν11 ) +Op(n

−1b
−1/2
1 ) = op(n

−1/2).

Furthermore, B141d(c) = B1411d(c) +B1412d(c) +B1413d(c) +B1414d(c) = op(n
−1/2).

B142d(c) = n−1
n∑
i=1

φiui
[
Ĥd

2 (Zci)−Hd
2 (Zci)

]
= n−1

n∑
i=1

φiui

{
[(n− 1)b2]−1

∑
j 6=i

K2ji(V̂d)θ̂
d
2jZcj −Hd

2 (Zci)
}

= n−1
n∑
i=1

φiui

{
[(n− 1)b2]−1

∑
j 6=i

K2ji(V̂d)
(
θ̂d2j − θd2j + θd2j

)
Zcj −Hd

2 (Zci)
}
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= n−1
n∑
i=1

φiui[(n− 1)b2]−1
∑
j 6=i

K2ji(V̂d)
{(
θ̂d2j − θd2j

)
Zcj + θd2j

(
Zcj − E[Zcj |Xj , Vj ]

)
+ θd2j

(
E[Zcj |Xj , Vj ]−Hd

2 (Zcj)
)

+ θd2j
(
Hd

2 (Zcj)−Hd
2 (Zci)

)}
= n−1

n∑
i=1

φiui[(n− 1)b2]−1
∑
j 6=i

K2ji[b
−1
2 (V̂dj − V̂di)]Cd2ji(c)

= n−1
n∑
i=1

φiui[(n− 1)b2]−1
∑
j 6=i

K2ji(Vd)C
d
2ji(c)

+ n−1
n∑
i=1

φiui[(n− 1)b22]−1
∑
j 6=i

K
(1)
2ji(Vd)[(V̂dj − Vdj)− (V̂di − Vdi)

]
Cd2ji(c)

+ n−1
n∑
i=1

φiui[2(n− 1)b32]−1
∑
j 6=i

K
(2)
2ji(Vd)[(V̂dj − Vdj)− (V̂di − Vdi)

]2
Cd2ji(c)

+ n−1
n∑
i=1

φiui[6(n− 1)b42]−1
∑
j 6=i
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In the trivial case where one sets Hd
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Consequently, by Lemma 3, and Markov’s Inequality,
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n∑
i=1

∑
j 6=i

|φiui|
∣∣Cd2ji(c)∣∣

= Op

(
[Lnb

−1
2 ]2

)
[n(n− 1)]−1
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i=1

∑
j 6=i

|φiui|
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(2)
2ji(Vd)

∣∣∣∣Cd2ji(c)∣∣
+Op

(
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−1
2 ]3

)
[n(n− 1)]−1

n∑
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∑
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|φiui|
∣∣b−1

2 K
(3)
2ji(Vd)

∣∣∣∣Cd2ji(c)∣∣
+Op

(
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nb
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2 ]
)

[n(n− 1)]−1
n∑
i=1

∑
j 6=i

|φiui|
∣∣Cd2ji(c)∣∣

= op(n
−1/2)[n(n− 1)]−1

n∑
i=1

∑
j 6=i

|φiui|
(∣∣b−1

2 K
(2)
2ji(Vd)

∣∣+
∣∣b−1

2 K
(3)
2ji(Vd)

∣∣+ 1
)∣∣Cd2ji(c)∣∣

≤ op(n−1/2)[n(n− 1)]−1 sup
X,V ∈GXV

|θ̂d2(X, V̂ )− θd2(X,V )|

×
n∑
i=1

∑
j 6=i

|φiui|
(∣∣b−1

2 K
(2)
2ji(Vd)

∣∣+
∣∣b−1

2 K
(3)
2ji(Vd)

∣∣+ 1
)
|Zcj |

+ op(n
−1/2)[n(n− 1)]−1

n∑
i=1

∑
j 6=i

|φiui|
(∣∣b−1

2 K
(2)
2ji(Vd)

∣∣+
∣∣b−1

2 K
(3)
2ji(Vd)

∣∣+ 1
)∣∣θd2jQd2j(c)∣∣

+ op(n
−1/2)[n(n− 1)]−1

n∑
i=1

∑
j 6=i

|φiui|
(∣∣b−1

2 K
(2)
2ji(Vd)

∣∣+
∣∣b−1

2 K
(3)
2ji(Vd)

∣∣+ 1
)∣∣θd2jHd

2 (Zci)
∣∣

= op(n
−1/2)Op(L0n)[n(n− 1)]−1

n∑
i=1

∑
j 6=i

Ψd
1424(i, j; c)

+ op(n
−1/2)[n(n− 1)]−1

n∑
i=1

∑
j 6=i

Ψd
1425(i, j; c)

+ op(n
−1/2)[n(n− 1)]−1

n∑
i=1

∑
j 6=i

Ψd
1426(i, j; c)

' op(n−1/2)
{
Op(L0n)

(
n

2

)−1 n∑
i=1

∑
i<j

Γd1424(i, j; c) +

(
n

2

)−1 n∑
i=1

∑
i<j

Γd1425(i, j; c) +

(
n

2

)−1 n∑
i=1

∑
i<j

Γd1426(i, j; c)
}

= op(n
−1/2)

{
Op(L0n)U

(2)d
1424(c) + U

(2)d
1425(c) + U

(2)d
1426(c)

}
.
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where, Γd1424(i, j; c) = Ψd
1424(i, j; c) + Ψd

1424(j, i; c), Γd1425(i, j; c) = Ψd
1425(j, i; c) + Ψd

1425(i, j; c), and
Γd1426(i, j; c) = Ψd

1426(i, j; c) + Ψd
1426(j, i; c), Now note,

E
(
Ψd

1424(i, j; c)
)

+ E
(
Ψd

1425(i, j; c)
)

+ E
(
Ψd

1426(i, j; c)
)

= E
(
|φiui|

[∣∣b−1
2 K

(2)
2ji(Vd)

∣∣+
∣∣b−1

2 K
(3)
2ji(Vd)

∣∣+ 1
]
|Zcj |

)
+ E

(
|φiui|

[∣∣b−1
2 K

(2)
2ji(Vd)

∣∣+
∣∣b−1

2 K
(3)
2ji(Vd)

∣∣+ 1
]∣∣θd2jQd2j(c)∣∣)

+ E
(
|φiui|

[∣∣b−1
2 K

(2)
2ji(Vd)

∣∣+
∣∣b−1

2 K
(3)
2ji(Vd)

∣∣+ 1
]∣∣θd2jHd

2 (Zci)
∣∣)

≤ E
(
|φiui||Zcj |E

[∣∣b−1
2 K

(2)
2ji(Vd)

∣∣+
∣∣b−1

2 K
(3)
2ji(Vd)

∣∣+ 1|Zcj , Si
])

+ E
(
|φiui|

[∣∣b−1
2 K

(2)
2ji(Vd)

∣∣+
∣∣b−1

2 K
(3)
2ji(Vd)

∣∣+ 1
]
E
[∣∣θd2jQd2j(c)∣∣∣∣∣Vdj , Si])

+ sup
X,V ∈GX,V

∣∣θd2(X,V )E
[
φZc|Vd

]∣∣E(|φiui|E[∣∣b−1
2 K

(2)
2ji(Vd)

∣∣+
∣∣b−1

2 K
(3)
2ji(Vd)

∣∣+ 1
∣∣∣Si])

= O(1)E
(
|φiui|

)
E
(
|Zcj |

)
+O(1)E

(
|φiui|E

[∣∣b−1
2 K

(2)
2ji(Vd)

∣∣+
∣∣b−1

2 K
(3)
2ji(Vd)

∣∣+ 1
∣∣∣Si])+O(1)E

(
|φiui|

)
= O(1) +O(1)E

(
|φiui|

)
+O(1) = O(1).

E
[
E
(
Ψd

1424(i, j; c)|Si
)2]1/2

+ E
[
E
(
Ψd

1425(i, j; c)|Si
)2]1/2

+ E
[
E
(
Ψd

1426(i, j; c)|Si
)2]1/2

= E
[
E
(
|φiui|

[∣∣b−1
2 K

(2)
2ji(Vd)

∣∣+
∣∣b−1

2 K
(3)
2ji(Vd)

∣∣+ 1
]
|Zcj |

∣∣∣ Si)2]1/2
+ E

[
E
(
|φiui|

[∣∣b−1
2 K

(2)
2ji(Vd)

∣∣+
∣∣b−1

2 K
(3)
2ji(Vd)

∣∣+ 1
]∣∣θd2jQd2j(c)∣∣∣∣∣ Si)2]1/2

+ E
[
E
(
|φiui|

[∣∣b−1
2 K

(2)
2ji(Vd)

∣∣+
∣∣b−1

2 K
(3)
2ji(Vd)

∣∣+ 1
]∣∣θd2jHd

2 (Zci)
∣∣∣∣∣ Si)2]1/2

= E
[
|φiui|2E

(
|Zcj |E

[∣∣b−1
2 K

(2)
2ji(Vd)

∣∣+
∣∣b−1

2 K
(3)
2ji(Vd)

∣∣+ 1
∣∣∣Zcj , Si]∣∣∣ Si)2]1/2

+ E
[
E
(
|φiui|

[∣∣b−1
2 K

(2)
2ji(Vd)

∣∣+
∣∣b−1

2 K
(3)
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∣∣+ 1
]
E
[∣∣θd2jQd2j(c)∣∣∣∣∣Vdj , Si]∣∣∣ Si)2]1/2

+ sup
X,V ∈GX,V

∣∣θd2(X,V )E
[
φZc|Vd

]
E
[
|φiui|2E

([∣∣b−1
2 K

(2)
2ji(Vd)

∣∣+
∣∣b−1

2 K
(3)
2ji(Vd)

∣∣+ 1
]∣∣∣ Si)2]1/2

= O(1)E
[
|φiui|2E

(
|Zcj |

∣∣∣ Si)2]1/2
+O(1)E

[
|φiui|2E

([∣∣b−1
2 K

(2)
2ji(Vd)

∣∣+
∣∣b−1

2 K
(3)
2ji(Vd)

∣∣+ 1
]∣∣∣ Si)2]1/2

+O(1)E
[
|φiui|2

]1/2
= O(1)E

[
|φiui|2

]1/2
+O(1)E

[
|φiui|2

]1/2
+O(1)

= O(1) +O(1) +O(1).

E
[
E
(
Ψd

1424(i, j; c)|Sj
)2]1/2
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E
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(
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= E
[
E
(
|φiui|

[∣∣b−1
2 K

(2)
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∣∣+
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2 K
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∣∣+ 1
]
|Zcj |
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+ E
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E
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|φiui|
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∣∣+
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+ E
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[∣∣b−1
2 K

(2)
2ji(Vd)

∣∣+
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∣∣+ 1
]∣∣θd2jHd

2 (Zci)
∣∣∣∣∣ Sj)2]1/2

≤ sup
X,V ∈GXV

φ(X,V )
{
E
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2 K
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∣∣+
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2 K
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∣∣+ 1
]
E
(
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∣∣Zi, Xi, Vi, Sj

)∣∣∣ Sj)2]1/2
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+ E
[
|θd2jQd2j(c)

∣∣2E([∣∣b−1
2 K
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2ji(Vd)

∣∣+
∣∣b−1

2 K
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∣∣+ 1
]
E
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∣∣Zi, Xi, Vi, Sj

)∣∣∣ Sj)2]1/2
+ sup
X,V ∈GX,V

∣∣θd2(X,V )E
[
φZc|Vd

]∣∣E[E([∣∣b−1
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(2)
2ji(Vd)

∣∣+
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2 K
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∣∣+ 1
]
E
(
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∣∣Zi, Xi, Vi, Sj
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2 K
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+O(1)E
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|θd2jQd2j(c)
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(2)
2ji(Vd)
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Where

E
[
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+ E
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+ sup
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[
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]∣∣E[E(u2
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1/2 +O(1)E
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(2)
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∣∣+
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= O(b
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2 ) +O(b

−1/2
2 ) +O(b

−1/2
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Consequently,
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(2)d
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1426(c) = E

(
Ψd

1424(c)(i, j; c)
)

+ E
(
Ψd

1425(i, j; c)
)

+ E
(
Ψd
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)

+Op
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E
(
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+Op
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[
E
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+Op
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[
E
(
Ψd
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+Op
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[
E
(
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[
E
(
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) +Op(n
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[
E
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)2]1/2)

+Op
(
n−1E

[
Ψd
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+Op
(
n−1E

[
Ψd

1425(i, j; c)2
]1/2)

+Op
(
n−1E

[
Ψd
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]1/2)

= O(1) +Op(n
1/2) +Op(n

−1b
−1/2
2 ) = O(1).

In all,

B1424d(c) +B1425d(c) +B1426d(c) = op(n
−1/2)

{
Op(L0n)U

(2)d
1424(c) + U

(2)d
1425(c) + U

(2)d
1426(c)

}
= op(n

−1/2)Op(L0n + 2) = op(n
−1/2).

Furthermore,

B142d(c) = B1421d(c) +B1422d(c) +B1423d(c) +B1424d(c) +B1425d(c) +B1426d(c) = op(n
1/2).
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Now,

B143 = (2D + 1)
[(
µZ − µ̂Z

)
β1 − (µY − µ̂Y )

]
n−1

n∑
i=1

φiui
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φiui

∣∣∣
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L0n
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)∣∣∣ n∑
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φiui
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Hence,
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B141d −
D∑
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Thus in summary,

√
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√
nB11 +

√
nB12 +

√
nB13 +

√
nB14 =

√
nB11 + op(1).

Consequently,
√
nB1

d→ N(0,Σ1).
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]
=
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[
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]
.
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)(
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By Lemma 3 xxvi) and xxvii), Assumption A3, and Markov’s inequality.
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∣∣Hd
1 (Y )− Ĥd

1 (Y )
∣∣

+ max
1≤j≤p

sup
Xd∈GXd

∣∣Hd
1 (Zj)− Ĥd

1 (Zj)
∣∣ p∑
c=1

|β1c|
]

= Op
(
Ln
)
Op
(
L0n

)
Op
(
L1n

)(
1 + ||β1||E

)
= Op

(
Ln
)
Op
(
L0n

)
Op
(
L1n

)
= op(n

−1/2),

by Lemma 3 xxvi) and xxvii), and Assumption A3.

B21d = n−1
[
Zn −H∗n(Z)

]
φn
[
Sd1n(Y )− Sd1n(Z)β1

]
= n−1

n∑
i=1

[
Zi −H∗(Zi)

]
φi

(
Hd

1 (Yi)− Ĥd
1 (Yi)−

p∑
c=1

[
Hd

1 (Zci)− Ĥd
1 (Zci)

]
β1c

)
= (−1)n−1

n∑
i=1

[
Zi −H∗(Zi)

]
φi
(
Ĥd

1 (Yi)−Hd
1 (Yi)

)
+

p∑
c=1

β1c n
−1

n∑
i=1

[
Zi −H∗(Zi)

]
φi
[
Ĥd

1 (Zci)−Hd
1 (Zci)

]
= B211d −

p∑
c=1

β1cB212dc.

Note that by Lemma 2, E[φiζaiK1ji(Xd)|Xdi, Sj ] = K1ji(Xd)E[φiζai|Xdi] = 0. Furthermore, since by
Assumption 4, E

[
φ2
i ζ

2
ci|Xdi

]
= p(Xd)

2E
[
[θd1i]

2ζ2
ci|Xdi] is uniformly bounded so that we have by Lemma

6,

sup
Xdi∈GXd

∣∣∣n−1
n∑
i=1

[
φiζaib

−1
1 K1ji(Xd)− E

(
φiζaib

−1
1 K1ji(Xd)

)]∣∣∣ = Op

([
log(n)

nb1

]1/2
)
.

Consider,

B212dc(a) = n−1
n∑
i=1

[
Zai −H∗(Zai)

]
φi
[
Ĥd

1 (Zci)−Hd
1 (Zci)

]
= n−1

n∑
i=1

φiζai

{
[(n− 1)b1]−1

∑
j 6=i

K1ji(Xd)θ̂
d
1jZci −Hd

1 (Zci)
}

= n−1
n∑
i=1

φiζai[(n− 1)b1]−1
∑
j 6=i

K1ji(Xd)
[(
θ̂d1j − θd1j

)
Zcj + θd1j

(
Zcj − E[Zcj |Xj , Vj ]

)
+ θd1j

(
E[Zcj |Xj , Vj ]−Hd

1 (Zcj)
)

+ θd1j
(
Hd

1 (Zcj)−Hd
1 (Zci)

)]
= [n(n− 1)]−1

∑
j 6=i

(
θ̂d1j − θd1j

)
Zcj

n∑
i=1

φiζaib
−1
1 K1ji(Xd)

+ [n(n− 1)]−1
n∑
i=1

∑
j 6=i

φiζaib
−1
1 K1ji(Xd)θ

d
1jρcj
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+ [n(n− 1)]−1
n∑
i=1

∑
j 6=i

φiζaib
−1
1 K1ji(Xd)θ

d
1jη

d
1cj

+ [n(n− 1)]−1
n∑
i=1

∑
j 6=i

φiζaib
−1
1 K1ji(Xd)θ

d
1j

(
Hd

1 (Zcj)−Hd
1 (Zci)

)
≡ [n− 1]−1

∑
j 6=i

(
θ̂d1j − θd1j

)
Zcjn

−1
n∑
i=1

[
φiζaib

−1
1 K1ji(Xd)− E

(
φiζaib

−1
1 K1ji(Xd)

)]
+ [n(n− 1)]−1

n∑
i=1

∑
j 6=i

Ψdc
2121(i, j; a) + [n(n− 1)]−1

n∑
i=1

∑
j 6=i

Ψdc
2122(i, j; a)

+ [n(n− 1)]−1
n∑
i=1

∑
j 6=i

Ψdc
2123(i, j; a)

. sup
XV ∈GXV

|θ̂d1(X, V̂ )− θd1(X,V )| sup
Xdi∈GXd

∣∣∣[nb1]−1
∑
j 6=i

[
φiζaiK1ji(Xd)− E

(
φiζaiK1ji(Xd)

)∣∣∣[n− 1]−1
∑
j 6=i

|Zcj |

+

(
n

2

)−1 n∑
i=1

∑
i<j

Γdc2121(i, j; a) +

(
n

2

)−1 n∑
i=1

∑
i<j

Γdc2122(i, j; a) +

(
n

2

)−1 n∑
i=1

∑
i<j

Γdc2123(i, j; a)

= Op
(
L0n

)
Op

([
log(n)

nb1

]1/2
)
Op(1) + U

(2)dc
2121 (a) + U

(2)dc
2122 (a) + U

(2)dc
2123 (a)

= op(n
−1/2) + U

(2)dc
2121 (a) + U

(2)dc
2122 (a) + U

(2)dc
2123 (a),

by Lemma 3 xxi), and xxvi) where, Γdc2121(i, j; a) = Ψdc
2121(i, j; a)+Ψdc

2121(j, i; a), Γdc2122(i, j; a) = Ψdc
2122(i, j; a)+

Ψdc
2122(i, j; a), and Γdc2123(i, j; a) = Ψdc

2123(i, j; a) + Ψdc
2123(j, i; a)

E
[
Ψdc

2121(i, j; a)
]
+E
[
Ψdc

2122(i, j; a)
]

+ E
[
Ψdc

2123(i, j; a)
]

= E
[
E
(
φiζai|Xdi, Sj

)
b−1
1 K1ji(Xd)θ

d
1jρcj

]
+ E

[
E
(
φiζai|Xdi, Sj

)
b−1
1 K1ji(Xd)θ

d
1jη

d
1cj

]
+ E

[
E
(
φiζai|Xdi, Sj

)
b−1
1 K1ji(Xd)θ

d
1j

(
Hd

1 (Zcj)−Hd
1 (Zci)

)]
= 0.

E
[
E
(
Ψdc

2121(i, j; a)|Si
)2]1/2

+E
[
E
(
Ψdc

2122(i, j; a)|Si
)2]1/2

+ E
[
E
(
Ψdc

2123(i, j; a)|Si
)2]1/2

= E
[
E
(
φiζaib

−1
1 K1ji(Xd)θ

d
1jE

[
ρcj |Xj , Vj , Si]|Si

)2]1/2
+ E

[
φ2
i ζ

2
aiE
(
b−1
1 K1ji(Xd)θ

d
1jη

d
1cj |Si

)2]1/2
+ E

[
φ2
i ζ

2
aiE
(
b−1
1 K1ji(Xd)θ

d
1j

(
Hd

1 (Zcj)−Hd
1 (Zci)

)
|Si
)2]1/2

= 0 +O(bν11 )E
[
φ2
i ζ

2
ai]

1/2 +O(bν11 )E
[
φ2
i ζ

2
ai]

1/2

= 0 +O(bν11 ) +O(bν11 ),

by Lemma 8.

E
[
E
(
Ψdc

2121(i, j; a)|Sj
)2]1/2

+E
[
E
(
Ψdc

2122(i, j; a)|Sj
)2]1/2

+ E
[
E
(
Ψdc

2123(i, j; a)|Sj
)2]1/2

= E
[
E
(
E
[
φiζai|Xdi, Sj

]
b−1
1 K1ji(Xd)θ

d
1jρcj

∣∣Sj)2]1/2
+ E

[
E
(
E
[
φiζai|Xdi, Sj

]
b−1
1 K1ji(Xd)θ

d
1jη

d
1cj |Sj

)2]1/2
+ E

[
E
(
E
[
φiζai|Xdi, Sj

]
b−1
1 K1ji(Xd)θ

d
1j

(
Hd

1 (Zcj)−Hd
1 (Zci)

)
|Sj
)2]1/2

= 0,
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by Lemma 2.

E
[
Ψdc

2121(i, j; a)2
]1/2

+ E
[
Ψdc

2122(i, j; a)2
]1/2

+ E
[
Ψdc

2123(i, j; a)2
]1/2

= E
[
E
(
φ2
i ζ

2
ai|Xdi, Sj

)
b−2
1 K1ji(Xd)

2[θd1jρcj ]
2
]1/2

+ E
[
E
(
φ2
i ζ

2
ai|Xdi, Sj

)
b−2
1 K1ji(Xd)

2[θd1jη
d
1cj ]

2
]

+ E
[
E
(
φ2
i ζ

2
ai|Xdi, Sj

)
b−2
1 K1ji(Xd)

2[θd1j ]
2
(
Hd

1 (Zcj)−Hd
1 (Zci)

2
)]1/2

≤ O
(
b
−1/2
1

)
E
[
E
(
b−1
1 K1ji(Xd)

2|Sj
)
[θd1jρcj ]

2
]1/2

+
(
b
−1/2
1

)
E
[
E
(
b−1
1 K1ji(Xd)

2|Sj
)
[θd1jη

d
1cj ]

2
]1/2

+
(
b
−1/2
1

)
sup

Xd∈GXd
2E
[
φZc

∣∣Xd

]2
E
[
E
(
b−1
1 K1ji(Xd)

2|Sj
)
[θd1j ]

2
]1/2

= O
(
b
−1/2
1

)
E
[
(θd1jρcj)

2
]1/2

+O
(
b
−1/2
1

)
E
[
(θd1jη

d
1cj)

2
]1/2

+O
(
b
−1/2
1

)
= O

(
b
−1/2
1

)
+O

(
b
−1/2
1

)
+O

(
b
−1/2
1

)
.

Consequently,

U
(2)dc
2121 (a)+U

(2)dc
2122 (a) + U

(2)dc
2123 (a)

= E
[
Ψdc

2121(i, j; a)
]

+ E
[
Ψdc

2122(i, j; a)
]

+ E
[
Ψdc

2123(i, j; a)
]

+Op
(
n−1/2E

[
E
(
Ψdc

2121(i, j; a)|Si
)2]1/2)

+Op
(
n−1/2E

[
E
(
Ψdc

2122(i, j; a)|Si
)2]1/2)

+Op
(
n−1/2E

[
E
(
Ψdc

2123(i, j; a)|Si
)2]1/2)

+Op
(
n−1/2E

[
E
(
Ψdc

2121(i, j; a)|Sj
)2]1/2)

+Op
(
n−1/2E

[
E
(
Ψdc

2122(i, j; a)|Sj
)2]1/2)

+Op
(
n−1/2E

[
E
(
Ψdc

2123(i, j; a)|Sj
)2]1/2)

+Op
(
n−1E

[
Ψdc

2121(i, j; a)2
]1/2)

+Op
(
n−1E

[
Ψdc

2122(i, j; a)2
]1/2)

+Op
(
n−1E

[
Ψdc

2123(i, j; a)2
]1/2)

= Op(n
−1/2bν11 ) +Op(n

−1b
−1/2
1 ) = op(n

−1/2).

by assumption A5. As a result,

B212dc(a) = op(n
−1/2) + U

(2)dc
2121 (a) + U

(2)dc
2122 (a) + U

(2)dc
2123 (a) = op(n

−1/2).

The proof of the order of B211d is, mutatis mutandis, virtually identical to proof of the order of B212d,
thus one can conclude that, B211d = op(n

−1/2). Furthermore, by Assumption A3,

B21d = B211d −
p∑
c=1

β1cB212dc ≤ Op(n−1/2)(1 + ||β1||E) = op(n
−1/2).

Consequently, B2 =
∑D
d=1

[
B21d +B22d +B23d +B24d

]
= op(n

−1/2).

B3d = n−1
[
Zn − Ĥ∗n(Z)

]′
φ̂n
[
Sd2n(Y )− Sd2n(Z)β1

]
= n−1

n∑
i=1

[
Zi −H∗(Zi) +H∗(Zi)− Ĥ∗(Zi)

](
φi + φ̂i − φi

)[
Sd2(Yi)− Sd2(Zi)

′β1

]
= n−1

n∑
i=1

[
Zi −H∗(Zi)

]
φi

(
Hd

2 (Yi)− Ĥd
2 (Yi)−

p∑
c=1

[
Hd

2 (Zci)− Ĥd
2 (Zci)

]
β1c

)
+ n−1

n∑
i=1

[
Zi −H∗(Zi)

](
φ̂i − φi

)(
Hd

2 (Yi)− Ĥd
2 (Yi)−

p∑
c=1

[
Hd

2 (Zci)− Ĥd
2 (Zci)

]
β1c

)
+ n−1

n∑
i=1

[
H∗(Zi)− Ĥ∗(Zi)

]
φi

(
Hd

2 (Yi)− Ĥd
2 (Yi)−

p∑
c=1

[
Hd

2 (Zci)− Ĥd
2 (Zci)

]
β1c

)
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+ n−1
n∑
i=1

[
H∗(Zi)− Ĥ∗(Zi)

](
φ̂i − φi

)(
Hd

2 (Yi)− Ĥd
2 (Yi)−

p∑
c=1

[
Hd

2 (Zci)− Ĥd
2 (Zci)

]
β1c

)
≡ B31d +B32d +B33d +B34d

B32d = n−1
[
Zn −H∗n(Z)

](
φ̂n − φn

)[
Sd2n(Y )− Sd2n(Z)β1

]
= n−1

n∑
i=1

[
Zi −H∗(Zi)

](
φ̂i − φi

)(
Hd

2 (Yi)− Ĥd
2 (Yi)−

p∑
c=1

[
Hd

2 (Zci)− Ĥd
2 (Zci)

]
β1c

)
≤ sup
XV ∈GXV

|φ̂(X, V̂ )− φ(X,V )|
[

sup
Vd∈GVd

∣∣Hd
2 (Y )− Ĥd

2 (Y )
∣∣

+ max
1≤j≤p

sup
Vd∈GVd

∣∣Hd
2 (Zj)− Ĥd

2 (Zj)
∣∣ p∑
c=1

|β1c|
]
n−1

n∑
i=1

∣∣Zi −H∗(Zi)∣∣
≤ Op

(
L0n

)
Op
(
L2n

)(
1 + ||β1||E

)
Op(1) = Op

(
L0nL2n

)
= op(n

−1/2),

by Theorems 1 and 2, Lemma 3 xxvi) and xxvii), Assumption A3, and Markov’s Inequality.

B33d(c) = n−1
[
H∗n(Zc)− Ĥ∗n(Zc)

]′
φn
[
Sd2n(Y )− Sd2n(Z)β1

]
= n−1

n∑
i=1

[
H∗(Zci)− Ĥ∗(Zci)

]
φi

(
Hd

2 (Yi)− Ĥd
2 (Yi)−

p∑
c=1

[
Hd

2 (Zci)− Ĥd
2 (Zci)

]
β1c

)
≤ sup
XV ∈GXV

|H∗(Zc)− Ĥ∗(Zc)|
[

sup
Vd∈GVd

∣∣Hd
2 (Y )− Ĥd

2 (Y )
∣∣

+ max
1≤j≤p

sup
Vd∈GVd

∣∣Hd
2 (Zj)− Ĥd

2 (Zj)
∣∣ p∑
c=1

|β1c|
]
n−1

n∑
i=1

φi

≤ Op
(
LnL2n

)(
1 + ||β1||E

)
O(1) = Op

(
LnL2n

)
= op(n

−1/2),

by Theorem 2, Lemma 3 xxvi) and xxvii), and Assumption A3.

B34d(c) = n−1
[
H∗n(Zc)− Ĥ∗n(Zc)

]′(
φ̂n − φn

)[
Sd2n(Y )− Sd2n(Z)β1

]
= n−1

n∑
i=1

[
H∗(Zci)− Ĥ∗(Zci)

](
φ̂i − φi

)(
Hd

2 (Yi)− Ĥd
1 (Yi)−

p∑
c=1

[
Hd

2 (Zci)− Ĥd
2 (Zci)

]
β1c

)
≤ sup
XV ∈GXV

|φ̂(X, V̂ )− φ(X,V )| sup
XV ∈GXV

|H∗(Zc)− Ĥ∗(Zc)|
[

sup
Vd∈GVd

∣∣Hd
2 (Y )− Ĥd

2 (Y )
∣∣

+ max
1≤j≤p

sup
Vd∈GVd

∣∣Hd
2 (Zj)− Ĥd

2 (Zj)
∣∣ p∑
c=1

|β1c|
]

= Op
(
Ln
)
Op
(
L0n

)
Op
(
L2n

)(
1 + ||β1||E

)
= Op

(
Ln
)
Op
(
L0n

)
Op
(
L2n

)
= op(n

−1/2),

by Theorems 1 and 2, Lemma 3 xxvi) and xxvii), and Assumption A3.

B31d = n−1
[
Zn −H∗n(Z)

]
φn
[
Sd2n(Y )− Sd2n(Z)β1

]
= n−1

n∑
i=1

[
Zi −H∗(Zi)

]
φi

(
Hd

2 (Yi)− Ĥd
2 (Yi)−

p∑
c=1

[
Hd

2 (Zci)− Ĥd
2 (Zci)

]
β1c

)
= (−1)n−1

n∑
i=1

[
Zi −H∗(Zi)

]
φi
(
Ĥd

2 (Yi)−Hd
2 (Yi)

)
+

p∑
c=1

β1c n
−1

n∑
i=1

[
Zi −H∗(Zi)

]
φi
[
Ĥd

2 (Zci)−Hd
2 (Zci)

]
= −B311d +

p∑
c=1

β1cB312dc.
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B312dc(a) = n−1
n∑
i=1

[
Zai −H∗(Zai)

]
φi
[
Ĥd

2 (Zci)−Hd
2 (Zci)

]
= n−1

n∑
i=1

φiζai

{
[(n− 1)b2]−1

∑
j 6=i

K2ji(V̂d)θ̂
d
2jZci −Hd

2 (Zci)
}

= n−1
n∑
i=1

φiζai[(n− 1)b2]−1
∑
j 6=i

K2ji(V̂d)
[(
θ̂d2j − θd2j

)
Zcj + θd2j

(
Zcj − E[Zcj |Xj , Vj ]

)
+ θd2j

(
E[Zcj |Xj , Vj ]−Hd

2 (Zcj)
)

+ θd2j
(
Hd

2 (Zcj)−Hd
2 (Zci)

)]
= n−1

n∑
i=1

φiζai[(n− 1)b2]−1
∑
j 6=i

K2ji[b
−1
2 (V̂dj − V̂di)]Cd2ji(c)

= n−1
n∑
i=1

φiζai[(n− 1)b2]−1
∑
j 6=i

K2ji(Vd)C
d
2ji(c)

+ n−1
n∑
i=1

φiζai[(n− 1)b22]−1
∑
j 6=i

K
(1)
2ji(Vd)[(V̂dj − Vdj)− (V̂di − Vdi)

]
Cd2ji(c)

+ n−1
n∑
i=1

φiζai[2(n− 1)b32]−1
∑
j 6=i

K
(2)
2ji(Vd)[(V̂dj − Vdj)− (V̂di − Vdi)

]2
Cd2ji(c)

+ n−1
n∑
i=1

φiζai[6(n− 1)b42]−1
∑
j 6=i

K
(3)
2ji(Vd)[(V̂dj − Vdj)− (V̂di − Vdi)

]3
Cd2ji(c)

+ n−1
n∑
i=1

φiζai[24(n− 1)b52]−1
∑
j 6=i

K
(4)
2ji(Ṽd)[(V̂dj − Vdj)− (V̂di − Vdi)

]4
Cd2ji(c)

= [n(n− 1)]−1
n∑
i=1

∑
j 6=i

φiζaib
−1
2 K2ji(Vd)C

d
2ji(c)

− [n(n− 1)b2]−1
n∑
i=1

∑
j 6=i

φiζaib
−1
2 K

(1)
2ji(Vd)[m̂

ln
d (Wj)−md(Wj)

]
Cd2ji(c)

+ [n(n− 1)b2]−1
n∑
i=1

∑
j 6=i

φiζaib
−1
2 K

(1)
2ji(Vd)[m̂

ln
d (Wi)−md(Wi)

]
Cd2ji(c)

+ [2n(n− 1)b22]−1
n∑
i=1

∑
j 6=i

φiζaib
−1
2 K

(2)
2ji(Vd)[m̂

ln
d (Wi)−md(Wi)−

(
m̂ln
d (Wj)−md(Wj)

)]2
Cd2ji(c)

+ [6n(n− 1)b32]−1
n∑
i=1

∑
j 6=i

φiζaib
−1
2 K

(3)
2ji(Vd)[m̂

ln
d (Wi)−md(Wi)−

(
m̂ln
d (Wj)−md(Wj)

)]3
Cd2ji(c)

+ [24n(n− 1)b52]−1
n∑
i=1

∑
j 6=i

φiζaiK
(4)
2ji(Ṽd)[m̂

ln
d (Wi)−md(Wi)−

(
m̂ln
d (Wj)−md(Wj)

)]4
Cd2ji(c)

≡ B3121dc(a) +B3122dd(a) +B3123dc(a) +B3124dc(a) +B3125dc(c) +B3126dc(a).

Note that proof of the order of B3121dc is, mutatis mutandis, virtually identical to the proof of the
order of B212dc. As a result the arguments are not repeated here and one can conclude that, B3121dc =
op(n

−1/2).
Note that by Lemma A2, Assumptions 4, and Assumption A5,

E
[
φiζaiK

(1)
2ji(Vd)] = E

[
K

(1)
2ji(Vd)E

(
φiζai|Vdi, Sj

)
] = 0,
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E
[
Hd

2 (Zci)φiζaiK
(1)
2ji(Vd)] = E

[
Hd

2 (Zci)K
(1)
2ji(Vd)E

(
φiζai|Vdi, Sj

)
] = 0,

and,

sup
Vdi∈GVd

E
[
|φiζai

∣∣2Vdi] = O(1),

sup
Vdi∈GVd

E
[
|Hd

2 (Zci)φiζai
∣∣2Vdi] ≤ sup

Vdi∈GVd
Hd

2 (Zci)
2 sup
Vdi∈GVd

E
[
|φ2
i ζ

2
ai

∣∣Vdi] = O(1).

Consequently, by a trivial modification of Lemma 6,

sup
Vdj∈GVd

∣∣∣[nb22]−1
n∑
i=1

[
φiζaiK

(1)
2ji(Vd)− E

(
φiζaiK

(1)
2ji(Vd)

)]∣∣∣ = Op

([
log(n)

nb32

]1/2
)
,

sup
Vdj∈GVd

∣∣∣[nb22]−1
n∑
i=1

[
Hd

2 (Zci)φiζaiK
(1)
2ji(Vd)− E

(
Hd

2 (Zci)φiζaiK
(1)
2ji(Vd)

)]∣∣∣ = Op

([
log(n)

nb32

]1/2
)
.

Consider,

B3122dc(a) = [n(n− 1)b2]−1
n∑
i=1

∑
j 6=i

φiζaib
−1
2 K

(1)
2ji(Vd)[m̂

ln
d (Wj)−md(Wj)

]
Cd2ji(c)

= (n− 1)−1
∑
j 6=i

[m̂ln
d (Wj)−md(Wj)

]
Cd∗2j [nb

2
2]−1

n∑
i=1

[
φiζaiK

(1)
2ji(Vd)− E

(
φiζaiK

(1)
2ji(Vd)

)]
− (n− 1)−1

∑
j 6=i

[m̂ln
d (Wj)−md(Wj)

]
[nb22]−1

n∑
i=1

[
Hd

2 (Zci)φiζaiK
(1)
2ji(Vd)− E

(
Hd

2 (Zci)φiζaiK
(1)
2ji(Vd)

)]
≤ sup
W∈GW

[m̂ln
d (W )−md(W )

]
sup

Vdj∈GVd

∣∣∣[nb22]−1
n∑
i=1

[
φiζaiK

(1)
2ji(Vd)− E

(
φiζaiK

(1)
2ji(Vd)

)]∣∣∣(n− 1)−1
∑
j 6=i

|Cd∗2j |

+ sup
W∈GW

[m̂ln
d (W )−md(W )

]
sup

Vdj∈GVd

∣∣∣[nb22]−1
n∑
i=1

[
Hd

2 (Zci)φiζaiK
(1)
2ji(Vd)− E

(
Hd

2 (Zci)φiζaiK
(1)
2ji(Vd)

)]∣∣∣
= Op(Ln)Op

([
log(n)

nb32

]1/2
)∑
j 6=i

|Cd∗2j |+Op(Ln)Op

([
log(n)

nb32

]1/2
)

≤ Op(Lnb−1
2 )Op

([
log(n)

nb2

]1/2
){

1 + sup
XV ∈GXV

|θ̂d2j(X, V̂ )− θd2j(X,V )|n−1
n∑
j=1

|Zcj |

+ n−1
n∑
j=1

|θd2jρcj |+ n−1
n∑
j=1

|θd2jηd2cj |+ n−1
n∑
j=1

|θd2jHd
2 (Zcj)|

}
= op(n

−1/2)Op(1) = op(n
−1/2),

by Theorem 1, Lemmas 3 vi) and xxiv) and 6, and Markov’s Inequality.

B3123dc(a) = [n(n− 1)b2]−1
n∑
i=1

∑
j 6=i

φiζaib
−1
2 K

(1)
2ji(Vd)[m̂

ln
d (Wi)−md(Wi)

]
Cd2ji(c).

Recall that by assumption A2,

lim
γ→∞

K
(1)
2 (γ)γ = 0, and lim

γ→−∞
K

(1)
2 (γ)γ = 0.

Thus,

E
[
b−1
2 K

(1)
2ji(Vd)θ

d
2jφiζaiH

(1)d
2 (Zci)[b

−1
2 (Vdj − Vdi)]

∣∣S−j]
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= φiζaiH
(1)d
2 (Zci)

∫
b−1
2 K

(1)
2ji(Vd)[b

−1
2 (Vdj − Vdi)]g(Xj , V−dj)p(Xj , Vj)

−1p(Xj , Vj)dXjdVj

= φiζaiH
(1)d
2 (Zci)

∫
b−1
2 K

(1)
2ji(Vd)[b

−1
2 (Vdj − Vdi)]dVdj

∫
g(Xj , V−dj)dV−djdXj

= φiζaiH
(1)d
2 (Zci)

∫
b−1
2 K

(1)
2 (γ)b2dγ

= φiζaiH
(1)d
2 (Zci)

[
lim
γ→∞

K
(1)
2 (γ)γ − lim

γ→−∞
K

(1)
2 (γ)γ −

∫
K2(γ)dγ

]
= −φiζaiH(1)d

2 (Zci).

Eliminating the E[Zcj |Xj , Vj ] terms from Cd2ji(c) one has,

B3123dc(a) = [n(n− 1)b2]−1
n∑
i=1

∑
j 6=i

φiζaib
−1
2 K

(1)
2ji(Vd)[m̂

ln
d (Wi)−md(Wi)

]
Cd2ji(c)

= [n(n− 1)b2]−1
n∑
i=1

∑
j 6=i

φiζaib
−1
2 K

(1)
2ji(Vd)[m̂

ln
d (Wi)−md(Wi)

](
θ̂d2j − θd2j

)
Zcj

+ [n(n− 1)b2]−1
n∑
i=1

∑
j 6=i

φiζaib
−1
2 K

(1)
2ji(Vd)[m̂

ln
d (Wi)−md(Wi)

]
θd2j
(
Zcj −Hd

2 (Zcj)
)

+ [n(n− 1)b2]−1
n∑
i=1

∑
j 6=i

φiζaib
−1
2 K

(1)
2ji(Vd)[m̂

ln
d (Wi)−md(Wi)

]
θd2j
(
Hd

2 (Zcj)−Hd
2 (Zci)

)
≡ B31231dc(a) +B31232dc(a) +B31233dc(a).

B31231dc(a) = [n(n− 1)b2]−1
n∑
i=1

n∑
j 6=i

φiζaib
−1
2 K

(1)
2ji(Vd)[m̂

ln
d (Wi)−md(Wi)

](
θ̂d2j − θd2j

)
Zcj

≤ sup
XV ∈GX,V

∣∣θ̂d2(X, V̂ )− θd2(X,V )
∣∣ sup
W∈GW

|m̂ln
d (W )−md(W )

∣∣
× sup
Vdi∈GVd

[(n− 1)b2]−1
∑
j 6=i

|b−1
2 K

(1)
2ji(Vd)|n

−1
n∑
i=1

|φiζai|

= Op
(
L0n

)
Op(Ln)Op(b

−1
2 )Op(1) = Op

(
L0nLnb

−1
2

)
= op(n

−1/2).

by Theorem 1 and Lemma 3. Note that,

E
[
K

(1)
2ji(Vd)θ

d
2j

(
Zcj −Hd

2 (Zcj)
)]

= E
[
K

(1)
2ji(Vd)p(Vdj)

−1φj
(
Zcj −Hd

2 (Zcj)
)]

= E
[
K

(1)
2ji(Vd)p(Vdj)

−1E
(
φjZcj − φjHd

2 (Zcj)
∣∣Vdj , Vdi)]

= E
[
K

(1)
2ji(Vd)p(Vdj)

−1
(
H2
d(Zcj)−Hd

2 (Zcj)E[φj |Vdj , Vdi]
)]

= E
[
K

(1)
2ji(Vd)p(Vdj)

−1H2
d(Zcj)

(
1−

∫
g(Xj , Vj)p(Xj , Vj)

−1p(Xj , Vj)p(Vdj)
−1dXj , dV−dj

)]
= E

[
K

(1)
2ji(Vd)p(Vdj)

−1H2
d(Zcj)

(
1−

∫
g(Xj , V−dj)dXj , dV−dj

)]
= 0,

By Assumption A5, E
(
|Zcj −Hd

2 (Zcj)|2
∣∣Vdj) = O(1). Then by Lemma 6,

sup
Vdi∈GVd

∣∣∣[(n− 1)b22]−1
∑
j 6=i

[
K

(1)
2ji(Vd)θ

d
2j

[
Zcj −Hd

2 (Zcj)
]
− E

(
K

(1)
2ji(Vd)θ

d
2j

[
Zcj −Hd

2 (Zcj)
])]∣∣∣ = Op

([
log(n)

(n− 1)b32

]1/2
)
.
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Consider,

B31232dc(a) = [n(n− 1)b2]−1
n∑
i=1

∑
j 6=i

φiζaib
−1
2 K

(1)
2ji(Vd)[m̂

ln
d (Wi)−md(Wi)

]
θd2j
(
Zcj −Hd

2 (Zcj)
)

= n−1
n∑
i=1

φiζai[m̂
ln
d (Wi)−md(Wi)

]
[(n− 1)b22]−1

∑
j 6=i

K
(1)
2ji(Vd)θ

d
2j

[
Zcj −Hd

2 (Zcj)
]

≤ sup
Vdi∈GVd

∣∣∣[(n− 1)b22]−1
∑
j 6=i

[
K

(1)
2ji(Vd)θ

d
2j

[
Zcj −Hd

2 (Zcj)
]
− E

(
K

(1)
2ji(Vd)θ

d
2j

[
Zcj −Hd

2 (Zcj)
])]∣∣∣

× sup
W∈GW

∣∣m̂ln
d (W )−md(W )

∣∣n−1
n∑
i=1

|φiζai|

= Op

([
log(n)

(n− 1)b32

]1/2
)
Op(Ln)Op(1) = Op(Lnb

−1
2 )Op

([
log(n)

(n− 1)b2

]1/2
)

= op(n
−1/2),

by Lemmas 3 x) and xxvii) and 6, and Markov’s Inequality.

B31233dc(a) = [n(n− 1)b2]−1
n∑
i=1

n∑
j 6=i

φiζaib
−1
2 K

(1)
2ji(Vd)[m̂

ln
d (Wi)−md(Wi)

]
θd2j
(
Hd

2 (Zcj)−Hd
2 (Zci)

)
= n−1

∑
i=1

φiζai[m̂
ln
d (Wi)−md(Wi)

]
[(n− 1)b22]−1

∑
j 6=i

K
(1)
2ji(Vd)θ

d
2j

(
Hd

2 (Zcj)−Hd
2 (Zci)

)
.

For some λ ∈ (0, 1), let H
(ν2)d
2 (Z̃ci) = dν2

dν2Vdj
E[φjZcj |Vdj ]

∣∣∣
Vdj=λVdj+(1−λ)Vdi

. Consider,

[(n− 1)b22]−1
∑
j 6=i

K
(1)
2ji(Vd)θ

d
2j

(
Hd

2 (Zcj)−Hd
2 (Zci)

)
= [(n− 1)b22]−1

∑
j 6=i

K
(1)
2ji(Vd)θ

d
2j

(
ν2−1∑
m=1

(m!)−1H
(m)d
2 (Zci)(Vdj − Vdi)m + (ν2!)−1H

(ν2)d
2 (Z̃ci)(Vdj − Vdi)ν2

)

=

ν2−1∑
m=1

(m!)−1H
(m)d
2 (Zci)[(n− 1)b1−m2 ]−1

∑
j 6=i

b−1
2 K

(1)
2ji(Vd)θ

d
2j [b
−1
2 (Vdj − Vdi)]m

+ (ν2!)−1[(n− 1)b1−ν22 ]−1
∑
j 6=i

H
(ν2)d
2 (Z̃ci)b

−1
2 K

(1)
2ji(Vd)θ

d
2j [b
−1
2 (Vdj − Vdi)]ν2

≡
ν2−1∑
m=1

(m!)−1Amdi(c) + (ν2!)−1Aν2di (c).

Amdi(c) = H
(m)d
2 (Zci)[(n− 1)b1−m2 ]−1

∑
j 6=i

b−1
2 K

(1)
2ji(Vd)θ

d
2j [b
−1
2 (Vdj − Vdi)]m

Note that for 2 ≤ m ≤ ν2 − 1, one has by Assumption A2,

E
(
b−1
2 K

(1)
2ji(Vd)

2θd2j [b
−1
2 (Vdj − Vdi)]2m

∣∣∣Vdi)
=

∫
b−1
2 K

(1)
2ji(Vd)

2[b−1
2 (Vdj − Vdi)]2mg(Xj , V−dj)p(Xj , Vj)

−1p(Xj , Vj)dXjdVj

=

∫
b−1
2 K

(1)
2ji(Vd)

2[b−1
2 (Vdj − Vdi)]2mdVdj

∫
g(Xj , V−dj)dXjdVj

=

∫
b−1
2 K

(1)
2 (γ)2γ2mb2dγ

∫
K

(1)
2 (γ)2γ2mdγ = O(1),

and,

E
(
b−1
2 K

(1)
2ji(Vd)θ

d
2j [b
−1
2 (Vdj − Vdi)]m

∣∣∣Vdi)
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=

∫
b−1
2 K

(1)
2ji(Vd)[b

−1
2 (Vdj − Vdi)]mg(Xj , V−dj)p(Xj , Vj)

−1p(Xj , Vj)dXjdVj

=

∫
b−1
2 K

(1)
2ji(Vd)[b

−1
2 (Vdj − Vdi)]mdVdj

∫
g(Xj , V−dj)dXjdVj

=

∫
b−1
2 K

(1)
2 (γ)γmb2dγ =

∫
K

(1)
2 (γ)γmdγ

= lim
γ→∞

K2(γ)γm − lim
γ→−∞

K2(γ)γm −m
∫
K2(γ)γm−1dγ = 0.

Recall that m ≥ 2 and note that,

E
[(

[(n− 1)b1−m2 ]−1
∑
j 6=i

b−1
2 K

(1)
2ji(Vd)θ

d
2j [b
−1
2 (Vdj − Vdi)]m

)2]
≤ sup
X,V ∈GX,V

∣∣θd2(X,V )
∣∣[(n− 1)2b3−2m

2 ]−1
∑
j 6=i

E
(
b−1
2 K

(1)
2ji(Vd)

2θd2j [b
−1
2 (Vdj − Vdi)]2m

)
+ [(n− 1)2b2−2m

2 ]−1
∑
j 6=i

∑
g 6=i
g 6=j

E
[
E
(
b−1
2 K

(1)
2ji(Vd)θ

d
2j [b
−1
2 (Vdj − Vdi)]m

∣∣∣Vdi)2]
= O

(
[(n− 1)b3−2m

2 ]−1
)
≤ O

(
b2(n− 1)−1

)
.

Furthermore by Markov’s Inequality,

[(n− 1)b1−m2 ]−1
∑
j 6=i

b−1
2 K

(1)
2ji(Vd)θ

d
2j [b
−1
2 (Vdj − Vdi)]m = Op(b

1/2
2 (n− 1)−1/2) = op(n

−1/2).

and by Assumption A4

Amdc = H
(m)d
2 (Zci)[(n− 1)b1−m2 ]−1

∑
j 6=i

b−1
2 K

(1)
2ji(Vd)θ

d
2j [b
−1
2 (Vdj − Vdi)]m

≤ sup
Vdj∈GVd

∣∣H(m)d
2 (Zci)

∣∣∣∣∣[(n− 1)b1−m2 ]−1
∑
j 6=i

b−1
2 K

(1)
2ji(Vd)θ

d
2j [b
−1
2 (Vdj − Vdi)]m

∣∣∣
= O(1)op(n

−1/2) = op(n
−1/2).

Note that,

E
(∣∣b−1

2 K
(1)
2ji(Vd)

∣∣θd2j∣∣b−1
2 (Vdj − Vdi)

∣∣ν2∣∣∣Si)
=

∫ ∣∣b−1
2 K

(1)
2ji(Vd)

∣∣∣∣b−1
2 (Vdj − Vdi)

∣∣ν2g(Xj , V−dj)p(Xj , Vj)
−1p(Xj , Vj)dXjdVj

=

∫ ∣∣b−1
2 K

(1)
2ji(Vd)

∣∣∣∣b−1
2 (Vdj − Vdi)

∣∣ν2dVdj ∫ g(Xj , V−dj)dXjdV−dj

= b−1
2

∫ ∣∣K(1)
2 (γ)

∣∣∣∣γ∣∣ν2b2dγ = O(1).

Consequently by Markov’s Inequality,∣∣b−1
2 K

(1)
2ji(Vd)

∣∣θd2j∣∣b−1
2 (Vdj − Vdi)

∣∣ν2 = Op(1).

As a result by Assumption A4,

Aν2di (c) = [(n− 1)b1−ν22 ]−1
∑
j 6=i

H
(ν2)d
2 (Z̃ci)b

−1
2 K

(1)
2ji(Vd)θ

d
2j(Vdj − Vdi)ν2

≤ sup
Vdj ,Vdi∈GVd

∣∣H(ν2)d
2 (Z̃ci)

∣∣[(n− 1)b1−ν22 ]−1
∑
j 6=i

∣∣b−1
2 K

(1)
2ji(Vd)

∣∣θd2j∣∣b−1
2 (Vdj − Vdi)

∣∣ν2
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= Op(b
ν2−1
2 ).

Consequently,

[(n− 1)b22]−1
∑
j 6=i

K
(1)
2ji(Vd)θ

d
2j

(
Hd

2 (Zcj)−Hd
2 (Zci)

)
= H

(1)d
2 (Zci)[n− 1]−1

∑
j 6=i

b−1
2 K

(1)
2ji(Vd)θ

d
2j [b
−1
2 (Vdj − Vdi)] +Op(b

ν2−1
2 ) + op(n

−1/2).

Furthermore by Lemma 3 vi) and xxiii) and Markov’s Inequality,

B31233dc(a) = n−1
n∑
i=1

φiζai[m̂
ln
d (Wi)−md(Wi)

]
[(n− 1)b22]−1

∑
j 6=i

K
(1)
2ji(Vd)θ

d
2j

(
Hd

2 (Zcj)−Hd
2 (Zci)

)
≤ n−1

n∑
i=1

φiζai[m̂
ln
d (Wi)−md(Wi)

]
H

(1)d
2 (Zci)[(n− 1)b2]−1

∑
j 6=i

K
(1)
2ji(Vd)θ

d
2j [b
−1
2 (Vdj − Vdi)]

+ sup
W∈GW

|m̂ln
d (W )−md(W )|]

(
Op(b

ν2−1
2 ) + op(n

−1/2)
)
n−1

n∑
i=1

|φiζci|

= [n(n− 1)b2]−1
n∑
i=1

∑
j 6=i

φiζaiK
(1)
2ji(Vd)θ

d
2jH

(1)d
2 (Zci)[b

−1
2 (Vdj − Vdi)][m̂ln

d (Wi)−md(Wi)
]

+Op(Lnb
−1
2 )Op(b

ν2
2 ) +Op(Ln)op(n

−1/2)

≡ B∗31233dc(a) + op(n
−1/2).

B∗31233dc(a) = [n(n− 1)b2]−1
n∑
i=1

∑
j 6=i

φiζaiK
(1)
2ji(Vd)θ

d
2jH

(1)d
2 (Zci)[b

−1
2 (Vdj − Vdi)][md(Wi)− m̂ln

d (Wi)
]

= [n(n− 1)b2]−1
n∑
i=1

∑
j 6=i

φiζaiK
(1)
2ji(Vd)θ

d
2jH

(1)d
2 (Zai)[b

−1
2 (Vdj − Vdi)][m̂ln

d (Wi)−mln
d (Wi)

]
+ [n(n− 1)b2]−1

n∑
i=1

∑
j 6=i

φiζaiK
(1)
2ji(Vd)θ

d
2jH

(1)d
2 (Zci)[b

−1
2 (Vdj − Vdi)][mln

d (Wi)−md(Wi)
]

= [n(n− 1)b2]−1
n∑
i=1

∑
j 6=i

φiζaiK
(1)
2ji(Vd)θ

d
2jH

(1)d
2 (Zci)[b

−1
2 (Vdj − Vdi)][mln

d (Wi)−md(Wi)
]

− [n(n− 1)b2]−1
n∑
i=1

∑
j 6=i

φiζaiK
(1)
2ji(Vd)θ

d
2jH

(1)d
2 (Zci)[b

−1
2 (Vdj − Vdi)]Bn(Wi)

′Q−1
BBn

−1B′nVd

+ [n(n− 1)b2]−1
n∑
i=1

∑
j 6=i

φiζaiK
(1)
2ji(Vd)θ

d
2jH

(1)d
2 (Zci)[b

−1
2 (Vdj − Vdi)]Bn(Wi)

′Q−1
BBn

−1B′n
(
Mln

d −Md

)
− [n(n− 1)b2]−1

n∑
i=1

∑
j 6=i

φiζaiK
(1)
2ji(Vd)θ

d
2jH

(1)d
2 (Zci)[b

−1
2 (Vdj − Vdi)]Bn(Wi)

′(Q−1
nBB −Q

−1
BB

)
n−1B′nVd

+ [n(n− 1)b2]−1
n∑
i=1

∑
j 6=i

φiζaiK
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d
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2 (Zci)[b
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(
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d −Md

)
≡ R1dc(a)−R2dc(a) +R3dc(a)−R4dc(a) +R5dc(a).
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]
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= [n(n− 1)]−1
n∑
i=1

∑
j 6=i
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(
n

2
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∑
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(2)d
1 (a, c).

where Γd1(i, j; a, c) = Ψd
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E
(
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(1)
2ji(Vd)[b
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E
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∣∣E[φ2
i ζ

2
ai

]1/2
= O(l−kn ).

E
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(
φiζaib

−1
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E
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Consequently by Assumption A6,
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Note that,
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∑
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)
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+ E
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∑
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∑
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Consequently by Assumption 1, and Markov’s inequality,
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Consider,
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∑
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n∑
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∑
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{
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{
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ln√
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(
ln√
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Note that,

Bn(Wi)Q
−1
BBn

−1B′nVd

=

q∑
e=1

q∑
g=1
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(
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=

q∑
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q∑
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ln+2k∑
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+

q∑
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q∑
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adopt the following notation,

q∑
e,g

ln+2k∑
L,J

Q−1
BB(e, g, L, J) ≡

q∑
e=1

q∑
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Consequently,

Bn(Wi)Q
−1
BBn

−1B′nVd =

q∑
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As a result,
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=
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2 (Vdj − Vdi)]BL(Wei)BJ(Wgi)Vdi

∣∣∣Sj]2)1/2

+ E
(
E
[
φiζaib

−1
2 K

(1)
2ji(Vd)θ

d
2jH

(1)d
2 (Zci)[b

−1
2 (Vdj − Vdi)]BL(Wei)BJ(Wgj)Vdj

∣∣∣Sj]2)1/2

≤ sup
Zc,X,V ∈GZcXV

|φ(X,V )ζ(Zc, X, V )H
(1)d
2 (Vd)|

×
{
E
(
E
[
BL(Wei)BJ(Wgi)VdiE

(
b−1
2 K

(1)
2ji(Vd)θ

d
2j [b
−1
2 (Vdj − Vdi)]

∣∣∣Sj ,Wi

)∣∣Sj]2)1/2

+ E
(
BJ(Wgj)

2V 2
djE
[
BL(Wei)E

(
b−1
2 K

(1)
2ji(Vd)θ

d
2j [b
−1
2 (Vdj − Vdi)]

∣∣∣Sj ,Wi

)∣∣Sj]2)1/2}
= O(1)E

(
E
[
|BL(Wei)||BJ(Wgi)|E

(
|Vdi|

∣∣Wi

)∣∣Sj]2)1/2

+O(1)E
(
BJ(Wgj)

2E
(
V 2
dj

∣∣Wj

)
E
[
BL(Wei)

]2)1/2

= O(1)E
(
E
[
|BL(Wei)||BJ(Wgi)|

∣∣Sj]2)1/2

+O(l−1/2
n )E

(
BJ(Wgj)

2
)1/2

= O(1) +O(l−1/2
n ).

By Lemma 8.

E
[
E
(
Ψd

21(i, j; a, c, e, g, J, L)|Si
)2]1/2

+ E
[
E
(
Ψd

22(i, j; a, c, e, g, J, L)|Si
)2]1/2

= E
(
φ2
i ζ

2
aib
−2
2 K

(1)
2ji(Vd)

2[θd2j ]
2H

(1)d
2 (Zci)

2[b−1
2 (Vdj − Vdi)]2BL(Wei)

2BJ(Wgi)
2V 2
di

)1/2

+ E
(
φ2
i ζ

2
aib
−2
2 K

(1)
2ji(Vd)

2[θd2j ]
2H

(1)d
2 (Zci)

2[b−1
2 (Vdj − Vdi)]2BL(Wei)

2BJ(Wgj)
2V 2
dj

)1/2

≤ sup
X,V ∈GXV

θd2(X,V )E
(
φ2
i ζ

2
aiBL(Wei)

2BJ(Wgi)
2V 2
diH

(1)d
2 (Zci)

2E
[
b−2
2 K

(1)
2ji(Vd)

2θd2j [b
−1
2 (Vdj − Vdi)]2

∣∣∣Si])1/2

+ sup
X,V ∈GXV

θd2(X,V ) sup
Zc,X,V ∈GZcXV

|φ(X,V )ζ(Zc, X, V )H
(1)d
2 (Vd)|

+ E
(
BL(Wei)

2BJ(Wgj)
2V 2
djE
[
b−2
2 K

(1)
2ji(Vd)

2θd2j [b
−1
2 (Vdj − Vdi)]2

∣∣∣Wi, Sj

])1/2

= O(b
−1/2
2 )E

(
φ2
i ζ

2
aiBL(Wei)

2BJ(Wgi)
2V 2
diH

(1)d
2 (Zci)

2
)1/2

+O(b
−1/2
2 )

[
E
(
BL(Wei)

2
)
E
(
BJ(Wgj)

2E
[
V 2
dj

∣∣∣Wi

])]1/2
= O(b

−1/2
2 ) +O(b

−1/2
2 )E

(
BJ(Wgj)

2
)1/2

= O(b
−1/2
2 ) +O(b

−1/2
2 ).

By Lemma 8. Consequently,

U
(2)d
21 (a, c, e, g, J, L) + U

(2)d
22 (a, c, e, g, J, L)

= E
(
Ψd

21(i, j; a, c, e, g, J, L)
)

+ E
(
Ψd

22(i, j; a, c, e, g, J, L)
)

+Op
(
n−1/2E

[
E
(
Ψd

21(i, j; a, c, e, g, J, L)|Si
)2]1/2)

+Op
(
n−1/2E

[
E
(
Ψd

22(i, j; a, c, e, g, J, L)|Si
)2]1/2)

+Op
(
n−1/2E

[
E
(
Ψd

21(i, j; a, c, e, g, J, L)|Sj
)2]1/2)

+Op
(
n−1/2E

[
E
(
Ψd

22(i, j; a, c, e, g, J, L)|Sj
)2]1/2)

+Op
(
n−1E

[
Ψd

21(i, j; a, c, e, g, J, L)2
]1/2)

+Op
(
n−1E

[
Ψd

22(i, j; a, c, e, g, J, L)2
]1/2)

= O(l−1
n ) +O(l−1

n ) +Op(n
−1/2) +Op(l

−1/2
n n−1/2) +Op(n

−1b
−1/2
2 ) +Op(n

−1b
−1/2
2 )

= Op(l
−1
n ).

By Lemma 3.

E
(
Ψd
R23(i, j, t; a, c, e, g, J, L)

)
= E

(
φiζaib

−1
2 K

(1)
2ji(Vd)θ

d
2jH

(1)d
2 (Zci)[b

−1
2 (Vdj − Vdi)]BL(Wei)BJ(Wgt)Vdt

)
= E

(
φiζaib

−1
2 K

(1)
2ji(Vd)θ

d
2jH

(1)d
2 (Zci)[b

−1
2 (Vdj − Vdi)]BL(Wei)BJ(Wgt)E

(
Vdt
∣∣Wt, S−t

))
= 0.

E
[
E
(
Ψd

23(i, j, t; a, c, e, g, J, L)
∣∣Si]2)1/2
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= E
[
E
(
φiζaib

−1
2 K

(1)
2ji(Vd)θ

d
2jH

(1)d
2 (Zci)[b

−1
2 (Vdj − Vdi)]BL(Wei)BJ(Wgt)Vdt

∣∣Si)2]1/2
= E

[
E
(
φiζaib

−1
2 K

(1)
2ji(Vd)θ

d
2jH

(1)d
2 (Zci)[b

−1
2 (Vdj − Vdi)]BL(Wei)BJ(Wgt)E

(
Vdt|Wt, S−t

)∣∣Si)2]1/2
= 0.

E
[
E
(
Ψd

23(i, j, t; a, c, e, g, J, L)
∣∣Sj]2)1/2

= E
[
E
(
φiζaib

−1
2 K

(1)
2ji(Vd)θ

d
2jH

(1)d
2 (Zci)[b

−1
2 (Vdj − Vdi)]BL(Wei)BJ(Wgt)Vdt

∣∣Sj)2]1/2
= E

[
E
(
φiζaib

−1
2 K

(1)
2ji(Vd)θ

d
2jH

(1)d
2 (Zci)[b

−1
2 (Vdj − Vdi)]BL(Wei)BJ(Wgt)E

(
Vdt|Wt, S−t

)∣∣Sj)2]1/2
= 0.

E
[
E
(
Ψd

23(i, j, t; a, c, e, g, J, L)
∣∣St]2)1/2

= E
[
E
(
φiζaib

−1
2 K

(1)
2ji(Vd)θ

d
2jH

(1)d
2 (Zci)[b

−1
2 (Vdj − Vdi)]BL(Wei)BJ(Wgt)Vdt

∣∣St)2]1/2
= E

[
BJ(Wgt)

2V 2
dtE
(
φiζaiH

(1)d
2 (Zci)BL(Wei)E

[
b−1
2 K

(1)
2ji(Vd)θ

d
2j [b
−1
2 (Vdj − Vdi)]

∣∣S−i]∣∣St)2]1/2
= E

[
BJ(Wgt)

2V 2
dtE
(
φiζaiH

(1)d
2 (Zci)BL(Wei)

∣∣St)2]1/2
= O

(
l−3/2
n

)
E
[
BJ(Wgt)

2E
(
V 2
dt

∣∣Wt

)]1/2
= O

(
l−3/2
n

)
E
[
BJ(Wgt)

2
]1/2

= O
(
l−3/2
n

)
.

By Lemma 8

E
[
E
(
Ψd

23(i, j, t; a, c, e, g, J, L)
∣∣S−i]2)1/2

= E
[
E
(
φiζaib

−1
2 K

(1)
2ji(Vd)θ

d
2jH

(1)d
2 (Zci)[b

−1
2 (Vdj − Vdi)]BL(Wei)BJ(Wgt)Vdt

∣∣S−i)2]1/2
≤ sup
X,V ∈GXV

θd2(X,V ) sup
Zc,X,V ∈GZcXV

|φ(X,V )ζ(Zc, X, V )H
(1)d
2 (Vd)|

× E
[
BJ(Wgt)

2E
(
V 2
dt

∣∣Wt, S−t
)
E
(
|BL(Wei)|E

[
b−1
2 K

(1)
2ji(Vd)[b

−1
2 (Vdj − Vdi)]

∣∣∣Wi, S−i

]∣∣∣S−i)2]1/2
= O(1)E

[
BJ(Wgt)

2E
(
|BL(Wei)|

∣∣∣S−i)2]1/2
= O(l−1/2

n )E
[
BJ(Wgt)

2
]1/2

= O(l−1/2
n ).

E
[
E
(
Ψd

23(i, j, t; a, c, e, g, J, L)
∣∣S−j]2)1/2

= E
[
E
(
φiζaib

−1
2 K

(1)
2ji(Vd)θ

d
2jH

(1)d
2 (Zci)[b

−1
2 (Vdj − Vdi)]BL(Wei)BJ(Wgt)Vdt

∣∣S−j)2]1/2
= E

[
φ2
i ζ

2
aiH

(1)d
2 (Zci)

2BL(Wei)
2BJ(Wgt)

2V 2
dtE
(
b−1
2 K

(1)
2ji(Vd)θ

d
2j [b
−1
2 (Vdj − Vdi)]

∣∣S−j)2]1/2
= E

[
φ2
i ζ

2
aiH

(1)d
2 (Zci)

2BL(Wei)
2BJ(Wgt)

2E
(
V 2
dt

∣∣Wt, S−t)
]1/2

= E
[
φ2
i ζ

2
aiH

(1)d
2 (Zci)

2BL(Wei)
2E
(
BJ(Wgt)

2
∣∣S−t)]1/2

= E
[
φ2
i ζ

2
aiH

(1)d
2 (Zci)

2BL(Wei)
2
]1/2

= O(l−1/2
n ).

By Lemma 8.

E
[
E
(
Ψd

23(i, j, t; a, c, e, g, J, L)
∣∣S−t]2)1/2
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= E
[
E
(
φiζaib

−1
2 K

(1)
2ji(Vd)θ

d
2jH

(1)d
2 (Zci)[b

−1
2 (Vdj − Vdi)]BL(Wei)BJ(Wgt)Vdt

∣∣S−t)2]1/2
= E

[
E
(
φiζaib

−1
2 K

(1)
2ji(Vd)θ

d
2jH

(1)d
2 (Zci)[b

−1
2 (Vdj − Vdi)]BL(Wei)BJ(Wgt)E

(
Vdt
∣∣Wt, S−t

)∣∣S−t)2]1/2
= 0.

E
[
Ψd

23(i, j, t; a, c, e, g, J, L)2
]1/2

= E
(
φ2
i ζ

2
aib
−2
2 K

(1)
2ji(Vd)

2[θd2j ]
2H

(1)d
2 (Zci)

2[b−1
2 (Vdj − Vdi)]2BL(Wei)

2BJ(Wgt)
2V 2
dt

)
≤ sup
X,V ∈GXV

θd2(X,V )1/2

× E
(
φ2
i ζ

2
aiH

(1)d
2 (Zci)

2BL(Wei)
2E
[
b−2
2 K

(1)
2ji(Vd)

2[θd2j ]
2[b−1

2 (Vdj − Vdi)]2
∣∣∣S−j]E[BJ(Wgt)

2E
(
V 2
dt

∣∣Wt, S−t
)∣∣∣S−t])

= O(b
−1/2
2 )E

(
φ2
i ζ

2
aiH

(1)d
2 (Zci)

2BL(Wei)
2E
[
BJ(Wgt)

2
∣∣∣S−t])1/2

= O(b
−1/2
2 )E

(
φ2
i ζ

2
aiH

(1)d
2 (Zci)

2BL(Wei)
2
)1/2

= O(l−1/2
n b

−1/2
2 ).

By Lemma 8. As a result.

U
(3)d
23 (a, c, e, g, J, L)

= E
(
Ψd

23(i, j, t; a, c, e, g, J, L)
)

+Op
(
n−1/2E

[
E
(
Ψd

23(i, j, t; a, c, e, g, J, L)
∣∣Si]2)1/2)

+Op
(
n−1/2E

[
E
(
Ψd

23(i, j, t; a, c, e, g, J, L)
∣∣Sj]2)1/2)+Op

(
n−1/2E

[
E
(
Ψd

23(i, j, t; a, c, e, g, J, L)
∣∣St]2)1/2)

+Op
(
n−1E

[
E
(
Ψd

23(i, j, t; a, c, e, g, J, L)
∣∣S−i]2)1/2)+Op

(
n−1E

[
E
(
Ψd

23(i, j, t; a, c, e, g, J, L)
∣∣S−j]2)1/2)

+Op
(
n−1E

[
E
(
Ψd

23(i, j, t; a, c, e, g, J, L)
∣∣S−t]2)1/2)+Op

(
n−3/2E

[
Ψd

23(i, j, t; a, c, e, g, J, L)2
]1/2)

= Op(l
−3/2
n n−1/2) +Op(n

−1l−1/2
n ) +Op(n

−3/2l−1/2
n b

−1/2
2 )

= Op(l
−3/2
n n−1/2).

In summary,

R2dc(a) =

q∑
e,g

ln+2k∑
L,J

Q−1
BB(e, g, L, J)

{
n−1U

(2)d
21 (a, c, e, g, J, L) + n−1U

(2)d
22 (a, c, e, g, J, L) + U

(3)d
23 (a, c, e, g, J, L)

}
≤ 1′q(ln+2k)Q

−1
BB1q(ln+2k) max

1≤e,g≤q
1≤J,L≤ln+2k

{
n−1U

(2)d
21 (a, c, e, g, J, L) + n−1U

(2)d
22 (a, c, e, g, J, L) + U

(3)d
23 (a, c, e, g, J, L)

}
≤ q(ln + 2k)

[
λmin

(
QBB

)]−1{
Op
(
n−1l−1

n

)
+Op

(
n−1/2l−3/2

n

)}
= Op(n

−1/2l−1/2
n ) = op(n

−1/2).

by assumption A1. Futhermore,

B31233dc(a) = B∗31233dc(a) + op(n
−1/2)

= R1dc(a)−R2dc(a) +R3dc(a)−R4dc(a) +R5dc(a) + op(n
−1/2)

= op(n
−1/2),

and,

B3123dc(a) = B31231dc(a) +B31232dc(a) +B31233dc(a) = op(n
−1/2).

B3124dc(a) +B3125dc(c) +B3126dc(a)
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= [2n(n− 1)b22]−1
n∑
i=1

∑
j 6=i

φiζaib
−1
2 K

(2)
2ji(Vd)[m̂

ln
d (Wi)−md(Wi)−

(
m̂ln
d (Wj)−md(Wj)

)]2
Cd2ji(c)

+ [6n(n− 1)b32]−1
n∑
i=1

∑
j 6=i

φiζaib
−1
2 K

(3)
2ji(Vd)[m̂

ln
d (Wi)−md(Wi)−

(
m̂ln
d (Wj)−md(Wj)

)]3
Cd2ji(c)

+ [24n(n− 1)b52]−1
n∑
i=1

∑
j 6=i

φiζaiK
(4)
2ji(Ṽd)[m̂

ln
d (Wi)−md(Wi)−

(
m̂ln
d (Wj)−md(Wj)

)]4
Cd2ji(c)

≤
[
2b−1

2 sup
W∈GW

∣∣m̂ln
d (W )−md(W )

∣∣]2[n(n− 1)]−1
n∑
i=1

∑
j 6=i

∣∣φiζaib−1
2 K

(2)
2ji(Vd)C

d
2ji(c)

∣∣
+
[
2b−1

2 sup
W∈GW

∣∣m̂ln
d (W )−md(W )

∣∣]3[n(n− 1)]−1
n∑
i=1

∑
j 6=i

∣∣φiζaib−1
2 K

(3)
2ji(Vd)C

d
2ji(c)

∣∣
+
[
2b−1

2 sup
W∈GW

∣∣m̂ln
d (W )−md(W )

∣∣]3b−1
2 [n(n− 1)]−1

n∑
i=1

∑
j 6=i

∣∣φiζaiK(4)
2ji(Ṽd)C

d
2ji(c)

∣∣
= Op

(
[Lnb

−1
2 ]2

)
[n(n− 1)]−1

n∑
i=1

∑
j 6=i

|φiui|
∣∣b−1

2 K
(2)
1ji(Vd)

∣∣∣∣Cd2ji(c)∣∣
+Op

(
[Lnb

−1
2 ]3

)
[n(n− 1)]−1

n∑
i=1

∑
j 6=i

|φiui|
∣∣b−1

2 K
(3)
1ji(Vd)

∣∣∣∣Cd2ji(c)∣∣
+Op

(
[L4
nb
−5
2 ]
)

[n(n− 1)]−1
n∑
i=1

∑
j 6=i

|φiui|
∣∣Cd2ji(c)∣∣.

Note that the proof of the order of B3124dc(a)+B3125dc(c)+B3126dc(a) is, mutatis mutandis, (exchanging
ui for ζai) practically identical to the proof of the order of B1424d(c) + B1425d(c) + B1426d(c). Thus the
arguments will not be repeated here. As a result, one can conclude,

B3124dc(a) +B3125dc(c) +B3126dc(a) = op(n
−1/2).

Furthermore,

B312dc = B3121dc +B3122dc +B3123dc +B3124dc +B3125dc(c) +B3126dc = op(n
−1/2).

Note that the proof of the order of B311d is, mutatis mutandis, (exchanging Zci for Yi ) practically
identical to the proof of the order of B B312dc. Thus will not be repeated here. As a result, one can
conclude,B311d = op(n

−1/2). Consequently,

B31d = B311d −
p∑
c=1

β1cB312dc ≤ op(n−1/2)
[
1 +

p∑
c=1

|β1c|
]

= op(n
−1/2)

[
1 + ||β1||E

]
= op(n

−1/2).

Also, B3 =
∑d
d=1

[
B31d +B32d +B33d +B34d

]
= op(n

−1/2). Now note that,

B4 = (2D − 1)n−1
[
Zn − Ĥ∗n(Z)

]′
φ̂n

([
µZ − µ̂Z

]
β1 −

[
µY − µ̂Y

])
= (2D − 1)n−1

[
Zn −H∗n(Z)

]′
φn

([
µZ − µ̂Z

]
β1 −

[
µY − µ̂Y

])
+ (2D − 1)n−1

[
Zn −H∗n(Z)

]′(
φ̂n − φn

)([
µZ − µ̂Z

]
β1 −

[
µY − µ̂Y

])
+ (2D − 1)n−1

[
H∗n(Z)− Ĥ∗n(Z)

]′
φn

([
µZ − µ̂Z

]
β1 −

[
µY − µ̂Y

])
+ (2D − 1)n−1

[
H∗n(Z)− Ĥ∗n(Z)

]′(
φ̂n − φn

)([
µZ − µ̂Z

]
β1 −

[
µY − µ̂Y

])
≡ (2D + 1)

[
B41 +B42 +B43 +B44

]
.
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Note that by Lemma 2,

E
(∣∣∣n−1

n∑
i=1

φiζci

∣∣∣2) = n−2
n∑
i=1

E
(
φ2ζ2

ci

)
+ [n(n− 1)]−1

n∑
i=1

∑
j 6=i

E
(
φiζci

)
E
(
φjζcj

)
= O(n−1).

Consequently by Markov’s Inequality, |n−1
∑n
i=1 φiζci

∣∣ = Op(n
−1/2).

B41 = n−1
[
Zn −H∗n(Z)

]′
φn

([
µZ − µ̂Z

]
β1 −

[
µY − µ̂Y

])
= n−1

n∑
i=1

[
Zi −H∗(Zi)

]
φi

( p∑
j=1

[
µZj − µ̂Zj

]
β1j − [µY − µ̂Y ]

)
≤
∣∣∣ p∑
j=1

[
µZj − µ̂Zj

]
β1j − [µY − µ̂Y ]

∣∣∣∣∣∣n−1
n∑
i=1

φiζi

∣∣∣
= Op(L0n)Op(n

−1/2)
(
1 + ||β1||E

)
= op(n

−1/2).

By Theorem 2 and Markov’s Inequality,

B42 = n−1
[
Zn −H∗n(Z)

]′(
φ̂n − φn

)([
µZ − µ̂Z

]
β1 −

[
µY − µ̂Y

])
= n−1

n∑
i=1

[
Zi −H∗(Zi)

](
φ̂i − φi

)( p∑
j=1

[
µZj − µ̂Zj

]
β1j − [µY − µ̂Y ]

)
≤
∣∣∣ p∑
j=1

[
µZj − µ̂Zj

]
β1j − [µY − µ̂Y ]

∣∣∣ sup
X,V ∈GXV

∣∣φ̂(X, V̂ )− φ(X,V )
∣∣n−1

n∑
i=1

|ζi|

= Op(L2
0n)Op(1)

(
1 + ||β1||E

)
= op(n

−1/2).

By Theorem 1 and 2, and Markov’s Inequality,

B43 = n−1
[
H∗n(Z)− Ĥ∗n(Z)

]′
φn

([
µZ − µ̂Z

]
β1 −

[
µY − µ̂Y

])
= n−1

n∑
i=1

[
H∗(Zi)− Ĥ∗(Zi)

]
φi

( p∑
j=1

[
µZj − µ̂Zj

]
β1j − [µY − µ̂Y ]

)
≤
∣∣∣ p∑
j=1

[
µZj − µ̂Zj

]
β1j − [µY − µ̂Y ]

∣∣∣ sup
X,V ∈GX,V

∣∣H∗(Zi)− Ĥ∗(Zi)∣∣n−1
n∑
i=1

|φi|

Op(L0n)Op(Ln)
(
1 + ||β1||E

)
= op(n

−1/2),

By Theorem 2 and Markov’s Inequality,

B44 = n−1
[
H∗n(Z)− Ĥ∗n(Z)

]′(
φ̂n − φn

)([
µZ − µ̂Z

]
β1 −

[
µY − µ̂Y

])
= n−1

n∑
i=1

[
H∗(Zi)− Ĥ∗(Zi)

](
φ̂i − φi

)( p∑
j=1

[
µZj − µ̂Zj

]
β1j − [µY − µ̂Y ]

)
≤
∣∣∣ p∑
j=1

[
µZj − µ̂Zj

]
β1j − [µY − µ̂Y ]

∣∣∣ sup
X,V ∈GXV

∣∣φ̂(X, V̂ )− φ(X,V )
∣∣ sup
X,V ∈GX,V

∣∣H∗(Zi)− Ĥ∗(Zi)∣∣
= Op(L2

0n)Op(Ln)
(
1 + ||β1||E

)
= op(n

−1/2),

by Theorem 1 and 2. Consequently,

B4 = (2D − 1)
[
B41 +B42 +B43 +B44

]
= op(n

−1/2).
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In summary,

√
nB =

√
nB1 +

√
nB2 +

√
nB3 +

√
nB4 =

√
nB1 + op(1)

Hence, by the Cramer Wold Device,

√
n(β̂1 − β1) = A−1

√
nB

d→ N(0,Σ−1
0 Σ1Σ−1

0 ).
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